SQUARES AND COVERING MATRICES

CHRIS LAMBIE-HANSON

ABSTRACT. Viale introduced covering matrices in his proof that SCH follows
from PFA. In the course of the proof and subsequent work with Sharon, he iso-
lated two reflection principles, CP and S, which, under certain circumstances,
are satisfied by all covering matrices of a certain shape. Using square se-
quences, we construct covering matrices for which CP and S fail. This leads
naturally to an investigation of square principles intermediate between [, and
O(k*) for a regular cardinal x. We provide a detailed picture of the implica-
tions between these square principles.

1. INTRODUCTION

There is a fundamental and well-studied tension in set theory between large
cardinals and reflection phenomena on the one hand and combinatorial principles
(various square principles, in particular) witnessing incompactness (see, for exam-
ple, [2]) on the other. Reflection and large cardinals place limits on the type of
combinatorial structures which can exist, and vice versa.

Covering matrices were introduced by Viale in his proof that the Singular Cardi-
nals Hypothesis follows from the Proper Forcing Axiom [10]. Here and in later work
with Sharon [8], Viale also isolated two natural properties, CP(D) and S(D), which
can hold for a given covering matrix D. The statement that CP(D) (or S(D)) holds
for every covering matrix D of a certain type can be seen as a reflection statement
and is thus at odds with the aforementioned incompactness phenomena.

We start this paper by constructing various covering matrices for which CP(D)
and S(D) fail and investigating the relationship between the failure of CP(D) and
S(D) and the existence of square sequences. This leads naturally to the definition
of certain square principles which, for a regular, uncountable cardinal x, are inter-
mediate between [0, and O(xT). We conclude by obtaining a detailed picture of
the implications between these square principles.

Our notation is for the most part standard. Unless otherwise specified, the
reference for all notation and definitions is [5]. If A is a set and 6 is a cardinal,
then [A]? is the collection of subsets of A of size 6. If A is a set of ordinals and
a < sup(A) is an ordinal of uncountable cofinality, we say A reflects at o if AN«
is stationary in . If A is a set of ordinals, then A’ denotes the set of limit ordinals
of A, i.e. the set of o such that A N« is unbounded in «, and otp(A) denotes the
order type of A. If ¢ : A — B is a (partial) function and X C A, then ¢[X] is the
image of X under ¢, and ¢ | X is the restriction of ¢ to dom(¢) N X. If A is a
cardinal and p < X is a regular cardinal, then S} = {a < A | cf(a) = pu}. S2, is
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defined in the obvious way. If s is a sequence, then |s| denotes the length of s, and,
if t is also a sequence, st denotes the concatenation of the two.

2. COVERING MATRICES

Definition Let § < A be regular cardinals. D = {D(i,0) | i < 6,8 < A} is a
0-covering matriz for X if:

(1) For all B < X, B =J;.9 D(i, ).

(2) Forall < Aand alli < j <6, D(3,8) C D(j,5).

(3) For all 8 <y < A and all i <6, there is j < 0 such that D(i, 8) C D(j,7).

Bp is the least 8 such that for all v < X\ and all i < 0, otp(D(4,v)) < 8. D is
normal if Bp < A.

D is transitive if, for all a < f < XA and all i < 0, if « € D(4, ), then D(i,«) C
DG, B).

D is uniform if for all § < A there is ¢ < 0 such that D(j, 8) contains a club in
for all j > 4. (Note that this is equivalent to the statement that there is ¢ < 6 such
that D(i, 8) contains a club in §.)

D is closed if for all B < A, alli < 6, and all X € [D(3, 8)]=?, sup X € D(i, B).

The first part of this paper will be concerned with constructing covering matrices
for which the following two reflection properties fail.

Definition Let 0 < X be regular cardinals, and let D be a 6-covering matrix for A.
(1) CP(D) holds if there is an unbounded 7' C A such that for every X € [T)?,
there are ¢ < 0 and 8 < A such that X C D(¢, ) (in this case, we say that
D covers [T]?).
(2) S(D) holds if there is a stationary S C X such that for every family {S; |
J < 6} of stationary subsets of .S, there are ¢ < 6 and 8 < A such that, for
every j <0, S;ND(i,B3) # 0.
Definition Let § < A be regular cardinals. R(A, 6) is the statement that there is
a stationary S C X such that for every family {.S; | j < 0} of stationary subsets of
S, there is a < X of uncountable cofinality such that, for all 7 < 8, S; reflects at «.

If D is a nice enough covering matrix, then CP(D) and S(D) are equivalent and

R(A, ) implies both. The following is proved in [8]:

Lemma 1. Let 0 < X\ be regular cardinals, and let D be a 8-covering matriz for .
(1) If D is transitive, then S(D) implies CP(D).
(2) If D is closed, then CP(D) implies S(D).
(3) If D is uniform, then R(\,0) implies S(D).

The following lemma is a key component of Viale’s proof that SCH follows from
PFA.

Lemma 2. Let A > Ny be a regular cardinal. PFA implies that CP(D) holds for
every w-covering matriz D for \.

Let k be an uncountable regular cardinal. We first consider the question of what
types of k covering matrices for k™ can exist. In particular, we will be interested in
the existence of a covering matrix that is transitive, normal, and uniform. It turns
out that one can always ask for any two of these three properties.

Proposition 3. There is a uniform, transitive k-covering matriz for k.
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Proof. Simply let D(i,3) = B for every i < x and B < k™. O
Proposition 4. There is a transitive, normal k-covering matriz for k.

Proof. For each o < kT, let ¢, : K — « be a surjection. For i < x and 8 < k™,
recursively define
D(i,B8) = ¢slilu | DG a).
a€pgli]

Let D={D(i,B) |i<k,B< KT}

It is clear that D is a covering matrix and, inductively, |D(i, 8)| < k for every
i and 8. Thus, fp < k, so D is normal. For each i < k, we show by induction
on B < kT that if @ € D(4,3), then D(i,a) C D(i, ). Indeed, if a € ¢g[i], then
the conclusion holds by definition, while if o € D(i,7) for some y € ¢3[i], then by
induction D(i,«) C D(3,v) C D(4,8). Thus, D is transitive. O

The following lemma on ordinal arithmetic will be quite useful in our construction
of covering matrices.

Lemma 5. Let 0 be a regular cardinal, p < 6, and m < w. Suppose that for each
i < p, Xi is a set of ordinals such that otp(X;) < 6™. Let X = J;, Xi. Then
otp(X) < 6™.

Proof. By induction on m. The conclusion is immediate for m = 0 and m = 1.
Let m > 2 and suppose for sake of contradiction that otp(X) > ™. Fix A C X
of order type exactly §™. Enumerate A in increasing order as A = {a, | @ < 6™}.
For each B < 0, let Ag = {agm-1.5: | ¥ < 6™ '}. Then otp(Ag) = 6™, so by
the induction hypothesis, there is ig < p such that otp(X;, N Ag) = 6™ . Thus,
there is an ¢* < p such that ig = ¢* for unboundedly many 8 < 6. But then
otp(X;+) > ™. Contradiction. O

Proposition 6. There is a uniform, normal k-covering matriz for k.

Proof. For each a < k™, let C, be a club in « such that otp(C,) < &, and let
bo : K — « be a surjection. We define D = {D(i,3) | i < k,8 < T} by recursion
on 8 and, for fixed 8, by recursion on i. For each f < k™, let D(0,3) = Cs. If
1 < K is a limit ordinal, let

D(i,8) = |J DG, B).-
j<i
Finally, let
D(i+1,8) =D(i,8) Ugslilu |J D(i+1,0).
a€gpli]

It is easily verified that D is a k-covering matrix for x* and, by construction,
D(0,3) contains a club in 3 for each 8 < xT. It remains to show that D is
normal. We in fact prove by induction on 8 < x™ and, for fixed 3, by induction
on i < K, that otp(D(i,3)) < k2 for all i and 8. Fix i < x and 8 < x*. By the
inductive hypothesis, D(i, 8) is a union of fewer than k-many sets, all of which have
order type less than k2. Then, by the previous lemma, otp(D(i, 3)) < x2. Thus,
Bp < k? < KT, so D is normal. O

However, we can not always get all three properties, since CP(D) and S(D)
necessarily fail for a transitive, normal, uniform x-covering matrix for x1.
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Lemma 7. If D is a normal k-covering matriz for k™, then CP(D) fails.

Proof. Let T be an unbounded subset of k™. Then any X € [T]* whose order type
is greater than Sp can not be contained in any D(z, 3). O

Since S(D) implies CP(D) whenever D is transitive, S(D) fails for every transi-
tive, normal k-covering matrix for k7.

Proposition 8. If R(k™T, k) holds, then there are no transitive, normal, uniform
K-covering matrices for kT .

Proof. R(k™, k) implies that every uniform k-covering matrix D for k1 satisfies
S(D). But we saw above that S(D) fails for every transitive, normal k-covering

matrix for kT. 0

Corollary 9. If MM holds, then there are no transitive, normal, uniform wi-
covering matrices for ws.

