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ABSTRACT. Building upon work of Liicke and Schlicht, we study (higher)
Kurepa trees through the lens of higher descriptive set theory, focusing in par-
ticular on various perfect set properties and representations of sets of branches
through trees as continuous images of function spaces. Answering a question
of Liicke and Schlicht, we prove that it is consistent with CH that there ex-
ist wo-Kurepa trees and yet, for every we-Kurepa tree T C <“2wsy, the set
[T] € “2wsq of cofinal branches through 7T is not a continuous image of “2ws.
We also produce models indicating that the existence of Kurepa trees is not
necessary to produce closed subsets of “lw; failing to satisfy strong perfect
set properties, and prove a number of consistency results regarding full and
superthin trees.

1. INTRODUCTION

Two fundamental features of closed subsets of the classical Baire space “w are
the following:

(1) every nonempty closed subset of “w is a continuous image (and, in fact, a
retract) of “Yw;
(2) every closed subset of “w has the perfect set property.

When passing to the higher Baire spaces of the form “x for regular uncountable
cardinals x, both of these properties at least consistently fail. Regarding property
(1), for an arbitrary regular uncountable cardinal &, it is proven in [7, Proposition
1.4] that there exists a nonempty closed subset of "k that is not a retract of *x. If
we assume moreover that k<* = k, which is a standard assumption in the study
of higher Baire spaces, then it is proven in [7, Theorem 1.5] that there exists a
nonempty closed subset of “k that is not a continuous image of “.

When discussing higher analogues of the perfect set property, we need to fix an
appropriate notion of perfectness. Unlike in the classical Baire space, where there
is a single, unambiguous notion of “perfectness”, in the higher Baire space "k there
exist various degrees of perfectness, leading to a corresponding spectrum of perfect
set properties. These will be discussed in more detail below in Section 3, but for
now let us consider the strongest and arguably most natural version. We say that
a k-perfect subset of "k is the set of all cofinal branches through some cofinally-
splitting (<r)-closed subtree of <*x (see Section 2 for a precise definition). A set
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X C "k has the k-perfect set property, denoted PSP (X), if either |X| < k or X
contains a k-perfect subset.

As noted in [6, §7], if & is a regular uncountable cardinal and every closed subset
of #k has the perfect set property, then ™ is inaccessible in L. On the other hand,
by an argument of Schlicht (cf. [6, §9]), if & is a regular uncountable cardinal, v > k
is inaccessible, and G is generic for the Lévy collapse Coll(k, <v), then, in V[G]
PSP, (X) holds for every closed X C *k (in fact, for every X1 X C *k. Thus, the
k-perfect set property for closed subsets of “k for some regular uncountable k is
equiconsistent with the existence of an inaccessible cardinal.

A starring role in the story of the preceding two paragraphs is played by Kurepa
trees. Indeed, suppose that x is a regular uncountable cardinal that is not strong
limit, e.g., a successor cardinal. If T C <"k is a x-Kurepa tree! then the set [T]
of all cofinal branches through T is a closed subset of "k that fails to satisfy the
k-perfect set property (see [6] for a proof of this; the idea of using Kurepa trees as
a counterexample for the k-perfect set property goes back at least to [17] and [9]).
The fact that PSP, (X) holding for all closed X C *x implies that ™ is inaccessible
in L then follows from an argument of Solovay (cf. [5, §4]).

It is thus natural to also consider Kurepa trees in the context of item (1) above,
leading to the following general question: for a fixed regular uncountable cardinal
Kk, given a k-Kurepa tree T, under what circumstances is [T] a continuous image
of, or even a retract of, the space “x. This and related questions were considered
by Liicke and Schlicht in [8], where they obtained a number of interesting results,
including the following;:

e If there is 1 < k such that u¥ > k, and T C <"k is a k-Kurepa tree
with |[T]| > k<", then [T] is not a continuous image of “x. In particular,
assuming instances of GCH, the question has an easy negative answer if k
is a successor of a cardinal of countable cofinality, e.g., ws.

o If V = L, then, for every regular uncountable cardinal x that is not the
successor of a cardinal of countable cofinality, there exists a k-Kurepa tree
T C <"k such that [T] is a retract of k.

e If 1 < K are regular uncountable cardinals, with k£ inaccessible, then there
is a forcing extension in which (1) k = pT, (2) there exists a xk-Kurepa tree
T C <k such that [T7] is a retract of “x; and (3) there exists a x-Kurepa
tree S C T such that [S] is not a continuous image of "x.

e If there is a k-Kurepa tree, then there is a x-Kurepa tree T C <"k such
that [T is not a retract of “x.

The work of Liicke and Schlicht left open a number of avenues for further re-
search. One question, explicitly asked as [8, Question 6.2], is whether CH together
with the existence of an wy-Kurepa tree implies the existence of an No-Kurepa tree
S C <219 such that [S] is a continuous image of “2wy. We provide a negative
answer to this question (see Theorem B below).

We also undertake further explorations of topics connecting Kurepa trees, (vari-
ations on) the perfect set property, and continuous images of higher Baire spaces.
Here we make use of a hierarchy of generalizations of perfectness introduced by
Véadnénen in [17] in terms of the existence of winning strategies for certain two-
player games. In particular, given a regular cardinal k, and an ordinal § with

1See Section 2 for a precise definition.
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w < § < k, Vadndnen defines a notion of §-perfectness for subsets of “x. These no-
tions strengthen as ¢ increases, with w-perfectness being classical perfectness (i.e.,
closed and having no isolated points), and x-perfectness being as above.

Recall the classical Cantor-Bendixson theorem: If F C “w is closed, then there is
a countable set X C F such that E'\ X is perfect. This generalizes straightforwardly
to higher Baire spaces: if F C " is closed, then there is X C F such that | X| < k<"
and F\ X is perfect. We prove in Section 3 that, if E is a continuous image of "«
then we can obtain a stronger conclusion.?

In the other direction, recall that k-Kurepa trees yield examples of closed subsets
of #k of cardinality greater than x that do not contain k-perfect subsets; in fact, if
k=pt and T C <Fk is a k-Kurepa tree, then [T'] does not contain a (p+ 1)-perfect
subset. In Section 4, we prove results showing that Kurepa trees are not necessary
for the existence of such sets by producing models in which GCH holds, the Kurepa
Hypothesis fails (i.e., there are no wq-Kurepa trees), but there is a closed subset of
“1w; of cardinality we with no (w4 1)-perfect subset. In fact, we prove the following
stronger theorem:3

Theorem A. Suppose that there is an inaccessible cardinal. Then there is a forcing
extension in which

(1) GCH holds;
(2) the Kurepa Hypothesis fails;
(3) there is a weak Kurepa tree that does not contain a copy of <12,

We actually produce two models witnessing the conclusion of Theorem A. In the
first, every weak Kurepa tree contains an Aronszajn (or even Suslin) subtree. In
the second, there is a weak Kurepa tree that contains neither a copy of <“*+12 nor
an Aronszajn subtree.

In Section 5, we provide a negative answer to the aforementioned question of
Liicke and Schlicht. In addition, we show that, in the model we construct, “2ws
satisfies the strongest possible analogue of the Cantor-Bendixson theorem com-
patible with the existence of an wy-Kurepa tree (recall that, if T C <“2ws, is an
wo-Kurepa tree), then [T] cannot contain an (w; + 1)-perfect subset. In particular,
we prove the following theorem.

Theorem B. If there exists an inaccessible cardinal, then there is a forcing exten-
sion in which GCH holds, there exists and wo-Kurepa tree, and, for every ws-Kurepa
tree S C <“2wy, [S] is not a continuous image of “?ws. In addition, in the forcing
extension, for every closed subset E C “2ws, there is X C E with | X| < wy such
that E\ X is wy-perfect.

In Section 6, we prove some new results about full trees. A tree T is full if, for
every limit ordinal 8 below the height of T, there is at most one branch through
T | 8 that is not continued at level § (see Section 6 for a precise definition). Kunen
asked whether there could consistently exist a full k-Suslin tree for some regular
uncountable cardinal £ (cf. [10]). This was answered positively by Shelah in [15]
for inaccessible k and recently by Rinot, Yadai, and You in [12] for successors

2For more on stronger versions of the Cantor-Bendixson theorem for higher Baire spaces, see
[17].

3Recall that a weak Kurepa tree is a tree of height and size w; with at least we-many cofinal
branches.
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of regular uncountable cardinals. Here, we are interested in full, splitting trees
that may contain some cofinal branches. For example, in Section 6, we prove the
following theorem about full trees of height w:

Theorem C. (1) If & holds, then, for every cardinal v € w U {w,wy,24'},
there is a normal, full, splitting tree T C <“1wq with exactly v-many cofinal
branches.

(2) CH does not suffice for the conclusion of clause (1). In particular, CH
is compatible with the assertion that every full, splitting tree of height wy
contains a copy of <“'2, and hence has 2“'-many cofinal branches.

We then move up a cardinal to prove the consistency of the existence of a normal,
splitting, full, superthin ws-Kurepa tree. We refer the reader to Section 6 for the
definition of superthin; we only note that superthin Kurepa trees play a central role
in the investigations of Liicke and Schlicht in [8]. In particular, they prove there
that if there exists a superthin k-Kurepa tree, then there is a superthin x-Kurepa
tree T C <"g such that [T] is a retract of “x. In Section 7, we prove the following
result, producing a model having ws-Kurepa trees with very different behavior from
that produced in Theorem B:

Theorem D. Suppose that GCH holds and k is the successor of a regular uncount-
able cardinal. Then there is a cofinality-preserving forcing extension in which

(1) GCH holds;

(2) there exists a k-Kurepa tree;

(3) every k-Kurepa tree contains a normal superthin rk-Kurepa subtree.

Finally, in Section 8, we record some closing remarks and a few questions that
remain open.

1.1. Notation and conventions. Our notation is for the most part standard.
We refer the reader to [4] for undefined notions and notations in set theory. We let
Card denote the class of all cardinals. Given a well-ordered set X, we denote its
order type by otp(X). If X and Y are sets, f : X — Y, and A C X, then both
f[A] and f“A denote the pointwise image of A, i.e., {f(a) | a € A}.

Given ordinals o and 3, we let (8 denote the set of all functions f : a — £,
and we let <*3 denote J,_,"8. We use <3 and <(@+1)3 interchangeably. If
0,7 € <*3, then we let o C 7 denote the assertion that o is an initial segment of
7, i.e., dom(o) < dom(7) and 0 = 7 | dom(c). Given a nonempty set A C =3,
we let \ A € =% denote the (unique) C-maximal element of <®3 that is an initial
segment of every element of A, i.e.,

/\AZU{UESaﬁ|VT€A(O’ET)}.

If o and 7 are two functions whose domains are ordinals « and (3, respectively, then
o1 denotes the concatenation of o and 7, i.e., the function p with domain o +
such that p(n) = o(n) for all n < a and p(a + &) = 7(§) for all £ < . We will
sometimes think of functions with ordinal domains as sequences, e.g., a sequence
of the form () will be thought of as a function ¢ with domain 1 and &(0) = . We
will sometimes write, e.g., 0y instead of ™ (y) when there is no risk of confusion.

We make use of various standard forcing notions throughout the paper. In
particular, if x is a regular infinite cardinal, then Add(x, 1) is the forcing to add a
single Cohen subset of . If, in addition, p > « is a cardinal, then Coll(k, <) is the
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Lévy collapse that collapses every cardinal in the interval (k, ) to have cardinality
k. We assume that every forcing notion P has a maximum element, which we denote
1p. If we define a forcing notion P that does not have a maximum element, then
we implicitly add 0 as 1p.

2. COMBINATORIAL AND TOPOLOGICAL PRELIMINARIES

In this section, we introduce some of the basic notions forming the subject matter
of this paper, particularly regarding trees, higher Baire spaces, and forcing.

Definition 2.1. A tree is a partial order (T, <) such that, for every t € T', the set
predy(t) := {s € T | s <r t} is well-ordered by <7. We will often abuse notation
and simply refer to the tree by T, without explicitly mentioning the tree order <r.
Given ¢t € T, the height of t in T is htr(t) := otp(pred,(t)). Given an ordinal «,
the o't level of T, denoted T, is {t € T | hty(t) = a}. The height of T, denoted
ht(7T'), is the least ordinal 8 such that Tz = 0. A subtree of T is a <p-downward
closed subset of T', with the tree order inherited from <7.
We say that a tree T' is normal if it satisfies the following two conditions:

o for all a < 8 < ht(T) and all s € T,,, there is ¢t € T such that s <7 ¢; and
e for all limit ordinals o < ht(T) and all s,t € T,, if predy(s) = pred,(t),
then s =t.

A branch through T is a maximal linearly ordered subset of T. We say that a
branch b through T is a cofinal branch through T if bNT, # 0 for all a < ht(T).
The set of all cofinal branches through 7" is denoted by [T].

Given two nodes s,t € T, we write s L ¢t to denote the assertion that s and ¢ are
<rp-incomparable. An antichain of T is a set A C T such that s L ¢ for all distinct
s,t € A.

Definition 2.2. Suppose that x is an infinite cardinal. A tree T is a k-tree if
ht(T) = k and |T,| < & for every o < k. A k-Aronszajn tree is a k-tree with no
cofinal branches, and a x-Suslin tree is a k-tree with no cofinal branches and no
antichains of cardinality x.

A k-Kurepa tree is a r-tree T with at least xT-many cofinal branches. A weak
k-Kurepa tree is a tree T of height and size x with at least xT-many cofinal branches.

The k-Kurepa Hypothesis (KH,) is the assertion that there exists a xk-Kurepa
tree. The weak k-Kurepa Hypothesis (WKH,) is the assertion that there exists a
weak Kurepa tree. If the parameter x is omitted in any of the above, then it should
be understood that k = wy, e.g., a Suslin tree is an wi-Suslin tree, a Kurepa tree is
an wi-Kurepa tree, and KH is KH,, .

Definition 2.3. Let T be a normal tree. For ¢,s € T, the meet s At is the unique
node r < s,t such that there is no v’ > r with v’ < s, ¢.

We will naturally interpret <®3 as a tree by setting, for all 0,7 € <®8, 0 < 7 if
and only if o is an initial segment of 7 (denoted o C 7). When we say that a tree
T is a subtree of <¢3, we will implicitly assume that T has height «. In particular,
in this context, the set [T] of cofinal branches through T can and will be identified
with the set

{beBlvn<ainecT)}

If K and A are cardinals, with k regular, then we implicitly interpret “\ as a

topological space, where each copy of A is given the discrete topology and the
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product is given the (<k)-box topology. In other words, the topology on *\ is
generated by all basic open sets of the form

N, ={ze€"\|oCua},

where 0 € <*\. We will be most interested in the space ® for a regular uncountable
cardinal k; this space is typically called the higher Baire space at k.
Fix for now cardinals x and A, with x regular. Given a nonempty set X C ®),
let
T(X) ={zxa|zeX and a < k}.

Note that T'(X) is a subtree of <" \.

In the other direction, given a tree T' C <* ), it is a well-known and easily verified
fact that [T] is a closed subset of A and, moreover, all closed subsets of ®\ are of
this form:

Fact 2.4. Suppose that k and A are cardinals, with k regular. Then a subset X C "\
is closed if and only if it is of the form [T for some tree T C <" .

We now recall a number of relevant definitions from [13].

Definition 2.5. Suppose that T is a subtree of <F\.

(1) T is normal if for all o € T and all o < &, there is 7 € T such that ¢ C 7
and dom(7) > «a.

(2) Given 0,7 € T, we let o L 7 denote the assertion that ¢ and 7 are not
comparable in T

(3) T is splitting if, for all o € T, if |o| + 1 < ht(T), then there are distinct
i,j < A such that 07i,07j € T. It is infinitely splitting if, for all such
o € T, there are infinitely many 7 < A such that 07 € T.

(4) T is cofinally splitting if, for every o € T, there are 79,71 € T such that
ocC19,0C 7, and 79 L 7.

(5) Given a cardinal p < k, T is < p-closed if, for every n < p and every
increasing sequence (o¢ | £ < n) from T, we have [ J{o¢ | € <n} € T.

(6) T is k-perfect if it is normal, cofinally splitting, and <k-closed.

(7) A nonempty closed subset X C X is said to be k-perfect if T(X) is s-
perfect.

Definition 2.6. Suppose that S and T are trees and ¢ : S — T.

(1) ¢ is strict order preserving if, for all 0,7 € S, if o < 7, then (o) < ¢(7).

(2) ¢is L-preserving if, for all o,7 € S, if ¢ L 7, then ¢(o) L (7).

(3) If ¢ is both strict order preserving and L-preserving, then we call ¢ an
isomorphic embedding of S into T. We say that T' contains a copy of S if
there is an isomorphic embedding ¢ : S — T in this situation, the image
¢[S] will be referred to as a copy of S in T.

Remark 2.7. We note that, in the above definition, the maps ¢ : S — T need not
preserve levels, i.e., there may be o € S such that htg(o) # hty(¢(o). In particular,
a copy of S in T need not be a subtree of T, as it need not be downward closed.
Also note that S and T need not have the same height, e.g., it could be the case
that S is a subtree of <3 and T is a subtree of <7§ for cardinals o # v and
B # 5. Note, however, that if ¢ : S — T is strict order preserving, then we will have
htg(s) < htr(e(s)) for all s € S.
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Definition 2.8. Let x and A\ be cardinals, with x regular, and suppose that X C ®A\.
We say that X has the k-perfect set property, denoted PSP, (X), if either | X| < &
or X contains a k-perfect subset.

Note that, in the classical Baire space “w, a nonempty closed subset of “w is
perfect in the classical sense (i.e., is closed with no isolated points) if and only if
it is w-perfect in the sense of Definition 2.5(7), and a set X C “w has the classical
perfect set property if and only if it satisfies PSP, (X) as in Definition 2.8.

The following well-known proposition is easily proven.