Proof. MM implies that R(X,,,N;) holds for every 1 < n < w as witnessed by
Sur- 0

The existence of a transitive, normal, uniform covering matrix does follow, how-
ever, from sufficiently strong square principles.

Proposition 10. Suppose & is a regular cardinal and Oy <, holds. Then there is
a transitive, normal, uniform k-covering matrixz for k.

Proof. Let (Co | a € lim(k™)) be a O, <-sequence. We construct a transitive,
normal, uniform k-covering matrix for k¥, D = {D(i,6) : i < K, 8 < KT}, by
recursion on (3 as follows:

e D(i,p+1) = D(i,3) U{B}

e If 8 is a limit ordinal and cf(8) < k, fix E, a club in g of order type less

than k, and let
if s tp(C) > w-1i
D(i,B) = 0 , if supcec, p(C) > w i
EU UaeE D(Z, a) if SUPcecy Otp(C) <w-1
o If cf(B) = k, fix C € Cg, and let

D(i,B)=C"U | D(i,a)
aeC’

It is routine to check that D is a uniform s-covering matrix for k¥, and an easy
induction shows that it is transitive. We claim that D is normal. We prove that
otp(D(i, B)) < k2 for every i < k and 8 < k+ by induction on 3. If 3 is a successor
ordinal or a limit ordinal of cofinality less than k, then D(i, ) is the union of fewer
than x-many sets, each, by the induction hypothesis, of order type less than 2.
Thus, otp(D(i,8)) < k. Suppose cf(3) = k. Let C € Cg be the club used in the
construction of D(¢, 5). Enumerate C’ in increasing order as {a | v < k}. For each
v <k, CNay €C,y,,sofor v > i, D(i,a,) = 0. Thus, D(i, ) is itself a union of
fewer than x-many sets, each of order type less than x2, so otp(D(i, 8)) < k2. O

We now show that 0, ., is the optimal hypothesis in the previous proposition

by producing, via a standard argument due originally to Baumgartner [1], a model
in which 0% and R(x™, k) both hold. We need the following lemma, due to Shelah.
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Lemma 11. Let pu < K be regular cardinals, let S C SQ; be stationary, and let P
be a p-closed forcing poset. If G is P-generic over V, then S is stationary in V[G].

Proposition 12. Let k < A, with k regular and A measurable. Let P = Coll(k, <
A), and let G be P-generic over V.. Then, in V[G], k<" = k and R(\, k) hold.

Proof. First note that, since IP is x-closed, it doesn’t add any new bounded subsets
of k, so, since A is measurable in V, k<" = k in V[G], so O0% holds in V[G].

We now show that R(), ) holds in V[G] as witnessed by S2,. Let j: V — M
be an elementary embedding with M transitive and crit(j) = A, and let H be
Coll(k, < j(A))-generic over V such that G C H. We can then lift the embedding
to j : V[G] - M[H]. Let {S, | @ < k} be a family of stationary subsets of S2,..
Note that j({So | @ < k}) = {j(Sa) | @ < k} and, for each a < K, j(Sa) N A = S,.
Since Coll(k, [A, 7(A)) is k-closed, each S, remains stationary in V[H] and therefore
also in M[H]. Thus, in M[H], the sets {j(S,) | @ < k} reflect simultaneously to a
point of uncountable cofinality below j(A), namely A, so, by elementarity, in V[G],
the sets {S, | @ < k} reflect simultaneously to a point of uncountable cofinality
below A. Thus, in V[G], R(\, k) = R(x™, k) holds. O

Thus, [0% does not imply the existence of a transitive, normal, uniform x-covering
matrix for k7.

We now prove that the converse of Proposition 2.10 does not hold in general
by showing that, if x is regular and not strongly inaccessible, one can force to
add a transitive, normal, uniform s-covering matrix D for x* without adding a
O, <k-sequence. The argument is similar to that introduced by Jensen to distin-
guish between various weak square principles (see [6]). Let Q be the forcing poset

consisting of conditions of the form ¢ = {D%(:,8) | i < K, 8 < 9} such that:

BI < KkT.

For all 8 < 61, 8 = U, D(i, 8).

For all 5 < 8% and all ¢ < j < k, D9(i,8) C D4(j, ).

For all « < 8 < 37 and all i < k, if « € D%(i,3), then D(i, ) C DI(3, 3).
For all i < k and all 3 < 89, otp(D%(i, 3)) < k2.

For all 8 < 8%, D4(i, 8) contains a club in 3 for sufficiently large i < k.
For p,q € Q, p < ¢ if and only if p end-extends ¢, i.e. P > B9 and DP(i,) =
D1(i, B) for every i < k and 8 < f9.

Proposition 13. Q is x-closed.

Proof. Suppose u < k and (g, | @ < p) is a descending sequence of conditions from
Q. We will define ¢ € Q such that for all @ < u, ¢ < ¢o. Let 89 = sup({8% | a <
u1}). We may assume without loss of generality that the 5% were strictly increasing,
so, for all a < p, B9 < B9. For all f < B9 and i < k, let D(i, 8) = D% (i, 3) for
some a < g such that 8 < B9~. Tt remains to define D?(i, 89) for i < . To this
end, fix a club C' C B9 whose order type is cf(89). Note that |C| < k. For i < &, let
Da(i, p7) = CUUgee D1, B). Since D(i, 39) is the union of fewer than r-many
sets of order type less than k2, the order type of D4(i, 3%) is also less than x2. It
easily follows that ¢ € Q and, for all o < pu, ¢ < g4 (]

We now need the notion of strategic closure.

Definition Let P be a partial order and let 8 be an ordinal.
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(1) The two-player game Gg(PP) is defined as follows: Players I and II alter-
nately play entries in (p, | @ < ), a decreasing sequence of conditions in
P with po = 1p. Player I plays at odd stages, and Player II plays at even
stages (including all limit stages). If there is an even stage a < /3 at which
Player II can not play, then Player I wins. Otherwise, Player II wins.

(2) P is said to be §-strategically closed if Player II has a winning strategy for
the game Gg(P).

The following is immediate.

Fact 14. Let P be a partial order and let  be a cardinal. IfP is (k+1)-strategically
closed, then forcing with P does not add any new k-sequences of ordinals.

Proposition 15. Q is (k + 1)-strategically closed.

Proof. We need to exhibit a winning strategy for Player II in the game G,4+1(Q).
Suppose v < k is an even or limit ordinal and that (g, | @ < 7) has been played.
We specify Player II's next move, ¢,. Let Cy = {89 | a < 7 is an even or limit
ordinal} (C, is thus the set of the top points of the conditions played by Player II
thus far). We assume the following induction hypotheses are satisfied:

(1) C, is closed beneath its supremum.

(2) If @ < & < and «, are even ordinals, then g% < g9,

(3) For all even ordinals a <« and all ¢ < o, D% (i, 3% ) = (.
There are three cases.

Case 1: « is a successor ordinal: Suppose v =" + 1. Let 89 = %' + 1.

For i < k and 8 < 8%, let D% (i, 8) = D%’ (i,3). For i < k, let

D i, gy = e
{BH' U DY (3,5%") ifi>~
Case 2: v < k is a limit ordinal: Let % = sup(C) (so C, is club in 39).
For i < k and 8 < 897, let D% (i, 8) = D9~ (i, 8) for some a < « such that 8 < §%.
For i < k, let

0 if i <~y
CyUUgeq, D@ (i, 8) ifi>y

For all ¢ < k, D% (i, 3%) is the union of fewer than x-many sets of order type less
than 2 and thus has order type less than 2.

Case 3: v = k: Let §% = sup(Cy). For i < k and 8 < B9, let D% (4,5) =
D1 (4, B) for some « < v such that § < g% For i < k, let

D% (i,87) = C, U ) D™ (i, B).
BeC,

Since, for each i < k, D (i,8) = 0 for all § € C \ p%, each D% (i,3%) is the
union of fewer than x-many sets of order type less than x? and thus has order type
less than 2.

It is easy to check that in each case the inductive hypotheses are preserved
and that this provides a winning strategy for Player II in G41(Q). Thus, Q is
(k 4 1)-strategically closed. [

D (i, 1) = {

Proposition 16. If 2 = kT, then Q is a cardinal-preserving forcing poset that
adds a transitive, normal, uniform k-covering matriz for k.
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Proof. Since Q is (k + 1)-strategically closed, forcing with @ does not add any
new r-sequences of ordinals, so all cardinals < k™ are preserved. Since 2% = kT,
|Q] = kT, so Q has the xTT-chain condition and hence preserves all cardinals
> k1T, Finally, a proof similar to that of the previous proposition yields the fact
that for all « < kT, the set E, = {q | 8¢ > a} is dense in Q. Thus, if G is Q-generic
over V, then |JG is a transitive, normal, uniform r-covering matrix for 7. ([l

Given a k-covering matrix D for k*, we define a forcing notion Tp whose purpose
is to add a club in kT of order type x which interacts nicely with D. It plays a
similar role in our argument as the forcing to thread a square sequence plays in [2]
and [6]. Elements of Tp are sets ¢t such that:

(1) tis a closed, bounded subset of ™.