Proposition 2.9. Let k and A be cardinals, with s regular, and suppose that X C
®X is closed. Then PSP (X) holds if and only if | X| < k or T(X) contains a copy
of <r2.

We end this section with some preliminaries on forcing. We first recall the
definition of strategic closure.

Definition 2.10. Let P be a partial order and let 8 be an ordinal.

(1) 9s(P) is the two-player game in which Players I and II alternate playing
conditions from P to attempt to construct a <p-decreasing sequence (p, |
a < B). Player I plays at odd stages, and Player II plays at even stages
(including limit stages). Player II is required to play po = 1p. If, during
the course of play, a limit ordinal o < 3 is reached such that (p, | n < a)
has no lower bound in P, then Player I wins. Otherwise, Player II wins.

(2) P is said to be S-strategically closed if Player 11 has a winning strategy in
og(P).

We now recall the following lemma, due to Silver. The lemma is usually stated
with the hypothesis that R is 7F-closed (cf. [16, Lemma 4]), but the standard proof
is easily seen to work under the weaker assumption that R is (7 4+ 1)-strategically
closed, so we leave it to the reader.

Lemma 2.11. Suppose that T < v are infinite regular cardinals, with 27 > v.
Suppose that T is a v-tree and R is a forcing poset that is (7 + 1)-strategically
closed. Then forcing with R cannot add a branch of length v through T, i.e., every
cofinal branch through T in VR is in V.

3. VAANANEN’S GAME

The following game was introduced by Vaénénen in [17] in order to generalize
the notion of perfectness.

Definition 3.1. Suppose that & is a regular cardinal, E is a subset of "k, xg € "k,
and § < k is an infinite ordinal. Then the two-player game G (E, o, ) is defined
as follows. The game consists of rounds indexed by ordinals £ with 1 < £ < 4. In
round &, Player I first plays an ordinal c¢ < k, and then Player II plays an element
z¢ € E. The plays must satisfy the following requirements:
o (o |1 <€ <9) is an increasing, continuous sequence of ordinals;
e forall 0 <n <& <4, we have
— Xy # T¢;
— Ty | op1 = e | Qg1
Player II wins if they can successfully play x¢ for all 1 < ¢ < §; otherwise, Player 1
wins.
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Definition 3.2. Suppose that x is a regular cardinal, E is a subset of “k, and
6 < k is an infinite ordinal. Then we say that E is §-perfect if it is closed and, for
every xg € E, Player II has a winning strategy in G, (E, zg,J).

Note that G (F, xg, ) becomes harder for Player II to win as  increases; thus,
if w<dy <d <kand E C "k is d;-perfect, then it is also dg-perfect.

Remark 3.3. Given a regular uncountable cardinal k, there is a slight discrepancy
between the notion of k-perfect isolated in Definition 3.2 notion of k-perfect isolated
in Definition 2.5(7), which we will call strongly k-perfect when we need to distinguish
it from the notion in Definition 3.2. For example, as noted in [17], the set of all
x € "k such that z(a) = 0 for only finitely many « is k-perfect but not strongly
k-perfect. However, it is readily verified that every strongly x-perfect subset of “x is
k-perfect and, conversely, every k-perfect subset of “x contains a strongly x-perfect
subset. In particular, the k-perfect set property is equivalent when defined with
either notion. Hence, for the purposes of this paper, it will not be necessarily to
distinguish between the two.

In light of the above remark, the following definition generalizes Definition 2.8
in the setting of "k.

Definition 3.4. Suppose that  is a regular infinite cardinal, § < x is an infinite
ordinal, and X C *k. We say that X has the J-perfect set property, denoted
PSP;s(X), if either | X| < k or X contains a d-perfect subset.

The following proposition is readily verified; we leave the proof to the reader.

Proposition 3.5. Suppose that k is a reqular cardinal, § < K is an infinite ordinal,
and T C <"k is a tree. If [T] is 6-perfect, then T contains a copy of <92. (Il

Note that a set £ C “k is w-perfect if and only if it is perfect in the classical
sense. Unlike the case with “w, it is not necessarily the case that perfect sets have
full cardinality. For example, if x is regular and uncountable and

E={ze"n|{a<r|z(a)#0} <r},

then F is readily seen to be a perfect subset of “x. However, |E| = <" so if
K<" < 2" then |E| < 2%. Nonetheless, we do recover a version of the Cantor-
Bendixson theorem at higher «:

Proposition 3.6. Suppose that E C "k is closed. Then there is X C E such that
|X| < k<" and E \ X is perfect.

Proof. Let ¥ = {0 € <"k | |[ENNy| < k<F},and let X = J{ENN, | 0 € T}.
Then X is as desired. ([

Corollary 3.7. If k is an infinite reqular cardinal such that k<% = k, then every
closed set E C "k satisfies the w-perfect set property.

As noted in the introduction, in “w, every nonempty closed set is a continuous
image of the entire space. For uncountable k, this is no longer the case. However,
if we know that a closed set FE is a continuous image of “x, then we can slightly im-
prove upon the conclusion of the preceding proposition. The proof of the following
theorem is a variation on that of [8, Theorem 1.1]
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Theorem 3.8. Suppose that k is an uncountable reqular cardinal and E C "k is a
closed set that is a continuous image of “x. Then there is X C E with | X| < k<"
such that E\ X is closed and, for every xy € E\ X, Player II has a winning strategy
in Ge(E,xzo,w + 1).

Proof. Let f : "k — E be a continuous surjection. Let X be as in the proof of
Proposition 3.6. Let Xy be the set of x € E such that, for every y € f~{y}, there
is @ < k such that |f[Nyq]| < <"

Claim 3.9. |X,| < k<",

Proof. Let
S ={oe k| |f[Ns]| <K~"},
and let Y = J{f[Ns] | 0 € X}. Then |Y| < k<" and Xq C Y. O

Claim 3.10. X C Xy, and E \ X is the closure of E\ Xq in "k.

Proof. The facts that X C Xy and E \ X is closed follow immediately from the
definitions. To show that E \ X is the closure of E \ Xy, it suffices to show that,
for every x € E'\ X and every open set U with « € U, thereis y € U N (E \ Xp).
Thus, fix such x and U. Without loss of generality, we may assume that U = Nyq
for some o < k. Since z ¢ X, we know that |U N E| > £<*. Thus, by Claim 3.9,
we know that U N (E'\ Xg) # 0. O

It remains to show that Player II has a winning strategy in G (E, o, w + 1) for
all zo € E'\ X. We first establish the following claim.

Claim 3.11. Suppose that U C "k is an open set such that |f[U]| > k<%. Then
there is y € U such that | f[Nya]| > <" for all o < k.

Proof. If not, then, for every y € U, there is oy, < k& such that |f[Nyq,]| < £<".
Then we have |f[U]| < [U{f[Nyta,] | ¥ € U}| < &%, which is a contradiction. [

Claim 3.12. Suppose that x € E\ X and o < k. Then there is ¢’ € E'\ Xo such
that x # 2’ and ' | a =z | a.

Proof. If © € X then we can choose any z’ in the set (E \ Xo) N Nyjo, which is
nonempty by Claim 3.10. Thus, we can assume that ¢ Xo. Choose y € “k such
that f(y) = « and |f[Nyg]| > <" for all § < k. By the continuity of f, we can
find 8 < x such that f[Ny 5] C Nyja. Let U = Ny 5\ f~'{x}. Then U is an open
set such that |f[U]| > k<". Therefore, by Claim 3.11 we can find 3’ € U such that
|f[Ny14]| > £<" for all v < k. Then 2’ = f(y’') is as desired. O

Fix 29 € E'\ X. We will describe a winning strategy for Player IT in G, (E \
X,z9,w+ 1). In the course of the game, as the players play the sequences («,, |
1 <n<wand (z, | 1 < n < w), Player II will also construct a sequence
(yn | 1 < n < w) of elements of “x and increasing sequences (G, | 1 <n < w) and
(vn | 1 £ n < w) of ordinals below k such that, for all 1 <n < w, we have

* f(yn) =z, € B\ Xo;

o |f[Ny,14]| > <" for all v < k;
fINy.18.] € Nayig,s
ap < B;
T [ Bn # Tn-1 | Bu;

max{an41,6n}t < Y < Bntis
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hd f[Nyn Mn] C Noptansss

® Yn+1 r’}% = Yn r")/n
We begin by describing Player II's first play. After Player I plays an ordinal a;,
apply Claim 3.12 to find z; € E \ X such that x; # z¢ and 21 | a1 = x¢ | ap.
Then fix y; € "k such that f(y1) = z1 and |f[Ny, ]| > <7 for all ¥ < k. Finally,
using the continuity of f and the fact that x has uncountable cofinality fix 8; with
a1 < 1 < k such that f[Ny,15,] € Ny, 15, and 21 | 1 # zo [ Bo.

Now suppose that 1 < n < w and (xg,a1,21,...,a,11) is a partial play of the
game, with Player II playing so far according to the strategy that we are about to
describe, and that Player IT has also specified {(y;, 5;) | 1 <14 < n). We specify how
to choose 41, as well as vy, Bn+1, and y,11. First, choose 7, > max{a,+1,0n}
such that f[Ny iv.] € Na, ta,.., and let

U= Ny, \ U Hai} i <)

Then U is an open set such that |f[U]] > k<", so, by Claim 3.11, we can choose
Yns1 € U such that |f[Ny, 4] > &<* for all v < k. Let 2,11 = f(ynt1), and
choose B,,+1 > ¥, such that

i f[Nyn+1 Tﬁnﬂ] < N$n+1 IBnt1s and

® Tnt1 rﬁn—&-l 7£ T rﬂn+1-
It is readily verified that this satisfies all of the requirements of the construction,
and we can move on to the next round of the game.

This completely describes Player II's strategy at rounds indexed by natural num-
bers. It remains to show that, if they play according to this strategy, then they
guarantee that they will be able to play in round w. To this end, suppose that
((any ) | 1 <n < w) is an initial segment of the game of length w, with Player II
playing according to the described strategy. Suppose that ((Bn,yn) | 1 < n < w)
are the auxiliary objects specified by this strategy.

Now let B, = sup{f, | n < w} =sup{yn | n <w} > a, =sup{a, | n <w}. We
know that, for all 1 < n < w, we have yn+1 [ Yn = Yn | Yn- We can therefore find a
Yw € "k such that, for all 1 <n < w, we have y, [ Yo = Yn [ Yn- Let 2, = f(Yu)-
Then z,, € F and, moreover, for all 1 < n < w, we have

f[Nyw Mn] = f[Nyn F'yn] C Ng, [otnt1-

Therefore, for all n < w we have z, | @41 = Ty | @py1. By a similar argument,
using the fact that y, [ B = yn [ Bn for all 1 < n < w, we know that z,, [ 8, =
Zn | Bn # Tn-1 | Bn, and hence z,, ¢ {z, | n < w}. Thus, z, is a valid play for
Player II in round w, completing our description of a winning strategy for Player
Il in G(E, zp,w + 1). O

For some observations about this theorem and some remaining open questions,
see Section 8 below.

4. KUREPA TREES AND THE PERFECT SET PROPERTY

As mentioned in the introduction, k-Kurepa trees often provide natural examples
of closed subsets of “k that fail to have various perfect set properties. Indeed,
suppose that x is a regular uncountable cardinal that is not strongly inaccessible
and T C “k is a k-Kurepa tree. Let A < k be the least cardinal such that 2* > &.
Then we claim that [T] cannot contain a (A + 1)-perfect subset. If it did, then,
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by Proposition 3.5, we could find an isomorphic embedding ¢ : <**12 — T". Since
2<* < K, we can find @ < k such that ([<*2] C T,. Then {1(z) | a |z € *2} is a
subset of T,, of cardinality 2* > &, contradicting the fact that T is a k-tree.

In this section, we show that x-Kurepa trees are not needed to produce closed
subsets of “k failing various perfect set properties. For concreteness and readability,
we will focus on the important special case kK = wy, but the techniques can readily
be generalized to produce similar results at other cardinals.

Beginning in a model with an inaccessible cardinal, we will produce two models
in which GCH holds, the Kurepa Hypothesis fails, and there is a closed subset of
“1w; that fails to have the (w+ 1)-perfect set property.* In both models, the closed
subset of “1w; failing to have the (w;)-perfect set property will be of the form [T
for some weak Kurepa tree T C <1, . The fact that PSP, 1([T]) fails will be
implied by the fact that, in both case, T’ will fail to contain a copy of <“+12. In the
first model, constructed in Theorem 4.4, every weak Kurepa tree will contain an
Aronszajn subtree. In the second, constructed in Theorem 4.15, the weak Kurepa
tree T we satisfying PSP 41 ([T"]) will not contain any Aronszajn subtree. Note
that either theorem individually will establish Theorem A from the introduction.

We first need the following preliminary result.

Theorem 4.1. Assume that G is Q = Add(w, 1)-generic over V. Suppose T is an
arbitrary normal tree in V. Then T does not contain a copy of <“+T12VICl ip VIG].

Proof. We will proceed by contradiction and will assume that, in V[G], there is an
isomorphic embedding from <“+12VI¢ into T. We first observe that it is suffices
to consider embeddings which preserve meets and are continuous at limits:

Claim 4.2. Let T be a normal tree, and let f be an isomorphic embedding from
<wtl2 to T.> Then there is an isomorphic embedding g which moreover preserves
meets and is continuous at limits, i.e.:

(i) (preserves meets)® for all a,b € <“t12 g(a Ab) = g(a) A g(b);
(i) (continuous at limits) for all x € 2, g(x) = sup{g(z [ n)|n < w}.

Proof. We first define g which preserves meets on <*2, and then argue that we can
extend g to the whole tree <“*12. For a € <“2, define

gla) = f(a”0) A f(a”™1).

First note that f(a) < g(a) for all a« € <“2; from this it is easy to see that g is
L -preserving because f is L-preserving. Moreover for all a C b € <¥2 we have
g(a) < f(b) since g(a) < f(b | (dom(a) + 1)) < f(b). Therefore for a C b € <¥2
we have g(a) < f(b) < g(b), so g preserves <. To see that g preserves meets, it
is enough to verify that g preserves meets for incomparable nodes in <“2, since
we already verified that g is an isomorphic embedding from <“2 to T. Assume
that a,b € <“2 are incomparable. Then g(a) A g(b) = f(a) A f(b) = g(a A b):
the first equality holds since f(a) < g(a) and f(b) < g¢(b) and the second holds
by the definition of g (observe that for all a,a’,b,b' € T, with a,b incomparable,
a<a,b<b impliesaANb=a AV).

4Note that this is sharp, by Corollary 3.7
5For the purposes of the proof of Theorem 4.1, think of this Claim as being applied in VI|G].

6Note that if g is an isomorphic embedding then g preserves meets for all comparable nodes
in <wtlg,
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We extend the definition of g to x € “2 by letting g(x) = sup{g(z [ n) |n < w}.
This makes g continuous at limits by definition provided we argue that the suprema
exist: This is true because g(z [ n) < f(z) for all n < w, and by normality of T,
there is a unique node in 7' on the supremum of the levels of g(z | n), and this
node is < f(z). Finally notice that if g is an isomorphic embedding from <“*+12
into T" which preserves meets on <*2, then it also preserves meets for all z,y € “2,
S0 ¢ is as required. (I

Remark 4.3. Note that, if T' is a normal tree and f is an isomorphic embedding
from <“*12 to T which is continuous at limits, then f is determined by its restriction
to <w¥2.

Let us work in V[G]. Let T be a normal tree such that 7" € V. Assume for a
contradiction that f : (<“t12)VI¢ — T is an isomorphic embedding; by Claim 4.2,
we can assume that f preserve meets and is continuous at limits.

Let p € G force this property about some name f for f. Let us work in V now.
For each z € (“2)V, there is a condition ¢, < p in Q which decides the value of
f (). Since the forcing is countable, the Baire category theorem implies that there
is some ¢ € Q such that

Y={re(2)" ¢ =q}
is not nowhere dense (we say it is somewhere dense), i.e.
Ja* € S¥2Va e <“2(a* Ca—3x €Y x| |a| = a),
equivalently
(1) 3Ja* € <“2Va e <¥2(a* Ca— Iz e (“2)V z | |a| = a and ¢ decides f(z)).

We will now show that the fact that f is forced to be continuous allows us to

prove that
q decides f[NZ.],
where N?. denotes the set of all z € (¥2)V which extend a*.

Consider the subset C = {x Ay|z,y € Y, z # y} of <¥2. This set is in V,
since Y is in V. More importantly, ¢ decides the value of f (a) for all a € C since ¢
decides f(z) for all z € Y and f is forced to preserve meets. Since Y satisfies (1),
it holds that

a*t={a € <¥2|a* Ca}
is a subset of C. Since ¢ decides f(a) for all a € C, ¢ decides the values of f(a) for
all @ O a*. Since f is forced to be continuous at limits, ¢ also decides the values of
f(x) for all z € (“2)V such that a* C z.

Now we finish the proof by arguing that we can read off in V' the Cohen subset
¢ = |JG added by Q, which gives the desired contradiction. In V[G], ¢ can be used
to define a cofinal branch ¢’ through a* 1 as follows: Identify ¢ with a function from
w to 2 and define ¢ = (a*)"¢; i.e. letting n = dom(a*), (k) = a*(k) for k < n
and (k) = ¢(k —n) for k > n. Recall that f is an isomorphic embedding from
(<wt12)VIG into T'; therefore there is t* € T such that f(¢/) = ¢*. Since t* is in T,
t* is in V. Define d : w — 2 in V inductively as follows:

(a) d(0) = 0, provided q I+ f((a*)"(n,0)) < t*; otherwise let d(0) = 1.
(b) If d | k is defined, set d(k) = 0, provided ¢ IF f((a*)"d | k™ (k,0)) < t*;
otherwise let d(k) = 1.
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Now ¢ IF f((a*)~d) < t* since f is forced to be an isomorphic embedding. We
claim that ¢ IF d = ¢ Since ¢ I+ f((a*)~d) < t* and ¢ I+ f(¢') = t* and f is forced
to be an isomorphic embedding, ¢ I (a*)"d = ¢ and hence by the definition of ¢,
q IF d = ¢. This yields the desired contradiction. O

We now prove the first of the two main theorems of this section.