(2) |t < k.

(3) If ¢ is enumerated in increasing order as (7, | @ < v < &), then for all
a <~y andall i <a, D(i,74) = 0.

If t,¢' € Tp, then ¢’ < ¢ if and only if ¢’ end-extends ¢, i.e. v > 7 and, for all
a < Yy TH = Ta.

In general, Tp may be very poorly behaved. For example, the set it adds may
not be cofinal in k¥ and, even if it is, its order type might be less than x. However,
if D has been added by Q immediately prior to forcing with Tp, then it has some
nice properties.

Proposition 17. Let G be Q-generic over V, and let D = |JG. Then, in V]G],
foralla < k%, Eq ={t|a <7,} is dense in Tp.

Proof. This follows from the fact that, in V, for every a@ < k¥ and every j < &, the
set Ej o = {q | a < % and for every i < j, D(i,37) = 0} is easily seen to be dense
in Q. O

Proposition 18. If D is the covering matrixz added by Q, then QxTp has a k-closed
dense subset.

Proof. Let S = {(q,1) | ¢ decides the value of { and ¢ I+ “7,, = 97 }. We first show
that S is dense in Q* Tp. To this end, let (qo,1o) € Qx Tp. Find ¢; < go such that
q1 decides the value of ¢ to be some (7, | @ < v, < k) (this is possible, since Q is
(k+1)-strategically closed and hence doesn’t add any new x-sequences of ordinals).
Without loss of generality, 3 > 7,,. Now form ¢ < ¢q; by setting % = g9 +1

and
D (i, pr) = {@ | ?f%SFYt.
{Br}uDn(i,p1) ifi>y
Finally, let ¢; be such that ¢o I 1 = o U {8%}. Then (qo,%1) < (qo,fo) and
(QQ, tl) €S. )

Next, we show that S is k-closed. Let ((¢u,ta) | @ < V) be a decreasing sequence
of conditions from S with v < & a limit ordinal. We will find a lower bound (¢, ) € S.
Let ¢ = sup({#% | a < v}) and let X = {3 | for some a < v,q, IF “B € £, }.
Note that by our definition of S, X is club in $9. Let v = otp(X). Define ¢ as a
lower bound to the g,’s by letting

0 if i <~
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Let ¢ be a name forced by ¢ to be equal to X U {3}. Then (g,t) € S and, for all
a <, (¢,t) < (qasta) O

Thus, if D has been added by Q, then Tp does in fact add a club in ™ and,
since Q * Tp has a k-closed dense subset and therefore doesn’t add any new sets of
ordinals of order type less than x, the club added by Tp has order type k.

We will need the following fact, due to Magidor (see [7]):

Fact 19. Let x be a regular cardinal, and let Kk < X < p. Suppose that, in
Y Coll(r,<X) " s q k-closed partial order and |P| < p. Let i be the natural complete
embedding of Coll(k, < A) into Coll(k, < p) (namely, the identity embedding). Then
i can be extended to a complete embedding j of Coll(k, < A) * P into Coll(k, < )
so that the quotient forcing Coll(k, < p)/j[Coll(k, < A) *P] is k-closed.

Theorem 20. Let k be a regular cardinal that is not strongly inaccessible, and let
A > K be a measurable cardinal. Let G be Coll(k, < \)-generic over V and, in V|G,
let H be Q-generic over V[G]. Then, in V|G % H|, there is a transitive, normal,
uniform k-covering matriz for k1, but Oy <, fails.

Proof. We have already shown that, in V[G x H]|, there is a transitive, normal,
uniform k-covering matrix for ™, D. In V|G % H], let T = Tp. Fix an elementary
embedding j : V' — M with critical point A. Then j(P) = Coll(x, < j(})), and
j I P is the identity map. V[G] E |Q* T| = A, and |Q * T| has a x-closed dense
subset, so we can extend j | P to a complete embedding of Coll(k, < \) xQ T into
Coll(k, < j(A)) so that the quotient forcing is k-closed. Then, letting I be T-generic
over V[G x H] and J be R = Coll(, < j(X))/G * H * I-generic over V[G x H * I,
we can further extend j to an elementary embedding j : V[G] — M[G « H = I % J|.

We would now like to extend j further still to an embedding with domain V|G
H]. To do this, consider the partial order j(Q). In M[GxHIxJ], j(Q) is the partial
order to add a transitive, normal, uniform s-covering matrix for j(A). Let E = JI.
E is a club in X of order type k, and if 8 € E is such that otp(E N 3) = =, then
for every i < v, D(i,8) = 0. We use E to define a “master condition” ¢* € j(Q) as
follows. Let 37 = \. For < A and i < &, let D7 (i, 8) = D(i, 3) and

D™(i,A) = EU ] D(i,8).
BEE
¢ €j(Q)and,if ¢ € H, j(q) = q < ¢*. Let K be j(Q)-generic over V|G x H x I x J]
such that ¢* € K. Since j[H] C K, we can extend j to an elementary embedding
j:VI[GxH] = M[G*Hx1IxJxK].

Suppose for sake of contradiction that ? = (Co | @ < A) is a O, <x-sequence in
V|G * H]. For a < A, j(Co) = Cqy, and j(C) = (Co | @ < j(A)) is a O, <,-sequence
in M[G* H«*IxJxK]. Fix F € Cy. F is a thread through c (i.e., Fis a club in
A and, for every o € F', FNa€C,) and F e VI[G+x H * I x J % KJ.

Claim 21. F € V|G = H].

~ Suppose not. Work in V[G]. There is a Q * T x R * j(Q)-name f such that
JHATK = F and g f € VG = Ggl.

Subclaim 22. For all (¢,i,7,p) € Q* T xR % j(Q), there are ¢’ < q, (o, 70,D0),
(75177'17150)’ and o < "i+ such that (q,7£07/f.07p0)7 (qut.h?;h]jl) S (Q1t7r7p) and such
that (¢',to,70,p0) and (¢',t1,71,p1) decide the statement “& € f7 in opposite ways.
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Suppose the subclaim fails for some (g, f,7,p). Define a Q-name f" such that for
all ¢ < gand a < k", ¢ kg “& € f7 if and only if there is (#',7,p') such that
(¢, ¢, 7, p) < (¢t 7,p) and (¢, 7, p) IFQeTsrej(@) “& € f”. Then (q,t,7,p) IF
« f = f’ ” contradicting our choice of f . This proves the subclaim.

Since k is not strongly inaccessible, letting v be the least cardinal such that
27 > K, we have v < k. Recall that S is the previously defined x-closed dense subset
of Q* T. We will construct (g; | i <), ((£s,7,0s) | s € =72) and (q; | i < ) such
that:

(1) (qo.tqy.7¢,p ) - “f is a thread through C”.
(2) For each s E <72, (qis)s s, s, Ps) € SxRx j(Q) and B9 = o).
(3) If s,u € =72 and s C u, then (Quls fus Ty Pu) < (q)s]» Loy TsyPs)
(4) If i < v and s € ‘2, then there is & € [, ai11) such that (gip1, s~ o),
~(0ys Ps—(0y) and (Qix1,ts ~(1ysTs—(1), Ps—(1)) decide the statement “& €
f” in opposite ways.
(5) If ¢ < v and s € *2, then (qi+1,fsm<0>,7‘sm<0>,psm<o>) and (qi+1,t.sﬂ<1>,
"~ (1), Ps—(1y) both force that f 0 e, aipr) # 0.

Suppose for a moment that we have successfully completed this construction.
Find ¢* < ¢, such that ¢* decides the set C, (this can be done, since Q is (x + 1)-
strategically closed). Then, for each s € 72, (¢*,1,,75,0s) € Q * T * R x j(Q) and
(q*,ts,7s,ps) |k “ay is a limit point of f”. Moreover, if s,u € 72 and s # u,
then (¢*,ts, 75, D) and (¢*, tu, 7y, pu) force contradictory information about fﬂaw,
which is forced to be an element of C, . But 27 > k, contradicting the fact that C
is a Oy, <k-sequence.

We now turn to the construction. Fix (qo, ¢ 0»7(,P(y) such that (qo, t'<>,7'~<>,p<>) I+
“ f is a thread through C”, and let g = 0. We first consider the successor case.
Fix i < v and suppose that g;, ((fs,7s,ps) | s € '2), and o; have been defined
Enumerate ‘2 as (s; | j < 2%), noting that 2* < x. Now, using the s-closure of
Q, S, R, and j(Q), the density of S in Q * T, the subclaim, and the fact that
(g0, tgy, 70, Pgy) IF “f is unbounded in k17, it is straightforward to construct (g |
J< 2% and (5~ 0y 75~ 0y PL ~ 0))s (B~ 0y 75~ ) B3~ ) | 4 < 2°) such
that:

e (gi]j<2)isa decreasing sequence of conditions from Q@ below g;.
. FOT all j < 2% (g}, 1; 5;7(0)° p(O)vp:jA(o))’ (q;"t:j”ﬂwf:j”<1)’p:j“_<1>) =
(qj,tg,rg,pg) are both in S*R*j((@) and both force that f N oy, B9) # 0.
e For all j < 2, there is a € [al,ﬁqi) such that (qj, 50y T~ (0} D3 ,A<O>)
and (qj,t:jAm,7'";,\<1>,psjA<l>) decide the statement “& € f” in opposite
ways.
Now let & = sup({d | for some j < 2* and £ € {0,1}, ¢} I- “otp(t ) =0"}).
Since 2! < K, we know that ¢ < k. Let a;; = sup({ﬂqJ |7 < 21}). Let FE;1q
be a club in a;41 of order type cf(a;+1) < k. Define g; 41 to be a lower bound of
(q;: | j < 2% by letting 3%+ = a; 41 and, for all k < &,

0 ifk<&+1

DI (ki) = .
(ko) {E¢+1 UlUsep,,, D" (k,B) ifk>2¢+1
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Finally, for all j < 2 and ¢ € {0,1}, let (t'squ),fsjq@,psqu)) be such that
Git1 = (s~ 02 Py~ 0 P~ (@) = (5, ~ oy U @ira 1,75~ 00 B3~ )

Next, suppose that i < v is a limit ordinal and that (g; | j < i), ((fs,7s,Ps) | s €
<i2) and (a; | j < i) have been defined. Let £ = sup({d | for some s € <%2, ¢4 I+
“otp(ts) = 6”}). Since 2<% < k, we know that & < k. Let oy = sup({8% | j < i})
and let F; be a club in «; of order type cf(a;) < k. Define ¢; to be a lower bound
for (g; | j < i) by letting 8% = a; and

0 ifhk<&é+1
EiUUgep, DT (K, B) ifk>¢&+1

Finally, for all s € 2, let £, be such that ¢; I “f, = Uj<it.8fj U {a;}” and let
(7's,ps) be forced by (g;,ts) to be a lower bound for {((vsj,pst;) | 7 < i). This
is possible, since R * j(Q) is x-closed. It is easily verified that this construction
satisfies conditions 1-5 above.

But now we have shown that F, which threads C, is in V[G * H], contradicting
the fact that C is a O, <x-sequence in V[G x H|. Thus, O, <, fails in V[Gx H]. O

D% (k7 ai) = {

Note that, if x is supercompact and A > k is measurable, we can also obtain
a model in which there is a transitive, normal, uniform k-covering matrix for x*
but O, <, fails by first making the supercompactness of x indestructible under &-
directed closed forcing and then forcing with Q. We conjecture that we can obtain
such a model for all regular, uncountable £ but do not have a proof when & is
inaccessible but not supercompact.

We now investigate counterexamples to CP(D) and S(D) for more general shapes
of covering matrices. Recall the following definitions:

Definition Let x be an infinite cardinal.

(1) C = (Co | @ € lim(k)) is a coherent sequence if, for all «, § € lim(k),
(a) Cy is aclub in a.
(b) If a € Cf, then Cy = CsNa.

(2) Let C = (Cyo | @ € lim(k)) be a coherent sequence. If D is a club in k&,
then D is a thread through C' if, for every a € D', DNa = C,,.

(3) C =(Cy | a € lim(x)) is a O(x)-sequence if it is a coherent sequence that
has no thread. We say that (J(x) holds if there is a [(x)-sequence.

Let 6 < X be regular, infinite cardinals and suppose that () holds. Fix a O(\)-
sequence 8 Arrange so that C, is defined for all @ < A by letting Cypy1 = {a}.
The definitions of the following functions are due to Todorcevic [9]: First, define
Ag i [N = X by

Ag(a, B) = max{{ € CgN (a+1) | 0 divides otp(Cg N &)}
Next, let pg : [A\]*> — @ be defined recursively by
po(a, B) = sup{otp(Cp N [Ag(av, B), @), po(c, min(C's \ ),
pg(f,O&) | 5 € Cﬂ N [AQ(avﬁ)aa)}
Proofs of the following lemmas can be found in [9].

Lemma 23. Let a < <y <\,
(1) pe(Oé,")/) < max{pg(a,ﬂ),pg(ﬂ,y)}.
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(2) pola, B) < max{pe(a,7), po(B,7)}-
Lemma 24. Leti <0 and B < \. {a < | po(a, B) < i} is closed.

Define a covering matrix D = {D(i, 5) | i < 6,8 < A} by letting D(3, 5) = {a <

B | po(a, B) <i}. It is clear that D satisfies conditions 1 and 2 in the definition of a

covering matrix. Part 1 of Lemma 23 implies that D is transitive. In fact, together

with part 2 of the same lemma, it implies a stronger coherence property, namely

that if i < 0, « < 8 < A, and « € D(i,8), then D(i,«) = D(4,8) N . Lemma 24

implies that D is closed. We now show, however, that in general D is not uniform.
First, we make the following definition:

Definition (1) Let A be a set of ordinals and let p be an infinite cardinal.

Al = {a € A| p divides AN a}.
(2) Let 4 < & be infinite regular cardinals. Cisa O (k)-sequence if C is

a O(k)-sequence and {a € S} | c is bounded below a} is stationary.
(k) is the statement that a [O*(k)-sequence exists.

Lemma 25. Let 8 < X\ be such that cf(8) = 6 and Cgo] 18 bounded below 3. Then,
for every i < 0, D(i,8) is bounded below (3.

Proof. Let £ = maX(CE}). Since £ < B and cf(8) = 6, otp(Cs \ (§ +1)) = 6.
Enumerate Cg \ ({ + 1) in increasing order as (8; | i < 6). Now, if ¢ < 6 and
B; < a < B, then Ag(w, 8) = € and otp(Cg N [§,a)) > i, so pg(e, B) > i. Thus,
D(i,B) C (Bi +1). O

Lemma 26. Suppose Cisa 0%\)-sequence. Then CP(D) and S(D) both fail.

Proof. Suppose for sake of contradiction that CP(D) holds and is witnessed by an
unbounded T C A. Since Cisa [0%(\)-sequence, we can find o € 7" such that s
bounded below a. Let X € [T]? be an unbounded subset of . Find i < § and 3 < A
such that X C D(i, 8). Since D is closed, a € D(i, ), so D(i, ) = D(i, 8) N and
X C D(i,«). This is a contradiction, as the previous lemma implies that D(i, «) is
bounded below «. Thus, CP(D) fails. Since D is transitive, this means that S(D)
fails as well. O

The question now naturally arises whether (0°(\) is a strictly stronger assump-
tion than OJ(A). This and related questions are addressed in the remainder of this

paper.
3. SQUARES

Definition Let A C k and let 8 be a O(k)-sequence. 8 avoids A if, for every
a € lim(k), C,NA=10.

It is well known that if O, holds and S C k% is stationary, then there is a
stationary 7' C S and a O,-sequence that avoids 7. We would like to know to
what extent similar phenomena occur in connection with (k). The following
proposition, whose proof we include for completeness, provides some information
in this direction by showing that, if k is regular and S C & is stationary, then every
O(k)-sequence must, in a certain sense, avoid a pair of stationary subsets of S.

Proposition 27. Let k > w;y be a regular cardinal, and let C = (Co | @ € lim(k))
be a coherent sequence. Then the following are equivalent:
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(1) Cisa O(k)-sequence.
(2) For every stationary T C k, there are stationary So,S1 C T such that for
every o € lim(k), CL, NSy =0 or C,,N Sy = 0.

Proof. First, suppose that there are stationary sets Sy, S1 C k such that for every
a € lim(k), C, NSy =0 or C/, NS, = 0 and suppose for sake of contradiction
that there is a club D in k that threads 8 Since Sy and S; are stationary, there
are @ < 8 < v in D’ such that o € Sy and 8 € Sy. Since D Ny = C,,, we have
o, B € C!, contradicting the fact that C/, NSy or C7 NSy is empty. Thus, C' is a
O(k)-sequence.

Next, suppose that 8 is a O(k)-sequence and that T' C k is stationary. There
are two cases:

Case 1: There is ag < s such that {a € T' | C, N (a, k) # 0} is nonstationary.
Let T* = {a € T\ (ap+1) | C/,,N(cg, k) = B} and let T* = SyU.S; be any partition
of T* into disjoint stationary sets. Then Sy and S; are as desired.

Case 2: For all ag < k, {a € T'| C/,N (v, k) # 0} is stationary. For o € lim(k),
let S ={feT\(a+1)|agCl}andlet S, ={BeT\(a+1)|acCh}.

Claim 28. There is a € lim(k) such that SO and S are both stationary.

Proof. Suppose this is not the case. Let A be the set of a € lim(x) such that SY is
nonstationary. We claim that A is unbounded in k. To show this, fix ay < k. By
Fodor’s Lemma, we can fix an « > ag and a stationary 7% C T such that if § € T,
then v = min(C3 \ ). Then a € A. Now let a < o' be elements of A, and let D,
and D, be clubs in x disjoint from S and SY,, respectively. Fix 3 € D,N Dy NT.
Then Cy = CgNa and Cy = CgNa’,s0 Cy = Cor N Thus, D = J,c 4 Ca is a
thread through 8, contradicting the fact that Cisa O(x)-sequence. O

Now let o be such that SY and S} are both stationary. Let Sy = SY and S; = SL.
It is routine to check that Sy and S; are as desired.
O

The preceding observations lead us to make the following definition.