Theorem 4.4. Suppose that there is an inaccessible cardinal k. Then there is a
forcing extension in which
(1) k= ws;
(2) GCH;
(8) -KH;
(4) every weak Kurepa tree contains an Aronszajn subtree, moreover if we as-
sume that & holds in V, every weak Kurepa tree contains a Suslin subtree.
(5) there is a weak Kurepa tree that does not contain a copy of <“T12.

Proof. Assume that GCH holds. Let P = Coll(wy, <k) and let Q = Add(w,1). We
claim that the generic extension by P x Q is the desired forcing extension in which
(1)—(5) hold. Item (1) and item (2) are clear, and item (3) follows by standard
arguments for the tree property as in [16] or [3].

The proof of item (4). To prove item (4), it suffices to show that every weak
Kurepa tree in a generic extension by P x Q contains a copy of (<“12)V. To see this,
let G x H be P x Q-generic over V. In V', we can construct a special w;-Aronszajn
tree as a subtree of (<“12)V and this tree is preserved in all forcing extensions
which preserve w;. In particular, it is still a special wy-Aronszajn tree in V[G][H].
Moreover, note that P x Q does not add cofinal branches to any wi-tree in V since P
is wi-closed in V' and Q is wi-Knaster in V[G]. It follows that all (not only special)
wi-Aronszajn subtrees of (<“12)V remain Aronszajn in V[G][H]. In particular, if
S is an w;-Suslin subtree of (<“12)V in V, it is still Aronszajn in V[G][H]. In fact
it is still a Suslin tree in V[G][H]: by Easton’s Lemma it is Suslin in V[G] since P
is wy-closed and it is still Suslin in V[G][H] since Q is wi-Knaster and S is ccc in
VI[G].

Let us now proceed to show that every weak Kurepa tree in a generic extension
by P x Q contains a copy of (<*12)V. If T is a P x Q-name for a weak Kurepa tree
then, since P x Q is s-cc, T'is a Py x Q-name for some regular cardinal 6 < x, where
we denote Py = Coll(wy, <0). Let Gy be Py-generic over V and H be Q-generic
over V[Gy|. We will work in V[Gy| and we will show that T contains a copy of
(<«12)VIGel in V[Gg][H]. Note that (<«12)V = (<«12)VIG] since Py is w;-closed.

Note that, in V[Gg][H], we have 2“* < k, and hence T has fewer than x-many
cofinal branches in V[Gy][H]. Since T is a P x Q-name for a weak Kurepa tree, it is
forced to have k-many branches in the extension by P x Q = Py * (Q x P?), where
P? = Coll(wy, [0, <k))VIEe]. Therefore, we can fix in V[Gy] conditions p* € P and
¢* € H and a Q x P’-name b for a cofinal branch through T such that

(2) (¢, p") - b & V[Go][H].

Without loss of generality, we can assume that the underlying set of T is forced
to be a subset of wy x wy and that if (o,7) € T, then (o, ) € T,. In V[Gy], we will
build by induction on w; the following objects:
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e alabeled tree T = {p | s € <“12} of conditions in PY, all of them extending
p* from (2);
e alabeled tree {vs|s € <12} of ordinals below wy;
e a maximal antichain A; of conditions in Q below ¢* from (2) for each
5 € <w12;
such that the following hold for each s € <¥12:

(a) pr < ps for each s C ¢ in <“12;

(b) s <y for each s C ¢ in <“12;

(c) for each ¢ € A, the conditions (g, ps~g) and (¢, ps~1) decide b up to v, differ-
ently; i.e., there are v < 75 and 74, # 74p ., both forced by ¢ to be in T,

such that ((Lps’“O) I b(’Y) = Tg,p,~o and (Q7ps“l) I b(FY) = Tqpgny-

The construction of 7 uses the standard method of diagonalizing over antichains
in Q while taking lower bounds in P?, using the wi-closure of P?, but we will give
details to make the argument self-contained.

Set py = p*. First assume that « is a limit ordinal and for every 8 < « and
every s € #2 the conditions ps have been constructed. For s € @2 let p, be a lower
bound of (psjg |8 < a). Note that A, and 7, for s € *2 will be constructed in the
successor stage.

Now, assume that « is a successor ordinal @ = $+1 and for every s € #2, p, has
been constructed, and for every s € <82, A, and v, have been constructed. Given
s € P2, we describe the construction of ps~g, ps~1, As and 7s.

Claim 4.5. For every q < ¢* in Q, all v°,rt € P? with 0, r' < p*, and all v < wy,
there are v < v < w1, (¢',p°) < (q,7°) and (¢',p*) < (q,7') such that (¢',p°) and
(¢',pt) decide b(vy) differently.

Proof. Let ¢ € Q, 7,71 € P? and 4/ < wy be given. Since b is forced by (p*, ¢*) to
be a cofinal branch through 7' that is not in V[Gy|[H], there are (g,7°) < (¢,7°),
(7,7) < (¢,7°) and v > o/ such that (7,p°) and (g, p*) decide b(v) differently; i.e.
there are 7° # 71, both forced by ¢ to be in TV, such that (g,7°) I- b(y) = 7° and
(g,p") I b(y) = 7'. Now, consider the condition (g,r!): since b is a P! x Q name
for a cofinal branch through 7', there is an extension (¢',p') < (g,7') which decides
b(v). Since 7° # 71, (¢/,p") cannot decide b(v) as being equal to both of them.
Let p° be p¢, for some i < 2, such that (¢/,p') and (¢',p’) disagree on b(’y) Then
q,p%, p! and ' are as required. O

We use the previous claim to inductively construct in -many stages for some
0 < wy a maximal antichain A, = {g; € Q|7 < ¢} below ¢*, an increasing sequence
of ordinals (y; < wy |4 < §) whose supremum will be ~,, and decreasing sequences
(p) € PY|i < §) and (p} € P?|i < &) with lower bounds p,~( and p,~1, respectively.

Let us initialize the construction and define the required objects for ¢ = 0. First
set v, = sup{vs;p | B/ < B} (in case § = 0, take v, = 0). By Claim 4.5 there are
76 <70 < wi and (qo,pY), (90,15) < (¢*,ps) such that (qo,pg) and (go,pp) decide
b(vo) differently. The condition gq, pJ, p and the ordinal v are as required.

Now assume that 0 < i < w; and for all j < 7 we already have g;, p(;, pjl and ;.

If there is ¢ € Q below ¢* such that ¢ is incompatible with all ¢; for j < 4, let us
fix such ¢. If i is a limit ordinal, fix some lower bounds 7 and ' of (p} € P95 < i)

and <pJ1 € P?|j < i), respectively, and a supremum v’ of (y; < wi|j < i). If 4
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is a successor of j, set 0 = p9, r' = pj and ' = ;. By Claim 4.5, there are
7 < <wiand (g5, p7) < (¢,7°), (a5,p;) < (¢,7") such that (g;, p7) and (gi,p;)
decide b(v;) differently. The conditions g;, p?, p+ and the ordinal +; are as required.

If there is no ¢ € Q below ¢* such that ¢ is incompatible with ¢; for all j < i, we
stop the construction and set 6 =i and A, = {¢; € Q|j < 6}. If i is a limit ordinal,
we set ps~g and py~1 to be lower bounds of <p9 e P’|j < §) and (pj1 cPl|j < §),
respectively, and -, to be a supremum of (y; < wi |j < 6). If ¢ is a successor of j,
then we set py~g = pg, P~ = p; and v = 7;. Note that the construction will end
after countably many steps since Q is ccc, and hence § < w;.

This ends the construction of the labeled tree T and the related objects.

In V[Gy][H], we define a copy of (<12)VIGel in T = TVIGellH] ysing the tree 7.
This copy is given by an embedding h : (<¢12)V[¢%] — T which maps sequences s~0
and s71 to the nodes 74, _ ~and 74, _ , respectively where ¢ is the unique element
of HN As (see item (c) in the properties of T for definitions). The definition of h
extends continuously the limit levels: if s € (72)V[%¢] for a limit ordinal v < wy,
then let h(s) be the supremum of {h(s [ @) | @ < «}. This supremum exists in T'
by normality and the fact that, for instance, h(s™0) is above h(s [ a) for all @ < 4.
Since the ¢’s are chosen from H, the forcing statements from item (c)

(Qaps“O) I b(fY) = T(LPSAO and (‘Lps”l) I b(’Y) = Tq,ps,\l
respect the tree T', i.e. the embedding h preserves the strict ordering and the incom-
patibility of nodes between the trees (<“12, C)VI¢] and (T, <r). It follows that T
contains a copy of (<“12)VIGel = (<w12)V a5 required.

The proof of item (5). Item (5) is a consequence of Theorem 4.1: In V[G] there
are normal weak Kurepa trees, e.g., (<“12)V. Such a tree remains a weak Kurepa
tree in V[G][H] and, by Theorem 4.1, cannot contain a copy of (<«+12)VIC¢IH] 0O

We now turn to proving the second main theorem of this section, which will
produce a model similar to that of Theorem 4.4, except we will obtain a weak
Kurepa tree which does not contain a copy of <“*!2 and does not contain an
Aronszajn subtree. First we define a forcing which adds a weak Kurepa tree with
these properties and establish some basic facts about the forcing.

Definition 4.6. Let A be an uncountable cardinal. We define a poset K, which
adds a tree with size and height w; with A-many cofinal branches. Conditions
q € K, are pairs (Ty, f,) such that

e there is 1, < w; such that 7j is a normal, infinitely splitting subtree of

<na+1y, that does not contain a copy of <“*12;

e f, is a countable partial function from A to T, N "ew;.
If qo,q1 € Q, then ¢; < qq if and only if

® g 2 Mo

o Ty, N a0ty = Ty

e dom(fy,) 2 dom(fy,);

o for all a € dom(fy,), fou (@) D fq ().
We also include the pair (,0) in K, as 1k, .

Note that K is not ws-cc: in fact, it collapses 2*! to w; since we can code
subsets of wy in the ground model into the levels of the generic tree added by K.
Therefore if A < 21, then the generic tree added by K is not a weak Kurepa tree.
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Lemma 4.7. Let A and p be uncountable cardinals such that p > 2“* is regular and
w > for all v < p. Then Ky is p-Knaster. In particular Ky is (291)T-Knaster.

Proof. Let a set of conditions {qo = (Ta, fa) € Kix|a < p} be given. Since
1> 21 is regular and there are only 2¥1-many possibilities for T,,’s, there is a tree
T C <mtly; of countable height and I C u of size p such that T,, = T for all o € I.

Since 7% < p for all v < p, there is I' C I of size u such that the set
{dom(f.)|a € I'} forms a A-system with root a C A. Since a is at most countable,
there are at most 2 < u many functions from a to T}, and therefore there is a
countable f from a to T}, and J C I of size p such f = fo N fg for all a« # 5 € J.
Then all conditions in {g, | € J} are compatible. O

Lemma 4.8. Let \ be an uncountable cardinal. If CH holds, then Ky is wy-closed.

Proof. Let (g, | n < w) be a decreasing sequence from K,. To avoid trivialities,
assume that the sequence (1, | n < w) is strictly increasing. Let 1 := sup{n,, |
n < w}. We will construct a lower bound ¢ for (g, | n < w) such that 7, = 7.
Let T'= U, ., Tq,- To define Tj, we simply need to decide which cofinal branches
through T should continue.

We first note that there may be countably many branches that we are obliged
to extend because of the functions {f,, | n < w}. Namely, let a = {J,,_,, dom(fq,)
and, for each « € a, let

bo = J{fa. (@) | n <w A € dom(f,,)}.

Then each b, is a cofinal branch through 7', and we are obliged to put b, in Tj.

We may need to extend additional branches through 7' in order to ensure that
T, is normal; i.e., for each 0 € T', we need to ensure that there is 7 € T, N "w; with
o C 7. However, when doing so, we must be careful not to add a copy of <“*!2 to
T,. We will do so through the use of the following bookkeeping device.

Let (1¢ | £ < wi) enumerate all isomorphic embeddings ¢ from <“2 to T' such
that, for every x € “2, the union |J{¢(z [ n) | n < w} is a cofinal branch through
T. Note that this is possible, due to the fact that CH holds and |T'| < wy. For each
f < wy, let

[te] == {U{Lg(m In)|n<w} ’ x € “’2}.

Note that [tg] C [T], and |[t¢]| = 2¥ = wi. Let us enumerate T as (o¢ | £ < wy),
with repetitions if T' is countable. We now recursively construct disjoint subsets
{ce | € < wi} and {d¢ | € < wi} of [T]. Suppose that £ < w; and we have
constructed ¢ and d¢ for all ¢ < &. First, choose ¢¢ € [T] such that

e 0¢ C ¢y

o ce {dc | (<&}
Note that this is possible to do: T is normal and splitting, and cf(y) = w, so there
are 2* many elements of [T] extending o¢. Next, choose d¢ € [T] such that

o de € [ie];

o de & {ba | a€afU{c|[¢ <}
At the end of the construction, set T, ;=T U {by | @ € a} U {c¢ | £ <wi}. Let f,
be such that dom(f,) = a and, for all « € a, f,(a) = b,.

We claim that ¢ is a condition in Ky and it is a lower bound of (g, | n < w).
The only nontrivial thing to verify is the fact that 77 does not contain a copy of
<wF12 Assume for a contradiction that T, contains a copy of <“*12. Since, for
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every n < w, we know that 7}, does not contain a copy of <“*12 there must be a
¢ < wy such that [tg] € (Ty)n = {ba | € a} U{cc | ¢ < wi}. However, this means
that de € {ba | o € a} U {ce | ¢ < wi} which contradicts our choice of de. O

Lemma 4.9. Let A < & be uncountable cardinals. Then there is a projection from
KK to KA.

Proof. We define 7 from K, to Ky by letting 7(Ty, f;) = (Tg, fq [ A) for all ¢ € K.
It is routine to verify that 7 is order-preserving and that w(1x,) = 1k, .

Let ¢ € K, and r € Ky be such that » < n(q) = (Ty, fy [ A). Define ' < ¢
by first letting T, = T, (note that T, is an end-extension of T,). Let dom(f,/) =
dom(f,) Udom(f,) and define

— fr(@) = fr(a) for every a € dom(f,) and
~ fr(a) =7, where 7 € (T}), , with 7 2 f,(«), for every a € dom(f,) \ dom(f;).

It is easy to check that 7(r') = r. Therefore 7 is a projection. (]

Let H be a Kjy-generic filter, T = |J{Ty|q € H}, and let K./H = {r €
K, |m(r) € H} be the quotient given by H and the projection m. Then K, is
forcing equivalent to a two step iteration Ky K, /H. It is easy to see that in V[H],
K,/H is forcing equivalent to the forcing notion Ky ,, where conditions in Kj 4
are pairs r = (1, f) such that f, is a countable partial function from &\ A to T,
and r < ¢ if and only if n, > n,, dom(f,;) C dom(f,), and f,(a) C fr() for all
a € dom(fy).

Lemma 4.10. Let A < k be uncountable cardinals and H be a Ky-generic filter.
Then K /H is wy-distributive in V[H|.

Proof. The forcing K, is forcing equivalent to a two step iteration Ky x K, /H .
Since K, is wi-closed by Lemma 4.8, K,;/H cannot add new countable sequences
of ordinals over V[H], hence it is w;-distributive in V[H]. O

We fix the following notation: for r € K, and A < &, let r | A denote (T, f [ A),
ie. r [ A =7(r) for the projection 7 defined in Lemma 4.9.

Lemma 4.11. Let A < s be uncountable cardinals and H be a canonical Ky-name
for the Ky-generic filter. Let q € Ky andr € K. Then the following are equivalent.
(i) q\Fr € K,/H;
(i) g <r]A

Proof. To see that (i) implies (ii), note that if ¢ £ r | A, then by the separativity
of K there is ¢’ < g which is incompatible with r | A, and hence ¢ does not force r
into K,;/H. The other direction is clear, since ¢ < r | A means that ¢ < w(r). O

Lemma 4.12. Assume GCH and let A > wo be a cardinal. Let H be a Ky-generic
filter over V. Then the generic tree T = |J{Ty|q € H} is a weak Kurepa tree with
A-many cofinal branches which does not contain a copy of <“12.

Proof. Since K, is wp-closed, wy is preserved by K, and the generic tree T =
U{T, ¢ € H} is thus a tree with height and size wy;. By a standard density
argument 7' has A-many cofinal branches in V[H]. Since GCH holds in the ground
model, Ky is ws-Knaster by Lemma 4.7, hence all cardinals greater than w, are
preserved (recall that 2+t is always collapsed); in particular A is preserved. Since
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A > wo in the ground model, A > wy in V[H]; therefore the generic tree T is a weak
Kurepa tree in V[H].

By Claim 4.2, if there is a copy of <“*12 in T, there is one which is bounded in
the height of T and therefore there is a condition ¢ € H such that T}, contains a
copy of <12 this would contradict the definition of the forcing K. O

We show now that the generic tree added by K, does not contain an Aronszajn
subtree and that this property is preserved by all w;-closed forcings.

Lemma 4.13. Assume CH. Let A > wy be a cardinal and let H be a Ky-generic
filter over V. Assume that P is an w1 -closed forcing in V[H]. Then the generic tree
T =U{T,|q € H} does not contain an Aronszajn subtree in the generic extension
of V[H] by P. In particular T does not contain an Aronszajn subtree in V[H].

Proof. We work in V. Let T denote a canonical Ky-name for the generic tree added
by K. Assume for a contradiction that § is a Ky *P-name for an Aronszajn subtree
of T and (q,p) € Ky * P is a condition which forces this.

We begin with some easy observations. For every r € K, and all 0,7 € <“twy,
it holds that r IF 0 <; 7 if and only if ¢ C 7 € T;.. Moreover, if (r,p’) < (q,p)
decides that level S, = z for some v < wy, then ht(T}) > v+ 1 and = C (T}.),.