Definition Let x be a regular, uncountable cardinal, and let S C . 8 isaO(k, S)-
sequence if C' is a O(k)-sequence and C avoids S. O(k, S) is the statement that a
O(x, S)-sequence exists.

We start our investigation of these intermediate square principles with the fol-
lowing simple observation.

Proposition 29. Let p < k be infinite reqular cardinals. The following are equiv-
alent:

(1) B(x)
(2) There is a O(k)-sequence C such that {a < Kk | otp(Cy) = p} is stationary.

Proof. A O(k)-sequence as in 2. is clearly a 0¥ (k) sequence. For the other direction,
let D be a O#(k)-sequence, and let T = {a < Kk | DY is bounded below at.
Form C as follows. If a € lim(k) \ T, let C, = DU Ifa e T, let C, =
Da\(max(Dg‘])—l—l). It is easy to verify that C' is a [(k)-sequence and, if « € TNS};,
then otp(Cy) = p. O
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The remainder of the paper investigates the implications and non-implications
that exist among the traditional square properties and those of the form [O0#(x) and
O(k, S). A diagram illustrating the complete picture when k = ws can be found at
the end of the paper.

Proposition 30. Let u < k be infinite, regular cardinals.

(1) If D#(k) holds, then there is a stationary S C S}, such that O(k, S) holds.
(2) If there is a stationary S C S such that O(k, S) holds, then ¥ (k) holds.

Proof. First, suppose that Cisa O#(k)-sequence. Let T' = {a < Kk | cl s
bounded below a}. It is easily seen that the construction from the proof of Propo-
sition 29 yields a [(k, S)-sequence, where S = T'N S};.

Next, suppose that S C S” is stationary and that Disa O(x, S)-sequence. For
a < K, define Cy, as follows: If a & S, let C,, = D,. If « € S, let C, be any set of
order type w unbounded in «. Since D avoids 5, this does not interfere with the
coherence of the sequence, so 8 is a 0¥ (k)-sequence. (]

Proposition 31. Let p < v < k be infinite, reqular cardinals. If 0" (k) holds, then
O*(k) holds.

Proof. Assume [0Y(k) holds, and fix a [(k)-sequence T such that To = {a < k|
otp(Cya) = v} is stationary. We claim that 71 = {a € S} | otp(Cy) < v} is also
stationary. To see this, let E be club in k. Let 8 € E'NTy. Then ENCp is club in
B. Let a € (ENCg) NS}, Then, since Cp = CsNa, otp(Cy) <v,s0 a € ENTy.

We can now apply Fodor’s Lemma to T; \ v to find a v < v and a stationary
S C T such that o € S implies otp(Cy) = 7. Let {7¢ | £ < p) enumerate a club
in v with each ~, a limit ordinal (this will not be possible if i = w and + is not a

limit of limit ordinals, but in that case 8 is already a 0" (k)-sequence).

We now define a [0#(k)-sequence D (in fact, D will also be a O(x, S)-sequence).
First, if « € S, let D, = {8 € C?, | for some v < p, otp(Cy N B) = 7, }. Next, if
a € D), forsome o’ € §,let D, = D, Na. Note that this is well-defined. If o € C?,
for some o’ € S but, for all 8 € S, a & D}, then let D, = C,, \ max(D, Na). Note
again that this is well-defined.

If there is o’ € S such that o/ € C/, (note that such an o’ must be unique), then
let D, = C, \ . In all other cases, let D, = C,. It is now easy to verify that
is a O(k)-sequence and, since « € S implies that otp(D,) = p, that it is in fact a
O*(k)-sequence. O

The following corollary is now immediate.

Corollary 32. (1) Let p < v < K be infinite, reqular cardinals. If 0 (k) holds,
then there is a stationary S C S} such that O(k, S) holds.
(2) Let u < k be infinite, regular cardinals, with p regular. If O, holds, then
O (k1) holds.

We now show that the above implications are generally not reversible. We be-
gin by recalling the definition of the forcing poset that adds a O(k) sequence by
specifying its initial segments.

Definition Let x be a regular cardinal. Q(x) is the partial order whose elements
are of the form ¢ = (C4 | a < §9), where
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(1) B < k.
(2) For all a < %, C2 is a club in a.
(3) Foralla < o/ < g9, if « € C/,, then Cy,, = Cy Na.
p < ¢ if and only if p end-extends g, i.e. ¥ > 57 and, for all a < g9, C? = C4.

Proposition 33. Q(k) is k-strategically closed.

Proof. We specify a winning strategy for Player IT in G, (Q(x)). First, let go = 0.
Let 0 < o < K be even and suppose that (g5 | 6 < «) has already been played. We
specify Player II’s next move, g,. Let E, = {#% | § < « is even} and suppose that
we have satisfied the following inductive hypotheses:

(1) E, is closed below its supremum.
(2) For all even ordinals § < £ < a, 8% < % and % € (Cgfl£ ).

First, suppose that « is a successor ordinal. Since it is even, it is in fact a double
successor. Let a = o/ +1 = o’ + 2. In this case, let % = 9%’ + w. For limit
ordinals ¢ < %, let C¢* = Cga/, and let

CZZ’& = Cg(f;au U{B%"} U{p% +n|n<w}.

Next, suppose that « is a limit ordinal. Let % = sup({8% | § < a}). For limit
ordinals ¢ < f%, find < a such that ¢ < 8% and let C{* = C#°. Note that this
is well-defined. Let

ch. = |J c.
CEEq
By our inductive hypotheses, this is a club in %« and satisfies the coherence re-
quirements.

It is clear that this procedure produces a valid condition g, € Q(x) that is a
lower bound for {(gs | § < «) and maintains the inductive hypotheses. Thus, Q(k)
is k-strategically closed. O

An argument similar to the proof of the previous proposition shows that, for
every a < k, the set {¢ | 87 > a} is dense in Q(k).

Corollary 34. Forcing with Q(k) preserves all cardinals < r and adds a coherent
sequence (Cy, | @ < k). In addition, if k<% = k, then all cardinals are preserved.

Proof. Let G be Q(x)-generic over V. Since Q(k) is k-strategically closed, it doesn’t
add any < k-sequences of ordinals and hence preserves all cardinals < k. Since
{¢ | B? > a} is dense in Q(x) for every a < x, we can define C, = CZ, where

g € G and 7 > «. It is clear that = (Cq | @ < k) is well-defined and a
coherent sequence. Finally, if k<%, then |Q(x)| = x. Thus, Q(x) has the xT-c.c.
and preserves all cardinals > x+. [

Lemma 35. If u < k are regular cardinals and G is Q(k)-generic over V, then the

coherent sequence added by G is a O*(k)-sequence.

Proof. Let S = {a < K | otp(Cy) = p}. It suffices to show that, in V[G], S is
stationary in k. Note that this implies that 8 doesn’t have a thread, since any
club in k must meet S in two points.

Work in V, let D be a Q(k)-name forced by the empty condition to be a club
in , let S be a Q(k)-name for S, and let ¢ € Q(x). We will find p < ¢ such that
plFDNS #0.
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We construct (g, | @ < u), a decreasing sequence of conditions from Q(x) such
that for every a < p,
(1) otp(Cgt;a) < p.
(2) By ={B% | § < a} is closed below its supremum.
(3) Forall 0 < a, B9 < % and g% € (CF;.)".
(4) If o < p, then goy1 IF D N (B9, flo+1) 2 (.
To carry out this construction, we first let f%° = 94w. For limit ordinals ( < 9,

let CF* = C. Let Cf, = {8%+n | n < w}. Next, suppose that a = o/ +1 and that

we have already constructed (g5 | § < o). Find ¢ < g and &, > (%’ such that
q- &, € D. Find ¢** < ¢ such that $% > &,. Let f% = f% 4 w. For limit
¢ <%, let Cf° = C&'. Finally, let Cli, = C%, U{B%' }U{B% +n|n <w}.

Now suppose that o < p is a limit ordinal and we have constructed (gs | § < ).
Let B9« = sup({% | § < a}). For limit ordinals { < B9, find § < « such that
B% > ¢ and let Cf* = C¥. Let

qa qo
ch. = | o
(EEq
It is clear that this construction satisfies requirements 1-4 above. Let p = g,.
We have arranged so that cf(f?) = p and otp(Cgp) = p. We have also arranged

that, for every ¢ < %, pIF “DnN (C,ﬂp) # (. Thus, since D is forced by the empty
condition to be a club, p I- 7 € D. Thus we have found our desired p < g such
that p“IF DNS # 0. O

We now introduce a forcing poset designed to add a thread of order type
through a O(k)-sequence.

Definition Let s be a regular cardinal and let 8 be a O(k)-sequence. T(B) is
the partial order consisting of elements ¢ such that:

(1) tis a closed, bounded subset of «.
(2) For every a €t/ tNa = Cl.

We denote the maximum element of a condition ¢ by 7*. s < ¢ if and only if s
end-extends ¢, i.e. v* > ~" and sN(y' +1) =¢.

As was the case with the previously defined Tp, if 8 was added by Q(x), then

T(a) is quite nice.

Proposition 36. Let x be a reqular cardinal and let 8 be a O(k)-sequence. For
every a < K, the set {t | v* > a} is dense in T(B)

Proof. If t € T(B) and 7' < a, then t U {a} € ’]1’(8) O

Proposition 37. Let k be a regular cardinal. Let Q = Q(k), 8 be a Q-name for

the O(k)-sequence added by Q, and T be a Q-name for T 8 Then Q x T has a
k-closed dense subset.

Proof. Let S = {(q,1) | q decides the value of £ and ¢ IF “47 = ~*”}. We first show
that S is dense in Q * T. To this end, let (go, to) e Qx T. Since Q is k-strategically
closed, fo is forced to be in the ground model. Find ¢ < ¢o and t* such that
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q IF “to = £*”. Without loss of generality, we may assume that 39 > max(t*). Let
i be such that ¢ IF “t = i U {#9}”. Then (¢,1) < (qo,t0) and (¢,1) € S.

Next, we claim that S is s-closed. Let a < & and let {(gs,%5) | § < ) be
a decreasing sequence of conditions from S. Without loss of generality, we may
assume that, for every 6 < a, % < 9. We will construct a lower bound (q, ).
Let 87 = sup({8% | § < a}). For limit ¢ < 89, let § < a be such that §% > ¢ and
set Ol = C¥. Let X = {( | for some § < a, g5 IF “C € t4”}. By our definition of
S, X is club in 37 and for every ( € X', X N( = Cg. Thus, we can let C3, = X.
Finally, let £ be such that ¢ I “¢ = X U {$9}”. (g,f) is then a lower bound of
{(gs5,%5) | 6 < @) in S. O

A key point here, which will be exploited in the proof of the next theorem,
is that, for an uncountable cardinal k, one can force to add and then thread a
O(k™)-sequence with a two-step iteration which is xT-closed, whereas if one wants
to add and thread, for example, a [,; <.-sequence, the best one can do is a two-step
iteration which is k-closed.

Theorem 38. Suppose p < k are regular cardinals and A > Kk is a measurable
cardinal. Let G be Coll(k, < \)-generic over V and, in V|G|, let H be Q(k™)-
generic over V[G]. Then, in V|G x H|, O*(k™) holds and O, <, fails.

Note that, in V[G * H|, k<" = &, so % holds.

Proof. We have already shown that (0# (k™) holds in any extension by Q(x1), so it
remains to show that O, < fails. Let Q = Q(xT), and let C' be the (k™ )-sequence
added by H. In V[G % H], let T = T(C).

Fix an elementary embedding j : V' — M with critical point A. j [ Coll(k, <
A) : Coll(k, < A) — Coll(k, < j(\)) is the identity map and, in VCI%<Y) Q% T
has a kT-closed dense subset which has size k. Thus, we can extend j to a
complete embedding of Coll(k,< A) x Q * T into Coll(k, < J(A)) such that the
quotient forcing, R, is k-closed. Then, letting I be T-generic over V[G * H] and
letting J be R-generic over V[G * H * I|, we can further extend j to an elementary
embedding j : V[G] — M[G = H * I x J].

We would like to extend j still further to have domain V[G* H]. This is precisely
the reason for introducing the threading poset. In V[G x H % I % J], j(Q) is the
forcing poset to add a J(j(A))-sequence. (Cy, | @ < A) would be a condition in j(Q)
if it had a top element. To arrange this, we define ¢* € j(Q) by letting BT = )\,
C4 = C, for all @ < \, and C’;\f = |JI. Since |JI is a thread through 8, q*
is a condition in j(Q). Moreover, for every ¢ € H, j(q) = ¢ < ¢*. Thus, if K is
J(Q)-generic over V|G« H I x J| and ¢* € K, then j[H] C K, so we can extend j
to an elementary embedding j : V|G « H] — M[G * H x I x J * K].

Now suppose for sake of contradiction that = (D, | @ < Ay is a Oy k-
sequence in V[G % H]. For each o < A, j(D,) = D,. Let j(B) = (Do | @ < j(A)).
](7—3) is a Oy, <x-sequence in M[G % H * I « J * K]. Choose F' € D). F is a thus a
thread through D.

Claim 39. F e V|G« H 1% J].
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F € V[GxHx*I+J+K]. However, K is generic for j(Q), which is j(\)-strategically
closed in V[G x H * I x J] and thus does not add any x-sequences of ordinals. Thus,
FeV[GxHxIxJ|.

Claim 40. F € V|G x H = I|

Proof. Suppose not. Work in V|G % H x I]. Then there is an R-name F such that
F = F7 and IFg “F is not in the ground model”.

Suppose first that x is not strongly inaccessible. Let v be the least cardinal such
that 27 > k. We will construct (ps | s € =72) and (ag | B < 7) satisfying:

(1) py IF “F is a thread through .
(2) For all s,u € <72 such that s C u, we have ps,p, € R and p, < ps.
@ < 7) is a strictly increasing, continuous sequence of ordinals less
3 5| B < i ictly i i i f ordinals 1
than xT.
(4) For all s € <72, there is o < 5|41 such that p,~ gy and py~ 1y decide the
statement “& € F” in opposite ways. .
or a < 7 and all s € , both ps—~ and ps—(1y lorce that N
5) F 11 d all A2, both (0y and ay fi hat F'
(ap,ap41) # 0. .
or all limit ordinals § < v and all s € 72, ps ag 18 a limit point o
6) For all limit ordinal ~ and all 52 IF “ag is a limi i f F”
and there is Dy € Dy, such that p, IF “F'Nag = D,”.

Suppose for a moment that we have successfully constructed these sequences.
Then, for all s € 72, there is Dy € D, such that p, IF “a, is a limit point of F
and F' N ag = D,”. But if s,u € 72 and s # u, then there is a < a, such that p,
and p, decide the statement “a € F” in opposite ways, so Dy # D,,. But 27 > &,
so this contradicts the fact that |D,_ | < .

Now we turn our attention to the construction of such sequences. Fix p(, such
that p(y I “F" is a thread through B”, and let ag = 0. Fix 8 < v and suppose that
(ps | s € #2) and ag have been defined. Fix s € #2. Since IFg “F' is unbounded
in K77, we can find o > ag and p/, < p, such that p/ IF “a € F”. Since IFg “F is
not in the ground model”, we can find s > « and po, p; < p, such that py and p;
decide the statement “o, € F” in opposite ways. Let Ps—(0y = po and py— 1y = p1.
Do this for all s € #2, and let ap1 = sup({as+1 | s € P2}). 2% < k,s0 agyy < k.

If 3 < v is a limit ordinal and (ps | s € <A2) and (as | § < B) have been
constructed, let ag = sup({as | 6 < B}). Fix s € #2. Since R is x-closed, there
is p € R such that, for every 6 < 8, p < ps;s. We have arranged that for every
0 < B there is a > a; such that py541) IF “a@ € F”. Thus, p IF “Gg is a limit point
of F”. Find p/ < p and D, € D,, such that p’ I- “FNag = Dy. Let ps = p'.
Requirements 1-6 above are easily seen to be satisfied by this construction.

Now suppose that x is strongly inaccessible. We modify the above construction
slightly. By Fodor’s Lemma, find ¥ < x and a stationary S C SQK such that if
a € S, then |D,| < v. Construct (ps | s € =¥2) and (ag | B < v) exactly as
above. Fix a sufficiently large regular cardinal 6 and let M < H(6) contain all
relevant information (including F, D, R, (ps | s € =¥2), and (ag | § < v)) such
that [M| =k C M and \yy = M N e S. Fix (A, | n <7 < k) increasing and
cofinal in \p;. Using the x-closure of R and the fact that F is forced to be a club,
find, for each s € ¥2, a decreasing sequence of conditions from R, (ps, | 7 < 7)
such that, for every n < v, ps,, € M and there is a &, such that A, < &, < Ay
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and p;, IF “€, € F”. Let p* be a lower bound for (p,,, | n < ). For each s € »2,
pi Ik “Ap € F77 and, for s # u € Y2, p¥ and pf force contradictory information
about F'N Aps. Since 2¥ > v, this contradicts the fact that [Dy,,| < v. O

Thus, F € V[G % H * I]. However, A = (7)Y and, in V[G], QT has a dense
rwt-closed subset. Thus, A = (x)VIC*H*I contradicting the fact that F is a club
in X\ of order type k. O

Next, we prove that, if 4 < v < k, O0"(k") does not imply that there is a
stationary T C S5 such that O(x",T) holds. In particular, 0#(x*) does not
imply ”(k%). The main idea in the argument, which comes from a modification
of the proof of Theorem 18 in [2], is that, though the forcing to thread a O(x™)-
sequence does not necessarily preserve stationary subsets of S§+, the stationarity
of the sets not preserved by the threading forcing is, in a sense, easy to destroy.
Thus, by shooting clubs disjoint to these sets, we can arrange so that the threading
forcing does in fact preserve stationary subsets of S’f.