Claim 4.14. Let (r,j/) < (q,p) decide that level S, = x for some v < wy. Then
there is a condition (r*,p*) = ((Ty~, fr=),D*) stronger than (r,p’) such that the
following holds:

(i) for each o € x there is a € dom(frx) such that fr(ar) 2 0;
(i) for each a € dom(fp+), (r*,p*) Ik frx(a) € S.

Proof. Note that we can assume that (r,p’) is such that for each o € z there is
a € dom(f,) with f.(«) 2 o; in particular (r,p") forces that o is in some cofinal
branch of T'. If this is not the case, then we can extend f, appropriately using that
T, is normal. We now build by induction on w a decreasing sequence of conditions
(T, pn) € Ky % P|n < w) such that the desired (r*,p*) will be a lower bound of
this sequence.)

Begin by letting (ro,po) = (r,p"). Now fix n < w and suppose that we have
constructed (7,,p,). Note that, for each a € dom(f,. ), U{fs | s € H} is forced
to be a cofinal branch through 7', where H is a name for the K- generic filter.
Therefore, since S is forced by (Tn,pn) to be an Aronszajn subtree of 7', and
since dom( fr,) is countable, there is (rp41,Pn+1) < (rn,Pn) such that, for all
a € dom(f,, ), we have (7,41, Png1) IF fr, (@) & S. Let (¢*,p*) be a lower bound
of ((rp * pn) € Ky *P|n < w) such that dom(f,-) = U{dom(f,,) | » < w}. Then
it is easy to see that (¢*,p*) satisfy condition (i) and (ii) above. O

Now, we build a decreasing sequence of conditions ((r*,p*) € Ky * P|n < w)
such that each condition will satisfy an instance of Claim 4.14. Let (g, po) < (g,p)
decide that level S, = ., for some v9 < wy. Then take (r§,p5) < (ro,po) to be
a condition which satisfies Claim 4.14 for 7o. Note that ht(7,x) > v0. Let (r};,p},)
be constructed for some n < w. Let (rn41,Pn+1) be a condition which decides
S = 2, for some y,41 > ht(T}-), and then take (r: 1,05, 1) < ("ng1, Pug1)

Yn+1
to be a condition which satisfies Claim 4.14 for y,11. Note that ht(T5+, ) > Ynt1.
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It now follows from the construction that 77 = (J,, ., Tr= is a countable subtree
of 7wy of limit height v, where v = sup{vy, |n < w}. Let

ST = U{U € Ywy|3In<w (7, pk) ko € S

Note that S7 is a subtree of T with countable levels and height v in V, and that
any lower bound for ((r%,p}) | n < w) will force that SN <Tw; = 57.
Let a = J,,.,, dom(f,+), then for each o € a

bo = U{fﬁi (@)|n <wAaedom(f:)}

is a cofinal branch through 77. However, b, is not a cofinal branch through S”
since there is n < w such that (r},p}) IF frx (@) & S. Hence we are not obligated
to put any cofinal branch through S” into lower bound of (r} € Ky |n < w).

We claim that we can find a lower bound r* of (r} |n < w) such that T}~ has
height v+ 1 and for each a € dom(f,«), fr- () is not a cofinal branch through S7.
Consider r = (T, f), where T, = T7 U {b, | @ € a}, dom(f,) = a and for each
a € a, fr(a) = by. Each lower bound of (r} € Ky |n < w) has to extend r, but r
itself does not have to be a condition in Ky, since T} does not have to be normal.
However for each o € S7 there is « € a such that o C b,, hence to extend T, to
a normal tree we only need to extend nodes in 77\ S7. As in the proof that K
is wy-closed, extend T, to a normal tree T* =T U {c, | 7 € T7 \ S7} by carefully
picking cofinal branches ¢, in T7 for each 7 € T7 \ S to ensure that T* does not
contain a copy of <“t12. Since we add only nodes to level v above T7 \ S7, we did
not add any cofinal branch through S” into T™*. Therefore every cofinal branch b
through S7 is vanishing in 7™; i.e. there is no node on level « above b.

Let r* = (T™*, f,). Then r* is a condition in Ky which is a lower bound of
(rr € Ky|n < w). Consider (r*,p*), where p* is chosen so that (r*,p*) is a
lower bound of ((r*,p%) € Ky * P|n < w). Then the condition (r*,p*) forces that
SN T,y = (), which is a contradiction since (¢, p) forces that S is an Aronszajn

subtree of T' and in particular unbounded in 7. O
We are now ready to prove the following variation on Theorem 4.4.

Theorem 4.15. Suppose that there is an inaccessible cardinal k. Then there is a
forcing extension in which
(1) k= ws;
(2) GCH;
(3) =KH;
(4) there is a weak Kurepa tree T C <“lw; that does not contain a copy of
<wt19 and does not contain an Aronszajn subtree.

Proof. Let x be an inaccessible cardinal, and assume that GCH holds. Let P =
Coll(wy, < k) and let G x H be P x K,-generic over V. P x K,; is w;-closed and
k-Knaster and hence preserves w; and all cardinals greater or equal x. Since P
collapses cardinals between w; and s to wi, k is wy in V[G][H]. Since P x K,; is
wi-closed and has cardinality k, it follows that GCH holds in V[G][H]. By Lemma
4.12, T = J{T} | ¢ € H} is a weak Kurepa tree with xk-many cofinal branches which
does not contain a copy of <“*12 in V[H]. Note that T is still a weak Kurepa tree
in V[H][G] since P preserves wy and & over V[H]. Moreover, since P is w;-closed in
V[H], T does not contain any Aronszajn subtree in V[H|[G] = V[G][H]| by Lemma
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4.13. To see that T does not contain a copy of <“*12 in V[H][G], we will prove
the stronger assertion that no wi-distributive forcing can add a copy of <“*+12 to a
tree of height w; which does not contain such a copy in the ground model.

Claim 4.16. Let T be a normal tree of height wy which does not contain a copy
of <“t12 and let P be an w-distributive forcing. Then P does not add a copy of
<wtl to T.

Proof. This follows from Claim 4.2 which implies that we can assume that a copy
of <“*12 is determined by its restriction to <“2. Let us give some details. Let F'
be P-generic over V and let f be an isomorphic embedding from <“*!2 to T in
V[F]. Then since <“2 has size w and P is wy-distributive, f | <¥2 is in the ground
model and we can extend it to an isomorphic embedding ¢ from <“*+!2 by defining
g(x) =sup{z | n|n <w} for z € “2 and g(a) = f(a) for a € <“2. Note that g(z)
is well defined for all x € “2 since f(x) is above {x | n|n < w} in V[F] and T is
normal. The mapping g determines a copy of <“*!2 in the ground model, which is
a contradiction. |

Since P is wy-closed in V[H], it follows by the previous claim that T does not
contain a copy of <“*12 in V[H][G] because it has no such copy in V[H].

To finish the proof we need to show that there are no Kurepa trees in V[G|[H].
Assume that S is an wy-tree in V[G][H]. Since S has size w; and PxK, is k-Knaster,
there is a nice P x K,.-name S of size less than x for S. Since S has size less than
K, S is a Py x Ky-name for some regular cardinal 6 < k, where Py = Coll(wy, <6).
Let Gy denote the Py-generic over V determined by Gj; i.e. Gog = {p | 0 |p € G},
and let Hy denote the Ky-generic filter over V[Gy] determined by H and 7, where
7 is the projection from K, to Ky from Lemma 4.9. The w;-tree S is an element
of V[Gy][Hg|] and has at most (2¢1)VIGellHsl_many cofinal branches here, which is
less than &, since & is still inaccessible in V[Gyg][Hg]. We show that the quotient
forcing P? x K,,/ Hy, where P? denotes Coll(wy, [0, <k)), cannot add a cofinal branch
to S over V[Gy][Hp]. It will follow that S has <k = we-many cofinal branches in
V|G][H], i.e., it is not a Kurepa tree. Since S was an arbitrary w;-tree, this will
conclude the proof of Theorem 4.15. The proof that there are no Kurepa trees
in V[G][H] is relatively long; for easier reading, it is divided into several Claims
(Claims 4.18 to 4.21).

First we observe that we can express the generic extension V[G][H] as a forcing
extension given by (Py x Kg) * (K,./Hgy x P?): Since P is forcing equivalent to
Py x P?, we can view G as a filter Gy x g which is Py x P?-generic over V. Similarly,
since K, is forcing equivalent to Ky * K /Hg, we can view H as a filter Hy * h
which is generic over V[Gyllg]. Therefore V[G][H] is equal to the generic extension
V[Gollg][Ho][h]. Moreover, since P/ and Ky live in V[Gy] and Hy is generic over
VIGollgl, VIGollgl[Hoel[h] = V[Go][Hp][g][R]. Similarly, we can exchange g and h
since both P and K, /Hy live in V[Gy][Hp] and h is generic over V[Gy|[Hp][g]. Tt
follows that V[Ge][Ho[g][h] = V[Ge][Has][P][g)-

Since P? and Py xK,; are both w;-closed in V', P? is still w;-closed in V' [Gy][Hg][h].
By Lemma 2.11, w;-closed forcing cannot add new cofinal branches to an wi-tree
and hence any cofinal branch through S is already in V[G][Hy|[h)].

To show that K, /Hy cannot add a cofinal branch to S over V[Gy][Hy|, we will
work in V[Gy]. Note that K,/ Hy is only w;-distributive in V[Gy|[Hy| and therefore
we cannot use Fact 2.11. We will show that if there is a Ky * (K,./Hy)-name b and
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a condition (¢*,r*) € Kg (K. /Hy) which forces that b is a cofinal branch through
S that is not in V[Gg][Hy], then there is a condition ¢ < ¢* which forces that S has
an uncountable level. This is a contradiction, since we can assume that (¢*,7*) is
in Hy x h and that ¢* forces that S is an w;-tree.

The proof is similar to Silver’s argument for w;-closed forcings: we build a tree
T of conditions in K, labeled by <“2, but since we are working with the quotient
K, /Hy and we work in V[Gg] and not in V[Gy][Hy], we will guide this construction
by a decreasing sequence of length w of conditions in Ky, which will force conditions
from 7 into the quotient ]KK/H(;.

We make a natural identification and view (S ,<g) as a name for a tree with
underlying set wy.

Work in V[Gy]. Assume that bis a Ky * (K R/Hg) -name and (g*,7*) € Ko =

(K,./Hy) forces that b is a cofinal branch through S that is not in V[Gg]|[Hs]. We
Wlll build by induction on w the following objects:
e a decreasing sequence (g, |n < w) of conditions in Ky with go < ¢*;
e a labeled tree T = {rs|s € <“2} of conditions in K, with ry < r* for all
5

e a strictly increasing sequence (7, |n < w) of ordinals below wy,
such that the following hold for all n and all s € <“2 of length n:

(a) g, =75 | 0; in particular g, IFrs € KK/H(;;

(b) the conditions (gn4+1,7s~0) and (¢n+1,75~1) decide b up to Y41 differentlys; i.e.
there are § < Yp41 and T4~o # T4~; forced to be in Sy such that (gn,7s~0) Ik
b(é) = Ts~o and (Qna Ts~ 1) I b((s) = Ts 15

(¢) (qe:7¢) < (gjs),7s) for all s C ¢ in <“2;

(d) mmg(fq. I'10,k))Nrng(fy, I10,k)) = 0 for distinct s, ¢ in <2 of the same length.

Definition 4.17. Let us call a system above, satisfying conditions (a)—(d), a labeled
system for b. We say just a labeled system if b is clear from the context.

A labeled system will be constructed below, using Claims 4.18 and 4.19. First we
prove an auxiliary claim which will be useful for the definition of the construction.

Claim 4.18. For every (q,7°), (¢,r') < (¢*,7*) € Ko * (K. /Hp) and 7' < w; there
are ' <y <wi, (¢,0°) < (g,7°) and (¢',p") < (¢,7") such that (¢',p°) and (¢',p")
decide b(7y) differently and the condition q' extends both p° | 6 and p' | 0.

Proof. Let (q,7°),(q,7') < (¢*,r*) and ¥/ < w; be given. Fix for the moment a
Kg-generic F over V[Gp] such that ¢ € F and work in V[Gy][F]. Since b is forced
by (¢*,7*) to be a new cofinal branch through S and q* € F, there are p° < 10,
p' < r%and vy > 4 such that 13 and p! decide b(v) differently; i.e. there are 70 # 71
in S, such that po I b(v) = 7° and pl Ik b(y) = 7L

Since p° and p' are in K,/F, p° | 6 and p [ 6 are in F' and hence they are
compatible. Let ¢ be a common extensmn of p° | 6, p* | 6 and ¢ such that, for each
i < 2, we have (g,p') IF b(y) =

Now, we return back to Working in V[Gy]. Since ¢ extends both p° | § and p* | 0,
it forces both of them into the quotient K, /Hy. It follows (g,7°) and (g,5") are
conditions in Ky * (K, /Hg) which extend (g,°) and decide b(y) differently.

Now, consider the condition (g, 7'). Since b is a Ky * (K, /Hy) name for a cofinal
branch through S, there is an extension (¢/,p') < (g,7') which decides b(7). Since
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70 % 71, (¢/,p") cannot decide b(7) as being equal to both of them. Let p° be
p', for i < 2, such that (¢/,p') and (¢’,') disagree on b(v). Then ¢/,p°,p' and
~ are as required. Note that ¢/ < p' | 6 since ¢ forces p' into K,./Hy and Ky is
separative. O

Now, we are ready to construct our labeled system. The construction is by
induction on w.

Let 7o be an arbitrary ordinal below w; and let (qo,7p) be (¢*,r*). By Lemma
4.11, ¢* < r* | 0 since ¢* forces r* into KK/HQ and Ky is separative. If ¢* £ r* [ 0,
we can extend r* appropriately to ensure the condition (a); for more details, see
Claim 4.19 below in the successor step of the construction.

Now fix n < w and assume that we have constructed ~,, ¢, and r4 for all s € "2.
Let (s; |7 < 2™) enumerate "2. We describe how to construct vn4+1, ¢n41, and rs
for s € "*12,

We proceed by induction on 2" = m. Let us start with sg. By Claim 4.18 there
are ¢° < ¢y, T ~0Tsg~1 < Tso and ~0 > ~,, such that (qo,r;oﬁo), (qO,T;OAl) decide

oo [ Bandr 6. Nowfix 1 <i<m,

5(70) differently and ¢° extends both )
=1 and ¢"~! have been constructed. By Claim 4.18 there are

and suppose that ~y

gi < ¢l g, a1 <1y, and 4f > ' such that (¢', 7] ), (¢, 7 ;) decide
b(v*) differently and ¢* extends both 77 [ 6 and 7 . 6.
m—1 m—1

Let ¢, be ¢ and v,4+1 be 7 . It follows by the construction that the
objects g, 11, Ynt1, r;hj, for j < 2 and all s € "2 satisfy the desired conditions (b)
and (c).

However, we have only ensured that ¢/, ; extends r/ | 6 for s € "*'2, but not that
they are equal as is required in condition (a), and we have not ensured condition
(d) either. To ensure conditions (a) and (d), we define appropriate extensions of
@)y and 7, for all s € 12,

Claim 4.19. The objects constructed above can be extended to satisfy conditions
(a)—(d) of a labeled system in Definition 4.17.

Proof. Since ¢}, | extends r} | 6 for all s € "T12, Ty, ,, is an end-extension of T},
for all s € "*12. Let 7+ 1 be the height of T%H and let T" be a one-level extension
of T‘I%H such that for every node 7 in qun+1 on level n we add at least countably
many new nodes above 7 into 7. The height of 7" is n + 2, and T” is normal and
infinitely splitting since 7, @ is normal and infinitely splitting. Let f be a function
such that dom(f’) = dom(fy, ) and for each a € dom(f’) let f'(a) 2 fq, () be
some node of 7" on level n + 1. Then ¢,1 = (T, f') is a condition in Ky and it
extends ¢, ;.

Now, we define extensions of 7 for s € "*12. For s € "*12, let f, be a function
such that dom(f,) = dom(f,») N[0, k) and for each o € dom(fs), let fs(a) D frr ()
be some node of 7" on level n + 1. Moreover, ensure that rng(fs) Nrng(f;) = () for
all s #t € "*12. Note that we can find such functions since 7" is infinitely splitting
and the sets dom(f,) for s € "*12 are at most countable. Set ry = (T”, f' U f;) for
s € "2, Clearly, r, are conditions in K, for all s € 712 such that Qn+1 is equal
to rs | 6, hence condition (a) holds. Condition (d) follows from the definition of f
for s € "*12,

Since gn41 extends ¢, ,; and ry extends 7/, for all s € "*'2, conditions (b) and
(c) are still satisfied for gn41, Yni1, 7s~j, for j <2 and all s € "2. a
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This completes our construction of a labeled system. Let v be the supremum of
(n |m < w). To finish the proof of the whole Theorem 4.15, we would like to find
a lower bound ¢ of the sequence (g, |n < w) and a lower bound 7, of sequences
(ragm |n < w) for all © € “2 such that ¢ forces r,, into the quotient K,/ Hy for every
, thus ensuring that every (g,7,) is a condition in Ky * (K./Hp). If this is the
case, then ¢ forces that level v of S has size 2¢, and hence ¢ forces that S is not an
wy-tree, finishing the proof.

In the rest of the proof we will construct such conditions. Before we start, note
that we do not need to ensure that g forces r, into quotient for all x € “2, it is
enough to have this for uncountably many = € “2.

Let T* = U, <, Tg, and a = {J,,.,, dom(f,,). Then T* is a normal tree with
limit height which does not contain a copy of <“*+12. Let n < w; denote the height
of T*. By condition (a), 7% = U, .., Tr,,, and a = |J,,., dom(f,,,,) N6 for all
T €Y.

Note that if we want to ensure that a lower bound of (g, |n < w) forces a lower
bound of (ry), |7 < w), for some x € “2, into the quotient, we are obliged not only
to extend all cofinal branches through T* which are given by functions {f;, |n < w}
(recall the proof that K, is wi-closed), but also to extend all cofinal branches
given by {f.,,. |n < w}, otherwise it can happen that the lower bounds will be
incompatible. Therefore if we want to ensure that a lower bound of (g, |n < w)
forces lower bounds of (r4}, | 7 < w) for uncountably many x € “2 into the quotient,
we are obliged to extend uncountably many cofinal branches of T*. This can be
done because the trees in the conditions can be wide, but we need to make sure that
while doing it, we do not add a copy of <“*+12. To argue that T, does not contain
a copy of <“T12 we use following claim which says that if we add only countably
many cofinal branches to a tree which does not contain a copy of <“+!2, then we
do not add a copy of <w+12,

Claim 4.20. Let T be a tree with countable height n+ 1, where n is limit. Let D be
a countable set of cofinal branches of T | . If T does not contain a copy of <“+12,
then T' also does not contain a copy of <“*12, where T' =T U{d|d € D}.

Proof. This is a straightforward consequence of the following well-known fact: If
P is a perfect subset of “2 and @ C P is countable, then P \ @) contains a perfect
set. [

To build suitable lower bounds, we will proceed similarly as in the proof of
Lemma 4.8. First apply the construction in Lemma 4.8 to find ¢’ which is a lower
bound of (g, |n < w) such that T,/ has height n + 1 and dom(f,) = a. Note that
each node 7 € Ty on level 7 determines a cofinal branch through 7™ which we
denote b,. Note also that T,y =T* U {b,; |7 € (Ty)n}.

For each x € “2, let a, = UJ,,., dom(f;,n) \ 6. In order to ensure that g is
compatible with a lower bound of (ry, |n < w), we are obliged to extend cofinal
branches given by {rg, |n < w}. For a € ag, let

(3) de = U{fum (@)|n <wAaecdom(f,,)}

and let D, = {d% |« € a,}. Note that D, N D, = () for all z # y € “2 by condition
(d). Moreover, let as define f, to be a function with domain a, such that for each
o€ ag, fola) = dg,.



24 CHRIS LAMBIE-HANSON AND SARKA STEJSKALOVA

We will use the following bookkeeping device to extend cofinal branches in un-
countably many D, (but not in all D, because this might add a copy of <“*+12).

Let (1¢]|€ < wi) enumerate all isomorphic embeddings ¢ from <“2 to T such
that, for every z € “2, the function | J{c(z | n) | n < w} is a cofinal branch through
T*. Note that this is possible, due to the fact that CH holds and |T*| < wy. For
each £ < wy, let

(4) [te] == {U{Lg(x In)|n<w} ’ S “’2} .

Note that [t¢] C [T*], and |[te]| = 2¥ = wi.

We now recursively build two disjoint sequences (z¢ [ £ < wq) and (ye |§ < wy) of
functions in “2. The first sequence picks functions = in “2 for which we will extend
the corresponding cofinal branches D,. The second sequence picks functions y in
@2 for which we will forbid the extension of corresponding cofinal branches in D,
to ensure that 7, does not contain a copy of <wt19. Note that we need here that
the D,’s are pairwise disjoint.

Suppose that we have constructed z¢ and y, for all { < &, where £ < w;. First,
set x¢ to be any function such that x¢ & {x¢|¢ < £} U {yc|¢ < &} Next, if there
isy &{xc|¢ <& U{yc|¢ <&} such that
(5) ([ee] \ {br | 7 € (T )n}) N Dy # 0,
then let y¢ be any such y. If there is no such y, then let y¢ be any y which is not
in {z¢[¢ < &PU{yc|¢ <&}

At the end of the construction, set Ty = Ty U U, Dz and fq = fi. Set
T”s =T, and szE = fg U fo, for every £ < w;.

Claim 4.21. The following hold:

(i) q is a condition in Ky;
(ii) T4, is a condition in K, for all § < wy;
(iii) q forces vy, into the quotient K, /Hg, for all £ < w.

Proof. Note that T is a normal tree since Ty is normal and Ty = Ty U, Do, -
The only nontrivial thing to check is that 7, does not contain a copy of <“*12.
Assume for contradiction that T, contains a copy of <“*12; hence there is £ < w;
such that [t¢] C (T}),. Let I be the set of all < wy such that (D, \(Ty )n)N[ee] # 0;
in particular, [te] € (Tg)nU(Uger Dac ). Note that I cannot be countable by Claim
4.20, since T} does not contain copy of <“*12. Hence [ is unbounded in w;y which
means that there is ¢ > £ such that (D \ (Ty),) N [te] # 0. Therefore in step & of
the induction, condition (5) was satisfied and we chose y¢ such that the intersection
(Dye \ (Tg')y) N[ee] is nonempty. This is a contradiction since D,, should be disjoint
from D, for all { € I, and we did not add any cofinal branches from D, \ (Ty/),
into Tj,. This shows that g is a condition in Ky and r,, are conditions in K, for all
E < wi.

By the definition of 7y, 74, | 6 = ¢ and hence g forces r;, into the quotient
KK/HQ for every £ < wi. O

It is straightforward to check that ¢ forces Sv to be uncountable: Let F' be any
Kp-generic which contains q. Then r,, is a condition in the quotient Ky /F for

every £ < wy. Let 77 be an extension of ry, which decides b(v) = T¢. Then for
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every { # ( < w1, T¢ # 7¢ since (q,7z,) and (g, 7z ) decide b differently below 7.
This concludes the proof of Theorem 4.15. (]

5. KUREPA TREES AND CONTINUOUS IMAGES

In this section, we prove Theorem B, answering a question of Liicke and Schlicht
from [8]. In particular, we will construct a model of ZFC in which GCH holds,
there exist wo-Kurepa trees, and, for every wy-Kurepa tree S C <“2w,, [S] is not a
continuous image of “2ws.

We will also prove that, in the model that we construct, closed subsets of “2wsq
satisfy the strongest possible perfect set property compatible with the existence
of wo-Kurepa trees. Note that, by the discussion at the beginning of Section 4, if
S C <24, is a Kurepa tree, then PSPy, +1([S]) necessarily fails. In the model we
construct, this failure will be sharp: clause (5) in the statement of Theorem 5.1
below will imply that, for every closed E C “2ws, we have PSP, (E).

In what follows, when referring to trees, we will sometimes write countably closed
in place of (<wy)-closed.

Theorem 5.1. Suppose that there is an inaccessible cardinal k. Then there is a
forcing extension in which
(1) R = W3;
(2) GCH holds;
(3) there is an wa-Kurepa tree;
(4) for every we-Kurepa tree S C <“2wy, [S] is not a continuous image of “2ws;
(5) for every closed subset E C “2wsq, there is X C E with | X| < wy such that
E\ X is wy-perfect.

Proof. We can assume that GCH holds in the ground model. Let P := Coll(ws, < &),
and let Q be the forcing to add a countably closed ws-Kurepa tree with k-many
cofinal branches. More precisely, Q consists of all pairs ¢ = (T, f,) such that

e there is an 1, < wp such that 7, is a normal, splitting, countably closed
subtree of <Mat1ly,;

e for all £ <1, [T, N Swa| < wy;

o f, is a partial function of size wy from & to Ty N Mws.

If g0, q1 € Q, then ¢ < g if

® g = Mgos

<Mgo+1 — .
o T, NN wy = Tp s

e dom(fy,) 2 dom(fy,);
o for all v € dom(fy,), fg, (@) 2 foo ().
We also include (0, 0) in Q as 1. By standard arguments, P x Q is wa-closed and
has the x-cc.
For a cardinal § < &, let Ps := Coll(wg, < §), and let Qg be the set of ¢ € Q for
which dom(q) C §. It is routine to verify that, for all § < x, the map 75 : Px Q —
Ps x Qs defined by letting ms(p,q) = (p | 6, (T, f | 6)) is a projection.

Claim 5.2. Let 6 < k be a cardinal. Then, in VFs*Qs  the quotient forcing Ry :=
(P x Q)/(Ps x Qs) 4s countably closed.

Proof. Let Gs x Hs be Ps x Qs-generic over V, and move to V[Gs x Hs]. Let
((pn, qn) | n < w) be be a decreasing sequence from P x @ such that, for all n < w,
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we have 75(pn,qn) € Gs X Hs. Note that this sequence is in fact in V, by the
distributivity of P x Q.

Let p = U{pn | n < w}. Tt is evident that p € P and p | § € Gs. We next define
a condition ¢ € Q. If the sequence (T, | n < w) is eventually constant, then, by
removing an initial segment of the sequence, we can assume it is constant. Let Ty
be this constant value, and let f, = J{f,, | » < w}. Then (p,q) is a lower bound
for ((pn,qn) | » < w) and ms(p, q) € Gs x Hs.

So suppose that (T, | n < w) is not eventually constant. Let T* = (J{T,, |
n < w}. Then T* is a normal subtree of <"w, for some n < wy of countable
cofinality. Moreover, by CH, we have |[T*]| < w;. Let T, := T* U [T*]. By
construction and the fact that each 7, is countably closed, it follows that 77 is a
normal countably closed subtree of <"*1w,. Since the trees in the first coordinate
of conditions in Q are required to be countably closed, we must have (T,,0) € Hs.
Let D = J{dom(f,,) | n < w}. Define f, : D — B by letting

fol@) =S (@) In<w A aedom(fy,)}

for all @ € D. Then (p,q) is a lower bound for ((pn,qn) | » < w) and 7s(p, q) €
G5 X H(s. O

Let G x H be P x Q-generic over V' and, for all cardinals § < k, let Gs x Hs be
the Ps X Qs-generic filter induced by G x H. We claim that V|G x H] is the desired
forcing extension. We have (wy)V = (w2)VI¢*H] and k = (ws)VI“*H]: moreover,
GCH holds in V|G x H]. Let T = J{T; | ¢ € H} and, for each a < &, let

ba = U{fq(a) lg€ H N a€dom(fy)}.

Then T is a normal, countably closed subtree of <“2w,, all of whose levels have
size at most wy1. Moreover, for all a < k, b, is a cofinal branch through T and, by
genericity, for all a < 8 < &, we have b, # bg. Therefore, T" is an wy-Kurepa tree
in V[G x HJ.

To verify clause (4) in the statement of the theorem, we must show that, in
V|G x HJ, there is no wo-Kurepa tree S C <“2wy such that [S] is a continuous
image of “2ws. Suppose for the sake of contradiction that S is such a tree, and let
g : “2wy — [S] be a continuous surjection. Define a function h : <“2wy — S U [S]
by letting h(o) = A{g(z) | * € N,} for all ¢ € <“2ws, and let

W = {0 € <“?>wy | dom(h(c)) > dom(o)}.

Note that h is monotone, i.e., for all 0,7 € <“2w,, if 0 C 7, then h(o) C h(7).
It follows that W is (< wq)-closed, i.e., if n < wq and (o¢ | £ < ) is a C-increasing
sequence of elements of W, then (J{o¢ | { < n} € W.

Claim 5.3. For all x € “2wy, Cp :={a<ws |z [ a € W} is a club in ws.

Proof. Fix x € “2wy. The fact that C, is closed follows immediately from the
fact that h is monotone. To see that it is unbounded, fix an ag < ws. We will
find @ € C, \ ap. Starting with «g, recursively define an increasing sequence
(an | m < w) of ordinals below wy such that, for all n < w and all y € Nyjq,,,,, we
have g(y) | an = g(x) [ ay. It is straightforward to build such a sequence due to
the continuity of g.
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Let a = sup{a,, | n < w}. For all y € N}, and all n < w, we have g(y) | a, =
g(x) | an; therefore, g(y) | @ = g(x) | a. In particular, h(z | o) 3 g(x) | «, so
a e Cy. [l

Note that S, h, and W are objects of size ws, so, by the chain condition of P x Q,
we can fix a § < k so that S,h,W € V[Gs x H;| and, in that model, the quotient
forcing Ry forces them to have the relevant properties isolated above. In particular,
letting g be an Rs-name for g, it is forced by every condition in Ry that S is an
wo-Kurepa tree, ¢ is a continuous surjection from “2ws to [S], and h and W are as
defined above from S and g.

Work now in V[Gs x Hs]. In this model, 2“2 < k; therefore, forcing with Rs
must add new cofinal branches to S. Let b be an Rs-name for a cofinal branch
through S such that IFg, b ¢ V[Gs x Hs]. Let @ be an Rs-name for an element, of
@205, such that IFg, §(&) = b.

Now, by recursion on dom(c), we construct a labeled tree ((ry,bs,25) | 0 €
<w@12) of elements of Rs X S X <“2wy. We will arrange so that the following require-
ments are satisfied.

(1) For all o € <12, we have

(a) 7o IFg, “b b, and & 3 To";

(b) z, e W;

(¢) h(zy) 3 by
(2) Forall 0 C 7 € <“2, we have r; <71,, by Jb,, and z, 3 z,.
(3) For all o € <“12, by~ (o) and b,~ 1y are incomparable in S.

Begin by letting ry = (0,0) and by = zy = (). Next, suppose that o € <“12 is of
limit length, and suppose that (74 y, bs |y, Zs1y) has been defined for all n < dom(o).
By Lemma 5.2, Rs is countably closed, so we can let r, be a lower bound of (ry, |
n < dom(o)). Let by = J{bo}y | 7 < dom(o)} and z, = U{zsy | n < dom(o)}.
For all n < dom(o), we have r, IFg, “ 3 boip and & 3 z,p,”. As a result, we
get 1, IR, “ 3 by and & 3 x,”. In particular, it follows that b, is in fact in
S. The fact that z, € W and h(z,) 3 b, follows from the closure of W and
the monotonicity of h. We have therefore satisfied all of the requirements of the
construction.

Finally, suppose that ¢ € <“12 and we have defined (r,,b,,2,). We describe
how to define (r,~ (), bo— (s}, o~ (i) for i < 2. First, since IFg; b¢ V[Gs x Hs), we
can find r} < r, and b} J b, for i < 2 such that bj and b] are incomparable in §
and, for i < 2, we have r* IFg, b 3 b.

By Claim 5.3, there are forced to be unboundedly many £ < wsy such that @ |
§ € W. Therefore, for each i < 2, we can find r,~;y < 77 and z,~(; € W such
that

® To—(4) e
o dom(z,~ ;y) > dom(b;);
® Tom(4) IFr, 2 3 Lo (i)-
Finally, for i < 2, let b,~(;y = h(7s~ (;y). Note first that, since

o~y IF G(&) =bAE D ag—4,

it follows that r,~ ;) IF b3 bo— (iy- Next observe that b,~; must be in S, since if
it were in [S], then we would have r,~ (; I b= bo— (iy, contradicting the fact that b
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is forced not to be in V[Gs x Hs]. We have therefore satisfied requirements (1)—(3)
above, and we can continue with the construction.

At the end of the construction, since CH holds, {b, | 0 € <*12} is a subset of S
of size wy. Therefore, we can fix a £ < wy such that b, € <¢w, for all ¢ € <“12.
For each v € “12, let b, = (J{byy | n < w1}

Claim 5.4. For allv € “12, b, € S.

Proof. Fix v € “12. Let z, = J{zvy | 7 < w1}. By monotonicity of h, we have
hay) 3 h(zypy) 3 byyy, for all n < wq. Therefore, by definition of b, it follows that
h(z,) 3 b,. Since h maps into S U [S], we get b, € S, as desired. O

Claim 5.5. For all distinct vo,v1 € “*2, we have by, # by, .

Proof. Fix distinct vp,11 € “*2. Let n < wy be least such that vo(n) # v1(n).
Without loss of generality, assume that v;(n) =i for i < 2. Let 0 = vg [ 7. Then,
for i < 2, we have b,, J by~ ;). Since by~ (o) and by~ (1) are incomparable in S, by,
and b,, are incomparable, as well; in particular, they are not equal. O

It follows that {b, | v € 12} is a collection of wy-many elements of S<¢. This
contradicts the fact that S is an wo-tree, thus completing the verification of clause
(4).

We finally verify clause (5) in the statement of the theorem. To this end, fix
a closed set F C “2wy in V[G x H|. Let ¥ = {0 € <“2wsy | |[EN Ny| < wo}.
Equivalently, by the chain condition of P x @Q, ¥ is the set of all 0 € <“2wy for which
there exists 6 < & such that ENN, C V[Gs x Hs]. Let X = J{ENN, | 0 € £}.
Then |X| < wy and, since F is closed and | J{N, | o € X} is open, it follows that
E\ X is closed. It remains to show that, for all zy € E'\ X, Player II has a winning
strategy in G, (E \ X, zo,w1). To this end, fix an arbitrary zo € E'\ X.

Recall that T(E) = {z | n| z € E and n < wa} is a subtree of <“2wy; since E is
closed, it follows that E = [T(E)]. Moreover, T(F) \ ¥ is a subtree of <“2ws,, and
E\X =[T(E)\%]. In V, let ¥ be a P x Q-name for £ and X be a P x Q-name
for X. By the chain condition of P x Q, we can find a nonzero cardinal v < k such
that

o 20, T(E), X, X € V|G, x H,J;
e interpreting E in VIG, x H,] as an R,-name, the empty condition in R,
forces all of the following statements:
— B=[T(E))
~ B\ X = [T(E)\ 3;
— VYo e T(E)\Z (|JENN,| = k).
To describe a winning strategy for Player II in G, (F \ X, zo,w1), we look more
carefully at the quotient forcing R, in V[G, x H,]. Note that T, the subtree of
<20, added by H, is in V[G, x H,]. It is not hard to show that R, is forcing
equivalent to S x T, where S = Coll(ws, [y, %)) and T is the set of all pairs (n, f)
such that n < we and f is a partial function of size wy from x\ v to T N Twy.
Given two elements (7, f), (£,g) € T, we have (£, g) <t (n, f) if and only if £ > 7,
dom(g) D dom(f), and, for all & € dom(f), we have g(a) J f(«).