Theorem 41. Let p < v < Kk be regular cardinals, and let A > k be measurable
with 2 = At. Then there is a forcing extension preserving all cardinals < K in
which TP (k) holds but in which, for every stationary T C S{f+, O(x™,T) fails.

Proof. Let the initial model be called V. In Vg, let P = Coll(k, < A). Let V = V{.
Work in V. Let Q = Q(x™), and let C be a name for the O(x™T)-sequence added
by Q. In V€, let T = T(C).

In VO we define a sequence of posets (S, | @ < AT) by induction on a. We
will show that each S, is A-distributive and thus does not change any cofinalities
< \. For each 8 < A\, we will fix a Q * Sg-name Xg for a subset of S such that
IFQuss«T “X4 is non-stationary” and a Q S * T-name Fj for a club in A such that
IF@*SB*T “Xg N Eg = ()”. Elements of S, are then functions s such that:

(1) dom(s) C a.

(2) Js < .

(3) For every 8 € dom(s), s(8) is a closed, bounded subset of A.

(4) For every B € dom(s), s | B I “s(B) N X = 7.
For s,t € S,, t < s if and only if dom(s) C dom(¢) and, for every § € dom(s),
t(B) end-extends s(f). Sy+ can be seen as a dense subset of an iteration with
< k-support in which the o' iterand shoots a club disjoint to the interpretation
of X,. Thus, for each a < AT, IFQus, 4 “X, is non-stationary”. By a standard
A-system argument, it is easy to see that, in V@, S,+ has the A*-chain condition.
Thus, since, in V@, 2 = A*, we can choose the sequence (X, | @ < A*) in such
a way that, for every 8 < At and every Q * Sg-name X for a subset of S, if
there is o > 3 such that IFgu«s, «T “X is non-stationary”, then there is o* > a such
that IFgus,, - “Xa* = X", Also, again by the AT-chain condition of Sy+, if X is a
Q * Sy+-name for a subset of Sl),‘ and Il—Q*gA #T “X s non-stationary”, then there
is @ < AT and a Q * Sy-name Y for a subset of S such that IFQus, ¢ “X =Y
and IFqgus,, «T “Y" is non-stationary”. Putting this together, we have that for every
QxSy+-name X for a subset of S if IFQuas, 1 T “X is non-stationary”, then already
”_Q*Sﬁ “X s non-stationary”.
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Lemma 42. In V@, for every o < \t, S, is v-closed .

Proof. Work in V2. The proof is by induction on a@ < A*. Thus, assume that,
for all < a, Sg is v-closed. Let (s, | v < &) be a decreasing sequence from S,,
with £ < v. We will define a lower bound s € S,, for the sequence. Let dom(s) =
U, <¢ dom(s,). Clearly, |[dom(s)| < k. For 3 € dom(s), let dg = sup(U, ¢ 5,(8))
and let s(8) = {65} UU,<¢54(8). It is immediate that, if s € Sq, then it is a
lower bound for (s, | v < §). Thus, it remains to show that for all 8 € dom(s),
s BIF“s(B)N Xz =0”. But, if 3 € dom(s), then, by the induction hypothesis, Sy
is v-closed. Therefore v remains a regular cardinal in V@52 so s | g Ikg 5 “5g ¢ X 8"
and hence s [ B IF “s(8) N X5 = 0. O

By genericity, 8, the square sequence added by Q, is a [0#(\)-sequence as wit-
nessed by a stationary S C Sﬁ‘. Also, by Lemma 11, S remains stationary in

V@Si+ 50 C remains a O#(\)-sequence in V&*Sx+,
Lemma 43. In V, for every a < AT, Q xS, * T has a dense A-closed subset.

Proof. Work in V. For o < AT, let U, consist of all conditions of Q * S, * T of the
form (g, §,1) such that ¢ decides the values of § and £, ¢ I- “B% = 4*”, and, for every
B € dom(3), (q,5 | B,%) IF “max(5(8)) € Eg”. We show by induction on a that U,
is the desired dense A-closed subset.

If « = 0, this is simply Proposition 37. Let a = § + 1. We first show that U,
is dense. Fix (qo, $0,%0). Since Q is (k + 1)-strategically closed, we may assume
without loss of generality that go decides the value of $5 to be sg. Apply the
induction hypothesis to get (g1, $7,1) < (go,30 | B,%0) in Ug such that there is
v < X such that v > max(so(8)) (we say max(so(8)) = 0 if § & dom(sp)) and
(q1,5%,11) - “5 € Eg” (it must then be the case that (q1,5}) IF “3 & X5”). Let §;
be such that ¢ IF “$; = §5U{(B,50(8)U{y})}”. Then (q1, $1,%1) extends (qo, 50, o)
and is in U,.

We now show that U, is A-closed. Let & < A, and let (g, 8y, t,) | m < &) be
a decreasing sequence from U,. By the methods of the proof of Proposition 37,
we can find (q,f) such that ¢ decides the value of £, ¢ IF “7 = 4!, and, for every
n <&, (g,£) < (gy,t,). We now define an s so that (g, 3,7) is a lower bound for our
sequence. Let dom(s) = {4 | for some n < &, ¢, IF 6 € dom(s,)}. For § € dom(s),
let rs = {7 | for some n < &,qq IF v € 5,(6)} and let s(0) = rs Usup(rs). All that
remains to be shown is that for every § € dom(s), (¢,5 | 6,7) IF “max(3(6)) € Ej”.
We show this by induction on §. Thus, assume it holds for all ordinals less than
§ in dom(s). Then (g,5 | 6,) € Us. For every n < £ with 6§ € dom(s,), (¢,$, |
5,1) IF “max(3,(5)) € Es”. Thus, (¢,5 | 6,) IF “Ej is unbounded in 75”. Since Ej
is forced to be a club, (¢, | 8,%) IF “sup(rs) = max(3(8)) € Es”.

Now suppose that o« < AT is a limit ordinal. To show that U, is dense, let
(qos S0, fo) € QxS, *T. Assume without loss of generality that ¢y decides the value
of 59 and fo. If cf(a) = A, then there is 3 < a such that go IF “dom(3) C £”. Then
(qo, %0,%0) € Q * Sg + T and, by the inductive hypothesis, we can find (g1, $1,1) <
(q07307t.0) such that (qlaélvil) S UB C U,.

If cf (o) < A, fix an increasing, continuous sequence («; | i < §) cofinal in a, with
¢ < k. We define a sequence ((g;, $;,;) | 1 <i < &) such that, forall 1 <i < j <&,

o (qla Sz7tz) € Ualw



20 CHRIS LAMBIE-HANSON

(gis 36, 14) < (g0, %0 | i o).
(g5,55,15) < (Qiaéiyti)

If i = i’ + 1, define (g;, $;,7;) as follows. Let §} be such that g; |- “5F = $;, U$g |
[/ ,az) By the inductive hypothesis, find (qz7 $i,1;) € Uy, such that (g;, $;,1;) <
(giv, $F,tir). If i is a limit ordinal, then, by the inductive hypothesis, Uy, is A-closed,

so we can find (g, $i,%;) € Uy, that is a lower bound for ((q;, $;,%;) | j < 7).
We now define (g, $,1) € U, which is a lower bound for ((g;, $;,%;) | i < £). First,
by previous arguments, find (g, ) € Uy which is a lower bound for ((g;,%;) | i < &).

Next, let X = {3 | for some i < £, ¢; IF “3 € dom(;)}. If B € X, let 5*(3) be such
that q IF “$*(8) = Uz<£ $:(B). Let $ be such that ¢ IF “dom($ ) X and, if 8 €
X, then $(8) = 5"(B8) U {sup(5”(B)}". It is routine to check that (g, $,1) € U, and

((LS t) (QO7507t0)
The proof that U, is A-closed is the same as in the successor case. O

It follows that, for all o < A", S, is A-distributive and thus preserves all car-
dinals and cofinalities. It remains to show that, in V@Sx+ O(\, T) fails for every
stationary T C 5.

Fix j : Vo — M with crit(j) = A. Let G be P-generic over Vj, let H be Q-
generic over Vy[G] =V, let I be Sy+-generic over V[H], and let J be T-generic over
V[H  I]. Since, in V, Q * Sy+ * T has a A-closed dense subset and has size AT,
by Fact 19 we can extend the identity map ¢ : P — j(P) to a complete embedding
i* : PxQx*Sy+ T — j(IP) such that the quotient forcing R = j(P)/i*[PxQx*Sy+ x T]
is k-closed. Thus, letting K be R-generic over V[H I x J|, we can lift j to an
elementary embedding j : V — M[G* H I x J * K].