Recall that elements of Coll(ws,[v,k)) are all functions s such that dom(s) is
a subset of Card N [y, k) of size < w; and, for each v € dom(s), s(v) is a partial
function from ws to v of size < w;y. Given I C k\ 7, let Sy be the set of all s € §
such that dom(s) C I, and let T; be the set of all (n, f) € T such that dom(f) C I.
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Note that, if Iy, Iy € k\ vy and 7 : [y — I is a bijection, then Ty, 2 Ty, via the
map (1, f) = (n,7(f)), where dom(7(f)) = w[dom(f)] and, for all @ € dom(f), we
let #(f)(a) = f(). If, moreover, 7 is a bijection between Card N Iy and Card NIy
such that m(v) < v for all v € CardNly, then 7 introduces a projection 7 : Sy, — Sy,
defined as follows: for each s € Sy, let 7(s) € Sy, be such that

e dom(7(s)) = w[dom(s)];
e for all v € dom(s), we have dom(7(s)(v)) = dom(s(v));
e for all v € dom(s) and all € dom(s(v)),

s(v)(n) if s(v)(n) <=(v)
0 otherwise.

(s)(m(v))(n) = {

Suppose in particular that § € (v, ) is a cardinal, say § = v for some € < &.
Then we can partition the interval [, ) into intervals {I. | ¢ < k}, where I, =
[yte¢ 4= (C+D) for all ¢ < k. The preceding discussion then implies that
e R, is forcing equivalent to the <ws-support product of (Sy, x Ty | ¢ < k);
e for all ¢ < k, there is a projection from Sy, x Ty, to Sy, X Ty,.
In particular, forcing with R, adds k-many pairwise mutually (S;, x Ty, )-generic
filters.

We are now ready to describe Player II’s winning strategy in G, (E\ X, o, w1).
Some aspects of the strategy can only be precisely specified after Player I makes
their first move, so suppose that, in round 1 of the game, Player I plays the ordinal
a1 < ws. Let 01 = g | o. Since oy € T(E)\ X, moving to V|G, x H,], we can find
a nice R,-name g that is forced to be an element of EN Ny, \ V|G, x H,]. By the
chain condition of R, we can find a limit ordinal € such that, letting In = [y,7"),
v is an Sy, x Tj,-name. Let U denote the <ws-support product of xk-many copies
of Sy, x Tr,; for ¢ < , let U(¢) denote its ¢*! factor. By the preceding discussion,
there is a projection from R, to U, so we can view R, as a two-step iteration of the
form UxW. For each ¢ < K, let y¢ denote the name for the interpretation of § with
respect to the generic filter for U(¢). By the product lemma, for all {, < (1 < k,
9¢, and ¢, are forced to be distinct elements of N,, N (E\ X).

Let K # L be UxW-generic over V[G., x H.,] such that V[G x H] = V[G., x H,][K
L]. For ¢ < K, let K, denote the Sy, x Ty,-generic filter induced by the ¢ factor of
U. In the course of the run of G, (E\ X, ¢, w;) in which Player II plays according
to the strategy we will specify here, producing the play, ((c;,z;) | 1 < i < wy),
Player II will construct a strictly increasing sequence (¢; | 1 < i < wj) of ordinals
below x and a decreasing sequence (p; | 1 < i < wy) of conditions in Sy, x Ty,
satisfying the following requirements for all 1 <14 < wy:

(1) x; is the interpretation of g¢, in V|G, x H,][K * LJ;
(2) piy1 € K¢,
(3) p; decides the value of § | .

We first describe Player II’s first move. Let (; = 0, let their play z; be the
interpretation of go in V[G, x H,][K * L], and, let p1 = 1s, xT,, -

Now suppose that 1 < j < wy and, in our run of G, (E \ X, xg,w1), the players
have played («; | ¢ < j) and (x; | ¢ < j), with Player II playing according to their
winning strategy and also specifying ((p;, () | i < 7).

Suppose first that j is a successor ordinal, say j = jo + 1. First, choose p; < pj,
such that p; € K¢, and p; decides the value of § | ;. Note that, in V|G, x H,],
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the set
{f € U3¢ e (Go:r) (F(S) <pj)}

is a dense open subset of U. Therefore, by genericity, Player II can choose (; €
(Cjo» w) such that p; € K¢;. Then Player II plays the interpretation of y¢, as ;.

Next, suppose that j is a limit ordinal. In this case, we have a; = sup{«; | ¢ < j}.
Since Sy, x Ty, is countably closed, we can fix a lower bound p; for (p; | i < j). As
in the previous paragraph, by genericity we can choose a (; < x such that p; € K¢,
and (j > (; for all ¢ < j. Then Player II plays the interpretation of y¢, as x;.

It is readily verified that this describes a winning strategy for Player I1in G, (E\
X, g, w1), thus completing the proof that F \ X is w;-perfect in V|G x H]. O

6. FULL TREES

Recall that, given a tree T' and an ordinal 8 < ht(T'), we let [T« g] denote the set
of cofinal branches through T.g, i.e., the set of all elements of b € [] 5 Ta such
that the range of b is linearly ordered by <p. Note that we can identify each element
of T3 with an element of [T ], namely the branch given by its predecessors; if T is
normal, then this identification is injective. With a slight abuse of notation, then,
we let [T<g] \ T denote the set of vanishing branches through T' of length 3, i.e.,
the set of b € [T<g] such that the range of b does not have an upper bound in Tp.

Definition 6.1. A tree T is full if, for every limit ordinal 8 < ht(T), there is at
most one vanishing branch through 7" of length 3.

There has been some research in recent years into the existence of full k-Suslin
trees. For example, in [15], Shelah establishes the consistency of the existence of full
k-Suslin trees for a Mahlo cardinal &, answering a question of Jech (cf. [10]). In [12],
Rinot, Yadai, and You prove the consistency of the existence of full k-Suslin trees
at accessible cardinals k; for example, they can consistently exist at all successors
of regular uncountable cardinals.

Here, we are interested in full, splitting trees that may contain some cofinal
branches. We begin by investigating full trees of height and size w;. We first show
that, under {», we have considerable control over the number of cofinal branches
through such trees, establishing Theorem C(1).

Theorem 6.2. Suppose that { holds. Then, for every cardinal v € wU{w,w, 291},
there is a normal, full, splitting tree T C <“'wy such that |[T]] = v.

Proof. If v = 2%t we can simply let T = <“!w;. For concreteness, we will prove
the theorem in case v = wy; the proof for smaller values of v is similar but easier.
We will construct a tree T by recursively specifying its o? level T,, = TN%w; for
a < wi. When specifying Ty, we will also specify an injective function f, : @ — Ty,
with the requirement that, for all n < a < 8 < wy, we have fo (1) C fg(n). The idea
is that, at the end of the construction, for each n < w1, by == UJ{fa(n) | n < a < w1}
will be a cofinal branch through T', and we will arrange so that every cofinal branch
through 7' is equal to b, for some 1 < wy.
Since < holds, we can fix a sequence (ao | @ < wq) such that
o forall a < wi, aq a0 =
e forall b: w; — wi, there are stationarily many o < wy for which b [ a = a,,.

We now describe the construction of T. We must set Ty = fo = 0. Given T, and
fa, first form T,41 by splitting maximally, i.e., To41 = {070 | 0 € Ty, @ < w1}
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For each n < «, let for1(n) = fa(n)"0, and let fo11(c) be any element of Ty41
not equal to fo+1(n) for some n < a.

Now suppose that § < w; is a limit ordinal and T« g, together with (f, | o < 8},
has been specified. For each n < B, let b} = U{fa(n) | n < a < B}. By
construction, each bﬁ is in [T<g]. Now consider the function ag given by our {-
sequence. There are two cases to consider.

Case 1: ag is a branch through T« and, for all n < 3, we have ag # bg. In
this case, let T = [T<p] \ {ag}. For all n < 3, let fz(n) = bl

Case 2: otherwise. In this case, let Tg = [T<g] and, again, let fs(n) = b for
all n < .

This completes the construction of T and (f, | @ < wy). It is easily verified
that T is a normal, full, splitting tree and (b, | 7 < w1) is an injective sequence of
cofinal branches through 7T'. It remains to show that every cofinal branch through
T is equal to b, for some n < w;.

To this end, fix b € “*w; such that, for all n < wy, we have b # b,. We will find
B < wy such that b | 8 ¢ T. First, let C be the set of limit ordinals 8 < wy such
that

* b[f] C B;
o forall n < 3, we have b, [ B#b | 5.

Then C'is a club in wq, so we can fix 3 € C such that b | § = ag. Now consider stage
B of the construction of T. If ag ¢ [T'<g], then we are done, since this immediately
implies that b | 8 ¢ T. If ag is a branch through Tg, then, for all n < 8, we have
ag by [ B = bf]. We are therefore in Case 1 of the construction, and hence we
have b | B =ag ¢ T, as desired. O

CH is a necessary condition for the existence of full, splitting trees of height
w1 with few cofinal branches as it is easily seen that, if CH fails, then every full,
splitting tree of height w; has at least 28o-many cofinal branches. However, we
now show that CH is not a sufficient condition for this, i.e., the hypothesis of {» in
Theorem 6.2 cannot be weakened to CH. Recall that a forcing notion P is totally
proper if it is proper and adds no reals. We will need an iterable strengthening of
total properness known as complete properness, introduced in [11] (cf. also [2]). Let
us recall the relevant definitions, beginning with a-properness.

Definition 6.3. Suppose that Q is a forcing notion and € is a sufficiently large
regular cardinal. A countable elementary submodel M of H(#) is said to be suitable
forQif Q, Z(Q) € M.

If M is suitable for Q and ¢ € Q, then we say that ¢ is (M, Q)-generic if, for
every dense open subset D of Q with D € M and every r <g g, r is compatible with
an element of DNM. If G C QN M is a filter, then we say that G is (M, Q)-generic
if GN D #  for every dense open subset D of Q with D € M. A condition q € Q
is totally (M, Q)-generic if the set {p € M NQ | ¢ < p} is an (M, Q)-generic filter.

Definition 6.4. Suppose that Q is a forcing notion and o < wy. A suitable a-tower
for Q is a continuous, C-increasing sequence (M,, | n < ) of countable elementary
submodels of H(#) for some sufficiently large regular cardinal 6 such that

e My is suitable for Q;
o for all £ with £ +1 < a, we have (M, | n < &) € Meqa.
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We say that Q is a-proper if, for every suitable a-tower (M, | n < a) for Q and
every qo € My N Q, there is ¢ <g qo such that ¢ is (M,, Q)-generic for all n < a.
We say that Q is totally a-proper if we can additionally require that ¢ is totally
(M, Q)-generic for all n < .

We now turn to Moore’s notion of complete properness.

Definition 6.5. If M and N are sets, then the notation M — N denotes the
existence of an elementary embedding ¢ : (M, €) — (N, €) such that e € N and
N | “M is countable”, i.e., N contains an injection of M into w. If X € M and
M — N, as witnessed by ¢, then we will let X~ denote ¢(X). If X C M is not an
element of M, then X" denotes the pointwise image £[X].

Definition 6.6. Suppose that Q is a forcing notion, M is suitable for Q, and
M — N. Then a filter G C QN M is m-prebounded if whenever N — P
and G € P, then p = “GT has a lower bound in QF, where GF is defined via the
composition M —- N — P.

Definition 6.7. Suppose that Q is a forcing notion. We say that Q is completely
proper if whenever M is suitable for Q, ¢ € QN M, and M — N; for ¢ < 2, there
is an (M, Q)-generic filter G C Q N M that is M N;-prebounded for all i < 2 with
q€Q@q.

Moore proved in [11, Lemma 4.11] that completely proper forcings are 2-complete
with respect to some completeness system D (cf. [14, §V.5]). Combined with She-
lah’s iteration theorem concerning such forcings ([14, Theorem VIII.4.5]), this yields
the following theorem (cf. [2, Main Theorem]).

Theorem 6.8. Suppose that (P, Qg | n <4, £<0) is a countable support iteration
of totally proper forcing notions such that, for alln < §, we have

IFp, “Qn is completely proper and totally a-proper for all o < wy”.
Then Py is totally proper.

We are now ready to prove that the assumption of { cannot be weakened to CH
in Theorem 6.2. In fact, we will prove that it is consistent with CH that every full,
splitting tree of height wy contains a copy of <“*2, thus establishing Theorem C(2).

Theorem 6.9. [t is consistent that CH holds and every full, splitting tree of height
w1 contains a copy of <12,

Proof. We first note that it is enough to consider trees of height and size wy. To
see this, suppose that CH holds and T is a tree of height wy. Let 6 be a sufficiently
large regular cardinal and let M < H(f) be such that
o [ M| =w;
o “M C M,
o T'e M.
Then T'N M is a full, splitting subtree of T" of size wy; if T'N M contains a copy of
<w12 then, a fortiori, so does T
Suppose that GCH holds. Fix for now a full, splitting tree T' of height and size
wi. Without loss of generality, we can assume that T is a subtree of <“1w;. We
will describe a totally proper forcing P(T') of size w; that adds a copy of <“*2 to T'
and then show that this forcing can be iterated without adding reals.
Given a subtree S C <“1wq, let 95 be the set of 0 € <*“1w; such that
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e dom(o) is a limit ordinal;
e o ¢S
e for all n < dom(c), o [n€S.
Conditions of P(T) are all pairs of the form p = (S,, f,) such that

(1) S, is a countable subtree of <“12;

(2) fp:Sp — T is an isomorphic embedding;

(3) for all o € 9S,, we have U{fp(c I ) | n < dom(o)} € T.
If p,q € P(T), then ¢ < p if and only if S; O S, and f; [ Sp = fp.

Since CH holds, P(T') is of size wy. Given p = (Sp, fp) € P(T), let T}, denote the
<p-downward closure of f,“S,. Condition (3) above can then be expressed as the
assertion that 07, C T

Let £ be the set of 8 € lim(wq) such that [Tg]\ T3 # 0 and, for each € L, let
bs be the unique element of [Tg] \ Ts. When constructing elements of P(T'), we
need to be careful to avoid the branches bg for 5 € L. The following lemmas show
that this can be done.

Lemma 6.10. Suppose that 3 € lim(w;) and b € Pwi. Suppose moreover that

o p= (5, fp) e P(T);

e 0 € <12 s such that 0,070,071 € Sp;

o fp(0) T b but, for all i <2, we have f,(c7i) L b.
Let & < B be such that f,(c7i) L (b 1&) for all i < 2. Then, for every ¢ < p and
every T € Sy, it is not the case that fo(7) I b T &.

Proof. Note that f,(c) = b | n for some n < §. Fix ¢ < p and 7 € S,;. There are
three cases to consider.

First, if 7 C o, then fo(7) = fp(7) T b [ n,s0 fo(r) Db [E.

Second, if ¢ T 7, then there is ¢ < 2 such that ™ (¢) C 7, and hence f,(c7(i)) C
fq(7). Since fp(c™(3)) L b [ &, it follows that fo(7) Lb[¢&.

The remaining case is that in 7 L ¢. In this case, fo(7) L fp(o) =0 [n. |

Lemma 6.11. Suppose that M is suitable for P(T), p € M NP(T), f = M Nwy,
and B € L. Let

=sup{n < B |3o €S, [fp(oc) =0s | 1]},
and assume that bg [ £ € M. Then there is ¢ < p with ¢ € M and 0 € Sy such that

o fq(o) Ebg;
o foralli <2, 071 €8, and fo(671) L bg.

Proof. We may assume that p itself does not satisfy the conclusion of the theorem.
Since p € P(T) and bg ¢ T, we must have £ < 3. Assume first that there is
o € S, such that f,(c) = bg [ & By the definition of ¢, if i < 2 and 07¢ € ),
then f,(c7i) L bg. We will define a condition ¢ < p in M such that S, =
Sp U{c70,071}. It suffices to define f,(c71) for i < 2. Using the fact that T is
splitting, we know that there are two distinct nodes tg,t; € Tero N M such that,
for all i < 2, we have bg [ € T t; but bg [ (€ +2) Lt;,. Fori <2, if 07i ¢ S, set
fq(o7™i) =t;. It is readily verified that ¢ < p is as desired.

Now suppose that there is no o € S, such that f,(o) = bg [ £&. By our assump-
tions about p, there must be an increasing sequence of ordinals (7, | n < w) and a
C-increasing sequence (0, | n < w) from S, such that

o sup{n, | n<w}=¢&
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o | Hon|n<w} ¢S, and
o for all n <w, fp(on) =bg [ M.

Let 0 := [J{on | n < w}. Then o € M, since it is definable in M as the unique
element 7 of 95, such that J{f,(7 [ n) | n < dom(7)} = bs | . We will define
a condition ¢ < p in M such that S, = S, U {c,070,071}. Work entirely in M.
First, set f,(0) = bg | {&. Then define f,(c7¢) for i < 2 exactly as in the previous
case. It is again readily verified that ¢ < p is as desired. ([

Lemma 6.12. P(T) is totally a-proper for all a < wy.

Proof. The proof is by induction on . We will in fact prove the following stronger
statement, which will be used in the inductive step:

For every suitable (a + 1)-tower (M, | n < a) and every py €
Moy NP(T), there is p < po such that

e p is totally (M, P(T))-generic for all n < «;

o Sp, fp € M,.

Fix 8 < w; and suppose that we have established the induction hypothesis for all
a < B. Let (M, | n < B) be a suitable (5+1)-tower for P(T), and fix py € MoNP(T).
We will assume that 3 is a limit ordinal, and hence Mg = Ua<5 M,; the case in
which 3 is a successor is easier and proven similarly. Note also that if a condition p
is totally (M., P(T))-generic for all &« < 3, then it is also totally (Mg, P(T"))-generic.

Let § := Mg Nwy. Assume that 6 € £; the case in which 6 ¢ £ is similar and
easier. There are now two cases to consider; we will deal with them in parallel:

e Case 1: There is £* < § such that bs [ £* ¢ Mg;
e Case 2: For every £ <6, bs [ £ € Mg.

If we are in Case 2, let

§:=sup{n < B| 3o € Sp, [fp,(0) =bg [ nl}.

There are now two subcases to consider:

e Case 2a: b;s [ £ € My;
e Case 2b: b5 | £ ¢ M,.

If we are in Case 2a, begin by applying Lemma 6.11 to find a p{;, < pp and a oy € Spr
such that

® py € Mo;
o fy (00) C bs;
e foralli <2, 0071 € sz) and fp6 (0071) L bs.

If we are in Case 1 or 2b, let pj = py and leave oy undefined for now.

Let (v, | n < w) be a strictly increasing sequence of ordinals that is cofinal in
8. If we are in Case 2b, additionally choose ag so that ag + 1 is the least ordinal
€ < 8 such that bs | £ € M. (note that this € must be a successor ordinal by the
continuity of (M, | n < f)).

We will build a decreasing sequence (p,, | n < w) of conditions in P(7") such that,
for all n < w, we have

® Dn+1 € Man-‘rl;
® ppt1 is totally (M,, P(T))-generic for all n < a,,.
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We will also arrange so that (p, | n < w) will have a lower bound

Poo = <U Spna U an)
n<w n<w
in P(T). This lower bound will then be the desired condition that is totally
(M, P(T"))-generic for all n < 8. Note that, by construction, we will have S, C
Msg.

Let (7, | 0 < n < w) enumerate £ N J (with repetitions, if necessary) in such a
way that v, € M,, +1 for all 0 < n < w. We will arrange so that, for all 0 < n < w,
there is o, € Sp,, such that

* fp(0n) E by,

o foralli<2, 0,7i€S,, and fp (0,7%) Lb,,.
We now describe the rest of the construction. The first step will be different from
the others due to the need to take care of Case 2b. We begin by applying the
inductive hypothesis in M,,+1 to find pj < pj such that

b p/l € Mao+1 and Sp’lafp’l c Mao;

o p is totally (M,,P(T))-generic for all < ayg.
Suppose first that we are in Case 2b. By our choice of ag and the fact that S, C
M., we know that bs | § ¢ Sy, . Thus, we still have

§=sup{n < f|3do € Sy [fy (o) =bs [ nl}

We can therefore apply Lemma 6.11 to find pj < p} and o € Sp: such that

L piF S MOL0+1;

o fp:(00) C bs;

o forall i <2, 007 (i) € Spr and fp: (007 (7)) L bs.
If we are in Case 1 or 2a, let p} = p; in Case 1, leave 09 permanently undefined.
Now, regardless of the case we are in, apply Lemma 6.11 once again to find p; < pj
and o1 € Sy, such that

® D€ MaoJrl;

i fpl(al) - b'Yl;

o forall i <2,017i €S, and fp, (0171) L by,
The construction is now uniform across all cases. Suppose that 0 < n < w and we
have constructed p,. Apply the inductive hypothesis to the tower (M, | a,—1 <
n < ap) inside Mg, 41 to find p;, ., < p, that is totally (M, P(T))-generic for
all 1 € (an—1, ). Since pj, ., < p, and p, is totally (M,,P(T))-generic for all
n < ap_1, it follows that pj,, is in fact totally (M,,[P(T))-generic for all n < au,.
Now apply Lemma 6.11 to find p,41 < pj, ., and 0,41 € Sy, such that

® i1 € Mo, 415

L d fpn+1 (Jn+1) C b’Yn+1;

e foralli <2,0,1171€S,,

n+1

and fp, . (Onp17%) L b

Tn+1°

This completes the construction. It remains to verify that p., € P(T). Since
Spo. € Mg, the only way that po could fail to be in P(T) is if there is v € LN (5+1)
and o € 0S4 such that | J{f,__(c I n) | n < dom(c)} = b,. Suppose there are such
a~yand o.

Assume first that v = §. If we are in Case 1, then there is £* < § such that
bs | £&* ¢ Mg. Since Sp_, fp.. € Mg, there can be no n < dom(o) such that
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fpeo (o 1 m) 3 bs | £*, which is a contradiction. If we are in Case 2, then recall our
choice of 0¢, and let £’ < ¢ be such that f, (007¢) L bs [ & for all ¢ < 2. Then, by
Lemma 6.10, there is no n < dom(o) such that f, (o [ n) 3 bs | &, which is again
a contradiction.

Finally, assume that v € £N 3. Then there is 0 < n < w such that v = ~,.
Let ¢ < 7 be such that f,, (0,7¢) L by [ & for all ¢ < 2. Then, again by Lemma
6.10, there is no n < dom(o) such that f, (o [ n) J b, | &, yielding the final
contradiction and completing the proof. ([

Lemma 6.13. P(T) is completely proper.

Proof. Suppose that M is suitable for Q and we are given M — N, for i < 2. Let
g : (M,€) — (N;, €) witness this. Let § := M Nw;. Note that 6 € No N N;. By
elementarity, for ¢ < 2, the restriction ¢; | 6 must be the identity map on ¢, and
hence 7 | (T'N M) is the identity map on TN M. Without loss of generality, assume
that § € LMo N L£MN1; the other cases are similar but easier. For each i < 2, let b be
such that

N; = “bi is the unique element of [Tivg] \ TV,

Let p € M NP(T) be arbitrary. We will now build a decreasing sequence (p,, |

n < w) from M NP(T) below p such that the upward closure of {p, | n < w} in
MNP(T) is an (M, P(T))-generic filter. Begin by letting pg = p. Now define p; as
follows. If there is £ < & such that b | £ ¢ M, then simply let p; = po. Otherwise,
apply Lemma 6.11 to find p; < pp and o1 € S, such that

* p1 € M;

® fpi(01) T 5

o forall j <2, 017j€S,, and f,, (6177) L bY.
Next, find p2 < p; in the same way, but replacing b9 by b}. Finally, let (D, | n < w)
enumerate all dense open subsets of P(T") that are elements of M, and recursively
define a decreasing sequence (p, | 2 < n < w) from M NP(T) such that p, € D,,_3
for all n < w. Notice that, for all v € £N 4, the set D3 of all ¢ € P(T) for which
there is 0 € S; such that

o fy(o) Cby; and

o forall j <207 j€ S, and fy(c77) L by
is a dense open subset of P(T) that is in M; there is therefore n < w such that
Pn € D,’;.

Let G be the upward closure of {p, | n < w} in M NP(T). By construction, it

is clear that G is an (M,PP(T))-generic filter. It remains to show that it is m-
prebounded for all ¢ < 2. To this end, fix ¢ < 2 and an arrow N; — P, witnessed
by a map € : (N;,€) — (P, €), such that G € P. Note that, for each n < w, we
have €o&;(p,) = pn, and hence GF' = G. We will therefore be done if we show that

pe=(Us U] - (Us U

n<w n<w qeG qeG

is in P(T)".
First note that p,, € P, since G € P. Also, the range of f,_ is contained in

Tf& = T.s. Therefore, the only way that p., could fail to be in P(T)¥ is if there is
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y€LPN(6+1) and 0 € DS such that (J{f,. (o | n) | n < dom(c)} = b2, where
bY is such that

PE “bf is the unique element of [Tf,y] \Tf”.

Suppose that there are such a v and o.

Note that § < N; Nwy, so € [ (§ + 1) is the identity map. It follows that
LN (6 +1) =N N (§+1), and, moreover, LX N§ = LN . Suppose first that
v = 4, in which case we have by = b. If there is £ < § such that b} | € ¢ M, then,
since Sy, fp.. € M, there can be no n < dom(o) such that f, (o [ ) 3 b5 | &,
which is a contradiction. Otherwise, when constructing p;41, we fixed a 0,41 €
Sp.,, such that f,,,,(0;41) C b} and for which there exists some & < § such that
fpia(0ig17g) L b5 | & for all j < 2. Then, by Lemma 6.10, there is no n < dom(o)
such that f, (o [ n) 3 b5 | &, which is again a contradiction.

Suppose finally that v < §, in which case bf = b,. Then there is n < w such that
pn € D7, and we reach a contradiction exactly as in the second case in the previous

paragraph. Thus, G is in fact M Ni—prebounded, and hence P(T) is completely
proper. [l

By a standard genericity argument, if G is P(T")-generic over V', then J{f, | p €
G} witnesses that, in V[G], T contains a copy of <**2 (which, since P(T') is totally
proper, is the same when calculated in V or in V[G]).

We now define a countable support iteration (Pn,Qg | 7 < wa, & < wa) such
that, for each 7 < wa, there is a P)-name Tn for a full, splitting subtree of <“1w;
of height and size w; such that

IFp, Q, = P(T3).
By Theorem 6.8, P,, will be totally proper for each n < w», and hence
e CH will hold in VF»: and
o ()Y = (<)Y
It follows that, for each 7 < wsy, we have
IFp, “Qn is a proper forcing of size w;”.

Therefore, by [1, Theorem 2.10], P, has the wa-cc and is of size < 2“* = w, for each
17 < wsy. Thus, by a standard bookkeeping argument, we can arrange so that, for
every P,,-name T for a full, splitting subtree of <“1w; of height and size w;, there
is 7 < wg such that lrp,, T = Tn~ By genericity,

IFp

Since <“12 is the same when calculated in V or in VF7 for any n < wy, it follows
that

w i <wion
1 Iy contains a copy of 27,

kg, “T contains a copy of <*127.

Hence, VP2 is our desired model. [l

If k is a regular uncountable cardinal, then we follow [8] and say that a k-tree T'
is superthin if |[T<s]| < & for all limit ordinals 6 < k. Note that cofinally splitting
wi-trees cannot be superthin, so the notion is primarily of interest for x > w;. In [8],
Liicke and Schlicht prove that if x is a regular uncountable cardinal and there exists
a superthin x-Kurepa tree, then there exists a superthin s-Kurepa tree T C <Fg
such that [T] is a retract of k. They moreover show that such trees consistently



38 CHRIS LAMBIE-HANSON AND SARKA STEJSKALOVA

exist; for example, if V' = L, then superthin k-Kurepa trees exist whenever x is
the successor of a cardinal of uncountable cofinality. Superthinness seems to be in
tension with fullness, but we show now that, for regular x > wy, we can consistently
have full, superthin, k-Kurepa trees. For concreteness, we focus on the case k = ws.

Theorem 6.14. Suppose that & + (291 = wq) holds. Then there is a cardinality-
and cofinality-preserving poset P such that, in VT, there is a normal, splitting, full,
superthin ws-Kurepa tree.

Proof. The poset P consists of all pairs p = (T}, fp) such that
e there is an 7, < ws such that T}, is a normal, splitting, full subtree of
<77P+1W2;
e for all £ < n,, we have |T}, N *ws| < wy;
o for every limit ordinal £ < 7, we have |[(T})<¢]| < wr;
e fp is a partial function of size w; from w3 to T, N Taws.
If po,p1 € P, then p; < po if
® Npy = My
Tpl N <77p0+1W2 = Tpo;
dom(fp,) 2 dom(fp,);
for all o € dom(fp,), we have f,, () 3 fp, ().
By a standard A-system argument, and using the assumption that 2! = ws, it
follows that P has the ws-cc.

Claim 6.15. P is (wy + 1)-strategically closed.

Proof. We describe a winning strategy for Player II in Oy, +1(IP). Given a (partial)
play (pa | @ <y) of Oy, 41 (P), for all @ < 7, we let T, f, and 1, denote T, , fp..,
and 7, , respectively. As part of Player II's winning strategy, they also fix, as they
play a round (p, | @ < wy), arbitrary surjections 7, : w3 — Ty, for each ordinal
a < wy. We will also ensure that, for every even ordinal @ < wy, the map f“ is a
bijection between its domain and T} .

Using <, fix a sequence {a, : @ = «a | @ < wy) such that, for all f : w; — wq, the
set

{a<wi|fla=as}
is stationary in wj.

Suppose now that 8 < w; is a nonzero even ordinal and (p, | @ < ) is a partial
run of Oy, +1(P), with Player II playing thus far according to their winning strategy.
Suppose also that Player II has fixed surjections 7, : w1 — T} for each a such
that there exists an even ordinal 8’ with oo < 8’ < 8. We now describe how Player
IT should select pg.

Suppose first that 8 = a + 1 is a successor ordinal. In this case, simply let
N3 =Na + 1 and

T) ={c"i|oeTy andi<w}.
We now describe how to choose f?. We are going to let dom(f?) = dom(f®) U eg
for some (possibly empty) eg € [w3]=*1 disjoint from dom(f*). First, for all v €
dom(f®), let f8(y) = f*(y) i for some i < w; in such a way that f% [ dom(f®) is
injective (this is possible, since each element of Ty has wi-many successors in Tnﬁﬂ).
The resulting function may not be surjective, though, so choose some eg as above
of the appropriate cardinality and define f? on eg in such a way that the resulting
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function is a bijection. Finally, let 7, and 7g be arbitrary surjections from w; onto
Ty and Tffﬁ, respectively.

Suppose next that § is a limit ordinal of countable cofinality. Let 1z = sup{n, |
a < B}. Note that, by the specification of Player IT’s strategy at successor stages,
we know that 73 > 1, for all & < ; in particular, ng is a limit ordinal of countable
cofinality. Let T<F = (J{T“ | o < B}, so T<F is a normal, splitting, full subtree of
<M8ws,. Let dg = [J{dom(f*) | o < B} and, for each v € dg, let

b8 = J{f*(v) | a < B and v € dom(f*)}.

Note that bg is in [T<F]. Our ¢ sequence gives us a function ag : B — B. Consider
the subset A® = {m,(ag(a)) | a < B} of T<P. If A is linearly ordered by C, then
let b = [J A?, and note that b? € [T<]. There are now two cases to consider.

Case 1. Suppose first that A7 is linearly ordered and, for every v € dg, we have
bl # b2, In this case, let Tfﬁ = [T<F)\ {b2}. Note that, since cf(8) = w, CH holds,
and every level of T<8 has size at most w, we have |T,7ﬁﬁ| = wy. To define f#, we
will let dom(f?) = dg U eg for some eg € [w3]<*1 disjoint from dg. For 7 € dg, let
fB(y) = bg. Note that f# | dg is injective since, for all even o < 3, f¢ is injective.
As in the successor case, now choose a set eg of the appropriate cardinality and
define f” on eg so that the resulting function is a bijection. Finally, let 75 be an
arbitrary surjection from w; onto T%.

Case 2. If we were not in Case 1, i.e., if either AP is not linearly ordered or
— bfj for some v € d*, then proceed exactly as in Case 1, except let Tfﬁ = [T<A].

Finally, suppose that 5 = w;. In this case, we just need to show that (p, | a <
w1) has a lower bound. As above, let 7, = sup{n, | @ < w1}, let T<¥* = [ J{T* |
a < wi}, and let d,, = J{dom(f*) | @ < wi}. For each 7 € d,,, let

byt = U{f”‘(’y) | & < wy and v € dom(f“)}.
For all y € d,, we have b$* € [T<*1].
Subclaim 6.16. For every b € [T<*1], there is y € d,,, such that b= b4*.

Proof. Suppose for the sake of contradiction that b € [T<%!] and, for all v € d,,,
we have b # b2'. Recall that, for each a € lim(wy), the function f¢ is bijective;
therefore, there is a unique 7, € dom(f®) such that f*(v,) C b. By assumption,
for each o € lim(wy), we can find of € lim(w;) such that b [ af # b2 | af. Let

C = {d €lim(w) | Vo € lim(e/) af < '}.

Then C is a club in wy and, for all o’ € C and all v € d,/, we have b | 9y # bg/.
Let f : w; — w;y be such that, for each a < wy, we have 7, (f(a)) =0 | 7o. We
can then find o’ € C such that f [ o’ = a,. Now recall the specification of Player
Il’s strategy at stage o’ of this run of the game. Unraveling the definitions, we have
bf/ =b | Ny, and, for every v € d,/, we have b‘j‘/ #* bg/. Therefore, Player II played
Tﬁ‘;/ = [T<*]\ {b'}. In particular, b | n ¢ T<¢', contradicting the assumption
that b € [T<“1]. O

Since |dy, | = w1, it follows that |[T<“!]| = w;. Define a subtree T“1 of <71+,
by letting 7% N <M1 wy = T<%! and T = [T<¢1]. The normality of T“* follows
from the fact that f* is surjective onto T} for all even ordinals @ < wy, and
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hence each element of T<“! is an initial segment of bxr for some v € dy,. Let
dom(f“1) = d, and, for each v € dy,, let f“1(vy) = b&*. Then (T, f1) is a lower
bound for (p, | @ < wy) in P. O

Since P has the ws-cc and is (w; + 1)-strategically closed, it follows that it
preserves all cardinalities and cofinalities. Let G be P-generic over V', let T =
T}, | p € G}, let d = [J{dom(f,) | p € G}, and define a function f with domain
d by letting f(v) = U{fp(7) | p € G and v € dom(p)}. Then standard genericity
arguments, combined with the arguments of the proof of Claim 6.15, show that

e T is a normal, splitting, full, superthin ws-tree;
o d=uws
e f is an injective function from ws to [T7].
Thus, T is the desired tree as in the statement of the theorem. ([l

7. ADDING SUPERTHIN SUBTREES

In this section, we prove Theorem D. Fix for the remainder of the section a
regular uncountable cardinal p such that <t = p, 2# = pu*, and 2¢° = p+™+, and
let k = uT. Fix for now a closed set E C <*r such that |E| > k.

We introduce a forcing notion P(F) that will add a superthin x-Kurepa subtree
to T(E). We first thin F out to a subset such that all nonempty neighborhoods
are large. Let ¥ = {0 € <"k | |[EN N,| < K}, and let

E'=E\|J{N, |0 €}

By replacing E with E’, assume from now on that F has the property that, for all
o € <fk, either ENN, =0 or |[ENN,| > k.
Conditions of P(E) are all triples of the form p = (BP,~?,t?) such that
BP € [E]S* is nonempty;
P < K is such that, for all distinct b, b’ € BP, we have b | v £ V' | 4P;
tP={bla|be BP, a <A}
t? looks like an initial segment of a normal superthin subtree of T(E), i.e.,
— tP is a normal subtree of <7’ k;
— all levels of tP have cardinality at most p;
— for all limit ordinals v <+, we have |[t2. ]| < p.