Suppose now for sake of contradiction that, in V[H x I], T C S, is stationary
and B = (Do | a < A) is a O(X, T)-sequence. For & < A1, let Ic = I'NSe. Each I¢
is then S¢-generic over V[H]. Since Sy+ has the AT-c.c., we can fix £&* < At such
that T, D € V[H * I-].

We would like to lift j further to have domain V[H % I¢«]. To do this, we define a
master condition (¢*, §*,7*) € j(QxS¢- # T). ¢* is defined exactly as in the proof of
Theorem 38. Let E be the club added by J, and let t* = E U {\}. Then (¢*,*) €
J(Q=T). Let s be the generic object added by I¢«. s is thus a function with domain
&*, where, for each o < £*, s(a) is a club in A. Let s* be such that dom(s*) = j[¢*]
and, for each a < £*, s*(j(a)) = s(a) U{A}. It is clear that, if (¢*, 5*) € j(Q*S¢+),
then it is a lower bound for j[H xI¢+]. Thus, all that needs to be checked is that, for
every a < £*, (¢*,5" [ j(a)) IF “5*(j(a)) N j(Xa) = 0”. We show this by induction
on a. It suffices to show that (¢*,5* | j(a)) IF “A & j(X,)”. Suppose for sake of
contradiction that there is (¢/, ') < (¢*,5* | j(a)) such that (¢, §") IF “\ € j(X,)”.
Recall that F, is a Q S, * T-name for a club in \. (¢, S ,t*) is a lower bound for
HxI] axlJ,so,for every § < A, (¢,§ t*) I+ “BE]( ) if and only if 8 € E,.
Thus, (¢, §',1) IF “) is a limit point of j(E,)”, so (¢, §,#*) IF “\ & j(X,)”. This
is a contradiction.

Thus, (¢*,5*) is a lower bound for j[H * I¢+] in j(Q * S¢+), so, if we let HT >kI+
be j(Q *S¢)-generic over M[G* H * I * J« K| with (¢*,8*) € HT *Igt, then we can
lift j to an elementary embedding j : V[H « I¢«] - M[G* H+ [« J« K« H* *I;]

Now D and T are in the domain of 7, ](B) = (Do | a<jN)isaO@(N), (T))-
sequence, and j(T) N A = T. Thus, D, is a thread through and avoids T'.
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Since j(Q * Se-) is j(A)-distributive, H* * IZ. could not have added Dy, so Dy €
V[H % I x J x K|. Also, since K is generic for k-closed forcing, the argument from
Theorem 38 shows that it can not add a thread through D, so Dy € V[H = I * J]
and witnesses that T is not stationary in V[H I+ J]. But we arranged our iteration

Sy+ so that this implies that 7' is already non-stationary in V[H « I]. This is a
contradiction, so (A, T') fails in V[H * IJ. O

Finally, we show that the existence of a stationary S C S'“Jr such that O(k T, .5)
holds does not imply the existence of a stationary T C S .. for which O(k*,T)
holds. In [4], Harrington and Shelah show that, after collapsmg a Mahlo cardinal
to be KZ+ one can iteratively force to shoot clubs disjoint to non- reﬂecting subsets
of S ZK, thus obtaining a model in which every stationary subset of S% reﬁects We
will work in L and carry out the forcing iteration used by Harrmgton and Shelah,
arguing that our desired conclusion holds in the final model. We use the following
theorem of Jensen about squares in L ([3], Chapter VII).

Theorem 44. Suppose V. = L. Let A\ be an inaccessible cardinal which is not
weakly compact, and let S C X be stationary. Then there is a stationary S' C S
such that O(\, S") holds.

Theorem 45. Suppose V = L, k is a regular, uncountable cardinal, and A > k is
the least Mahlo cardinal greater than k. Then there is a forcing extension in which
A = x| there is a stationary S C S such that O(\,S) holds, and all stationary
subsets ofS reflect (and hence (N, T) fails for every stationary T C S2,.).

<K

Proof. By Theorem 44, fix a stationary S C A consisting of inaccessible cardinals
and a O(\, S)-sequence, C. Let P = Coll(k,< A). In V| we define an iteration
(Qq | @ < AT), which will shoot clubs disjoint to non-reflecting sets of ordinals, by
induction on a. For each a < AT, we will fix a Q,-name X, such that IFq,, “X, C
S2,. and X, does not reflect at any ordinal of uncountable cofinality”. Elements of
Q. are functions ¢ such that:

(1) dom(q) C a.

(2) lg| < 5.

(3) For every 8 € dom(q), g(B) is a closed, bounded subset of .

(4) For every B € dom(q), ¢ | B1F “q(8) N X5 = 0”.

For p,q € Qq, q < p if and only if dom(p) C dom(q) and, for every 5 € dom(p),
q(B) end-extends p(3). An easy A-system argument shows that Qy+ has the AT-
c.c. Thus, with a suitable choice of the names X,, we can arrange that, in VE*@+
every stationary subset of S 2, reflects.

Back in V| fix a sufficiently large, regular cardinal  (in particular, § > A1). Let
N be the set of N such that P € N, N < (H(f), €,<) (where < is a well-ordering
of H(f)), Ay := N N\ is an inaccessible cardinal, |N| = Ay, and N<*¥ C N. For
N e N, let 1y : N — N be the transitive collapse. If z € N, let x5 = mn ().

Lemma 46. For every x € H(0), there is N € N such that x € N.

Proof. Fix x € H(#). We find the desired N € A by building an increasing,
continuous chain (N, | & < A) such that, for each o < A,

(1) z,A € N,

(2) No < H(0).
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(3) [Nal <A

(4) P(Na) € Nag1.

(5) sup(No N A) € Nygq.
Let E be the set of o < A such that N, N A = a = |N,|. E is a club in A, so, since
A is Mahlo, there is a* € E such that o* is inaccessible. N, is then in N. O

If N € N, then, since N is closed under < Apy-sequences, Py = PNN = Coll(x, <
An), so NF < H()F. Also, since Py has the Ay-c.c., NP5 = NF is closed under
< An-sequences from VW,

The following Lemma, which will show that Q,+ is A-distributive, is proven in
[4].

Lemma 47. Let oo < \7T.

(1) For all N € N such that « € N, in VE¥ (Qu)n has a A\y-closed dense
subset.

(2) InVE, Q, is \-distributive.

(3) For all N € N such that a € N, in VEN*Qs)~ (X )y is not stationary in
AN

By the chain condition, every < A-sequence in VF*@+ appears in VF*Qo for
some a < AT, so we have that, in VF, Q,+ is A-distributive and thus preserves all
cardinals < \.

Lemma 48. In VF*®+ | there is no stationary T C S2,. such that O(X\, T) holds.

Proof. Suppose there is such a T, and let B be a O(A, T)-sequence. Then, for
each @ < A of uncountable cofinality, D/ witnesses that "N « is non-stationary,
so T does not reflect. However, in VF*@x+ | every stationary subset of Sé,{ reflects.
Contradiction. |

In VPO | 8 is clearly still a coherent sequence avoiding S and S C S. Thus,
the following lemma suffices to prove the theorem.

Lemma 49. S is stationary in V7@

Proof. Let E € VP*@+ be a club in A\. By the chain condition, there is a < A
such that E € VF*Q«, Thus, it suffices to show that S remains stationary in V@«
for every a < AT.

To this end, fix o < AT, (p,§) € P* Qq, and E, a P x Qu-name for a club in
A. By the argument from the proof of Lemma 46, we can find N € N such that
{(p.q), E,a} € N and Ay € S. Let G be P-generic over V with p € @, and let G
be the restriction of G to Coll(k, < An). Since P has the A-c.c., S is still stationary
in V[G]. Let g be the interpretation of ¢ in V[G], and reinterpret £ in V[G] as a Qq-
name. Also, we can extend 7y to an isomorphism of N[G] and N|[Gy]. Enumerate
the dense open sets of (Q,)n lying in N[Gn] as (D¢ | £ < Ay). By Lemma 47(1)
and the fact that N[Gy] is closed under < Ay-sequences, we can find a decreasing
sequence (ge | £ < An) of conditions from the Ay-closed dense subset of (Qq)n
such that go = ¢ and, for all £ < Ay, ge+1 € De N N[Gy]. We define ¢* to be a
lower bound for (5" (g¢) | € < An) in Q4 by letting dom(g*) = N Na and, for each
B € dom(q"),

q(B) = U qe(mn(B8)) U{An}

E<AN
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cf(An) = & in VP*@ 50 Ay is forced not to be in X5 and thus ¢* € Q,. For every
v < An, there is £ < Ay and § € (%)\N) such that ge IFqg,)y “5 e w(E)”. Thus,
N (ge) ko, “6 € E”. so0 ¢* IFg, “F is unbounded in Ax”. Since E is a name for
a club, ¢* IFg, “Ax € ENS”, s0 S is stationary in VF*Qe. O

We conclude with a diagram illustrating the situation at ws, where we now have
a complete picture. Arrows correspond to implications, and struck-out arrows to

non-implications.

Dw w2 le UJQ
(/+\
3 stationary S C S O(we, S 3 statlonary T C S’ O(we, 1))
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