We note that, for a condition p € P(E), t? is uniquely determined by BP and ~?;
we include it in the notation for convenience.
Given p,q € P(E), we set ¢ < p if and only if
e B7D BP;
* Y=
e t7 end-extends ¢, i.e., t9N ="k = tP.
We also include (0,0, 0) as 1p(g).

Proposition 7.1. P(E) is k™ -Knaster.

Proof. Let (ps | § < k1) be a sequence of conditions from P(E), with each ps of
the form (B?,~%,1%). Since k<" = &, by thinning out our sequence if necessary we
can assume that there are fixed v < k and t C =7k such that, for all § < T, we
have v® = v and t° = t.

We claim that, for all §y < d; < kT, the conditions ps, and ps, are compatible.
To this end, fix such 6y < 6;. For each o € t, and each ¢ < 2, there is a unique
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b,i € B% such that b,; | v = 0. Choose 7/ € [y, k) large enough so that, for
all o € ty, either by = by; or boo [ ¥ # boy [ 7. Let B' = B% U B% and
t'={bla|be B, a<~'}. Then it is readily verified that p’ = (B’,~/,t) is a
common extension of p° and p°* in P(E). For example, to verify that |[t<s]| < p for
all limit ordinals 8 < ~/, fix such a 3. If 8 <+, then the desired conclusion follows
from the fact that p® and p* are in P(E). If 3 € (7,7'], then our construction
immediately implies that every element of the form [t.g] is of the form b [ 8 for
some b € B’. O

Proposition 7.2. P(E) is k-strategically closed.

Proof. We describe a winning strategy for Player II in O, (P(E)). The winning
strategy is very simple: at every even stage of the game, Player II does the minimal
amount of work necessary. More precisely, suppose that § < k is an even ordinal
and (p,, | @ < B) is a partial play of the game, with Player II playing so far according
to the strategy being described here. For each a < 3, let p,, = (B*, %, t%).

If B is a successor ordinal, then Player II can play arbitrarily; for instance, they
can simply play pg = pg—1. If B is a limit ordinal, then they specify pg by setting
B =J{B% | a < 8} and v = sup{y® | @ < 8} (this uniquely determines t*).

In order to prove that this is a winning strategy, we must only verify that pg
thus defined is indeed a condition in P(E). Let v = v# and t = t. The only
nontrivial condition to verify is the requirement that [[t< ]| < u. If cf(8) < g,
then this follows immediately from the fact that u<# = p and all levels of ¢ have
cardinality at most pu.

Thus, assume that cf(8) = p. We claim that, in this case, every element of
[t<+] is of the form b [ v for some b € B. Since |B| < p, this will suffice. To
this end, fix d € [t<,]. Let (o; | i < p) be a strictly increasing enumeration of a
club in 8. By construction, for each i < pu, there is a unique b; € B“¢ such that
d ]~y =b; [ v*. If j < pis alimit ordinal, then the assumption that Player IT has
played so far according to the described strategy implies that B% = [ J{B* | i < j}
and % = sup{y* | ¢ < j}. Therefore, for each limit ordinal j < u, we can find
i(j) < j such that b; € B . By Fodor’s Lemma, we can find a stationary S C
and a fixed ¢ < p such that i(j) =i for all j € S. Since distinct elements of B*i
have distinct restrictions to v, it follows that there must be a fixed b € B such
that b; = b for all j € S. But then d [ v* =0 | % for all j € S, and hence
d=>b1r. O

By Propositions 7.1 and 7.2, forcing with P(E) preserves all cardinalities and
cofinalities. We now show that it adds a normal, cofinally splitting, superthin
k-Kurepa subtree of T'(E).

Theorem 7.3. Suppose that G is P(E)-generic over V, and let T = |J{t? | p € G}.
Then in V|G|, T is a normal, cofinally splitting, superthin r-Kurepa subtree of
T(E).

Proof. In V, let G be the canonical P(E)-name for the generic filter, and let T be
a P(E)-name for J{t” | p € G}. Tt is immediate that, for every v < , the set
D, = {p € P(E) | v* > ~} is dense in P(E). As a result, the definition of P(E)
implies that 7" is forced to be a superthin normal subtree of T(E).

We now show that 7' is forced to be cofinally splitting. To this end, fix a condition
p € P(E) and a 0 € <%k such that p I ¢ € T. Note that there must be b € BP



42 CHRIS LAMBIE-HANSON AND SARKA STEJSKALOVA

such that o C b; otherwise, if v € [yP, &) is such that o € <7k, then the condition
q with B9 = BP and 77 = v would extend p and force o ¢ T. By increasing ? if
necessary, we can assume that o € =7k, Let o' € tzp be such that ¢ C o/, and
let b be the unique element of B? such that ¢’ C b. By our assumption about E,
we know that |[E'N Ny/| > K, so we can fix & € E N N, such that b # b. Define
a condition g by letting B? = BP U {b'} and letting v? € (47, k) be large enough
so that b | v # b | 4. Then ¢ extends p and forces that b | v? and b’ | 47 are
incomparable elements of 7" extending o.

We finally show that 7 is forced to have at least xT-many cofinal branches. Let
B be a P(E)-name for |J{B? | p € G}. Tt will suffice to show that B is forced to
have cardinality greater than . Suppose for the sake of contradiction that p € P(E)
and p I |B|] < k. Since P(E) has the xT-c.c., we can find ¢ < p and A € [E]* such
that ¢ - B C A. Let o be an arbitrary element of t,. Since |EN Ny| > K, we can
find b€ (ENN,)\ (AU BY?). Precisely as in the previous paragraph, we can find
r < ¢ such that b € B", contradicting the fact that r ¢ A and ¢ I+ B C A. O

We now show that appropriate iterations of forcings of the form P(FE) are well-
behaved.

Theorem 7.4. Suppose that (P;, Qj |i<e,j<e)isa(<u)-support iteration such
that, for alli < e, there is a P;-name E; such that
o E; is forced to be a nonempty closed subset of "k such that, for all o €
T(E;), we have |E; 0\ Ny | > k;
o Iy, Q; = P(E).
Then P, is kT-Knaster and k-strategically closed.

Proof. Since k = p™, the iteration is taken with supports of size <u, and each
iterand is forced to be k-strategically closed, standard arguments imply that P, is
k-strategically closed (roughly speaking, Player II simply plays according to their
winning strategy on each coordinate).

To show that P, is kT-Knaster, we first isolate a well-behaved dense subset of P..
For concreteness, for all j < e, we will think of conditions of P; as being functions
whose domains are subsets of j of cardinality <u.

Claim 7.5. For all j <e, let P} be the set of p € P; such that, for all i € dom(p),
there are ~P* < K, Pt C =7k, a collection BP' of P;-names, and a bijection
TPt B tg”’. such that

®p M”‘R p(” = (Bp,i7,yp,i,-tp,i); .
o forallbe BP? plilkp, b APt =aPi(b).
Then P} 1s dense in P;.

Before we prove Claim 7.5, we establish the following useful fact.

Claim 7.6. Fiz j < ¢, let 8 < k be a limit ordinal, and suppose that = (ps | @ <
B) is a decreasing sequence of conditions from P; such that
e for all a < B, we have po € P}, as witnessed by ((BPast yPast tPast mPast) |
i € dom(py));
o for all o < o/ < and all i € dom(p,), we have BP* C BPa’+i;
e for all limit ordinals o/ < 3, we have
~ dom(par) = Ufdom(pa) | a < a'};
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— for all i € dom(py), we have Pt = sup{yP=! | a < o andi €
dom(py)} and BP«t = | J{BP"' | a < &' and i € dom(py)}.
Then p has a lower bound pg that is in P}, as witnessed by ((BPs:t yPsst tPot Psity |
i € dom(pg)) satisfying:
e dom(pg) = U{dom(pa) | o < B};

e for all i € dom(pg), we have vP#* = sup{yP>"* | @ < f and i € dom(ps)}
and BPst = | J{BP>' | a < B and i € dom(p,)}.

Proof. We define pg as follows. First, let dom(pg) = J{dom(ps) | @ < S}. Then,
for each i € dom(pg), we let pg(i) be a P;-name for the triple (BP#:i APs:i tPs:t),
defined as follows. First, let BPs" = (J{BP>' | a < Bandi € BP=} and let
APt = sup{yP>' | @ < f and i € dom(py)}-

Let sPe-i = [ J{tP> | @ < B and i € dom(p,)} and, for each b € BP#: | let

dj = U{Trpa’i(l}) | < B, i € dom(py), and b € BP="},

Then d; is a cofinal branch through sP#-* and, if b and V' are distinct elements of
BP#t then they both appear in B~ for some o < 3, and the fact that 7P~ is
injective implies that d; and d;, are distinct. We end by setting tpet = gPsit Y {d; |
b € BP#} and, for each b € BP#%, setting 7% (h) = dj.-

We claim that pg thus defined is as desired. The only nontrivial requirement to
verify is that, for all i € dom(pg), the tree tP#* looks like an initial segment of a
normal superthin subtree of <®x. This amounts to verifying that |[s?s+!]| < p. This
is proven exactly as in the proof of Proposition 7.2, so we leave it to the reader. [

Proof of Claim 7.5. The proof is by induction on j. We will actually establish the
following technical strengthening of the density of P

Suppose that pog € P}, as witnessed by (BP0, yP0o:?, $Poo? Poost) |
1 € dom(pgo)), and Po gpj Poo- Then there is ¢ < po in P} wit-
nessed by ((B?', 4"t 19") | i € dom(q)) such that, for all
i € dom(pgg), we have BPoo:t C B??,

To see that this does indeed yield the density of P’7, note that in the above statement
we can let pg € P; be arbitrary and take poo to be such that dom(pgo) = . Then
Po < poo, and poo 1s trivially in P7.

Fix j < ¢, and suppose that the inductive hypothesis has been established for
all i < j. Fix pg < pgo as in the statement of the hypothesis; we will find ¢ < pg as
desired.

If j = 0, then we can take ¢ = pg. Suppose next that j is a successor ordinal,
say j = jo + 1. Assume that jo € dom(po); otherwise, p € P, and we can
apply the inductive hypothesis to obtain the desired conclusion. Suppose also that
Jjo € dom(pgp); the argument is similar but easier in the other case.

Since P, is x-strategically closed and hence (<k)-distributive, we can find p; <
po | jo in P;,, an ordinal 470 < k, a tree 70 C =7k, a set B0 of P, -names, and a
bijection 7o : Bio — tfﬁ-o such that

o p1lbp,, po(jo) = (B, 970, t7);
o for all b € B, py - b | 490 = mio(b).
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Since po [ jo IF po(jo) < poo, by extending p; further if necessary we can assume
that, for each b € BPoo:Jo there is a unique b’ € B such that

prle, “lhg, B =10,

By replacing each b with b in B’ and redefining 770 in the obvious way, we may
thus assume that BJo D BPoo.Jjo,

Now apply the inductive hypothesis to find ps <p, p1 such that p, € P} wit-
nessed by ((BP2¢, yP2/4 P28 7P2:8) | § € dom(ps)) such that, for all i € dom(pgg)Mjo,
we have BPoo" C BP2:. Finally, define ¢ € P; by setting dom(q) = dom(p2) U {jo},
q | jo = p2, and q(jo) = (B, ti0). Then q is as desired.

Suppose next that j > 0 is a limit ordinal. If ¢f(j) > p, then there is i < j
such that py € P;, so we can apply the inductive hypothesis to obtain the desired
conclusion. Thus, assume that cf(j) < p. Let (i, | n < cf(j)) be an increasing enu-
meration of a club in j. Using the inductive hypothesis and Claim 7.6, recursively
construct a sequence (g, | n < cf(j)) such that, for all n < cf(j), we have:
an € P} , as witnessed by (Bt yanst gt sty | € dom(gy));

Iy <p,, Po | in;
for all i € dom(poo) N iy, BPO* C Bt
for all £ < n, we have

~ 4y e <p,, 4g;

— for all i € dom(g¢), B%* C Bt
if i is a limit ordinal, then

~ dom(q,) = Ufdom(ge) | € < n}; |

— for all ¢ € dom(gy), we have y97* = sup{y%" | £ <n and i € dom(qg¢)}

and B?® = [ J{B%" | ¢ <n and i € dom(ge)}.
The construction is straightforward, so we leave it to the reader. At the end of the
construction, another appeal to Claim 7.6 yields a condition ¢ € P}, as witnessed
by ((B%%, %% ¢3¢ 79%) | i € dom(q)) such that
e ¢ is a lower bound of (g, | n < cf(j));

e dom(q) = U{dom(gy) [ n < cf(5)}; ,
e for all i € dom(q), we have B%* = | J{B®™*

Then ¢ is as desired, completing the proof of the claim. (Il

n < cf(j) and i € dom(gy)}.

The following will be the key claim in establishing that P, is x*-Knaster.
Claim 7.7. Suppose that j < e and, for { <2, py € P}, as witnessed by
<(Bpe7i’,ypzai7tpz7i7FPZJ) | i dom(pg)>.

Suppose moreover that, for all i € dom(pg) N dom(p;), we have tPo:* = tP1:¢. Then
po || p1-

Proof. The proof is by induction on j. If j = 0, the conclusion is trivial. Suppose
next that j is a successor ordinal, say j = jo + 1. Assume that jo € dom(pg) N
dom(p;), as otherwise we can simply apply the induction hypothesis. First, apply
the induction hypothesis to find go such that go <p, pe¢ [ jo for £ < 2. Next, let
v = AP0:do = AP1:do and ¢ = ¢Po-Jo = P10, For every u € t, and £ < 2, there is a
unique i)u,e € BPeJo guch that g |hpjo l.)wg I v = u. Since Pj, is (<x)-distributive,
we can find ¢q <p,, qo such that, for all u € t,,
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e ¢, decides the statement “l')%o = l')%l”;
o if gy IF by 0 # by,1, then there is v, < & such that g1 IF by 0 [ Yo 7 bu1 [ Yu-

Let so = {u €ty | qlFbuo#bu1}and sy =1, \ so. Let 7* = sup{y, | u € s} (or
v* =~ if s9 = ). Again using the (<r)-distributivity of P, find go <p,, ¢1 such
that, for all u € t, and £ < 2, g2 decides the value of i)%g [ 7", say as by, , € 7 k.
Let t* be the downward closure of the set {b} , | u € t,, £ <2} in <"k, and let

B* = {buyo|uct,}U{bys|ucsol}

Define a condition ¢ € P; by letting dom(g) = dom(g2) U {jo}, ¢ | jo = g2, and
q(j0) be such that go IF q(jo) = (B*,v*, t%).

Finally, suppose that j is a limit ordinal. If cf(j) > p, then there is jo < j such
that po,p1 € Pj,, so we can simply apply the induction hypothesis. Thus, assume
that cf(j) < p. Let (i, | n < cf(j)) be an increasing enumeration of a club in j.
Recursively build a sequence (g, | n < cf(j)) such that, for all n < cf(j), we have:
an € P}, as witnessed by (B8 yanst gt i) | € dom(gy));

Gy <p;, Do [ in;P1 [ in;
for all £ < 7, we have

— ay e <p;_ qe;

— for all i € dom(ge), B9* C B,
if i is a limit ordinal, then

— dom(gy) = U{dom(ge) | £ <n}; _

— for all ¢ € dom(gy), we have y97" = sup{y%"* | £ <n and i € dom(qg¢)}

and BI" = [ J{B% | £ < and i € dom(ge)}.
The construction is straightforward using the induction hypothesis and Claim 7.6,
so we leave it to the reader. At the end, another appeal to Claim 7.6 yields ¢ € P;
that is a lower bound for (g, | 7 < cf(j)). This condition ¢ extends both py and p1,
thus establishing the claim. O

We are now finally ready to prove that P. is x™-Knaster. To this end, sup-
pose that (p, | n < k') is a sequence of conditions in P.. By extending the
conditions if necessary, we may assume that each p, is in P}, as witnessed by
(BmE ymE gt ety | i € dom(py)). Since 2¢ = k, we can find an unbounded

A C k1 such that
e (dom(py) | n € A) forms a A-system, with root r;
e there is a sequence (t' | i € r) such that, for all n € A and all i € r, we have
=t
Then, by Claim 7.7, (p, | n € A) is a sequence of pairwise compatible conditions.
O

We can now easily prove the main consistency result of this section. To make its
statement self-contained, we recall the standing cardinal assumptions of this section
at the start of the theorem.

Theorem 7.8. Suppose that i is a reqular uncountable cardinal such that p~* = p,
o0 = put, and 2 = ptt, and let k = pt. Then there is a forcing extension in
which all cardinalities and cofinalities are preserved and in which

(1) there exists a k-Kurepa tree;

(2) every k-Kurepa tree contains a normal superthin r-Kurepa subtree;
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(8) the cardinal arithmetic of the ground model is preserved; in particular, if
GCH holds in the ground model, then it continues to hold in the extension.

Proof. We can assume that there is a k-Kurepa tree in V; if not, then first force
with one of the standard forcings to add a k-Kurepa tree with x™-many cofinal
branches (e.g., the analogue of the forcing Q from the proof of Theorem 5.1).

We will force with a (<p)-support iteration (P;, Q; | i < &%, j < &™) such that,
for all i < kT, Q; is forced by P; to be either trivial forcing or of the form P([T}]),
where ﬂ is a P;-name for a xk-Kurepa tree such that

kg, Yo € T; [[T)) N N, | = wT.

By Theorem 7.4, P = P+ will be kT-Knaster and r-strategically closed. It will
therefore preserve all cardinalities and cofinalities, and hence will preserve the -
Kurepa tree that exists in the ground model. Moreover, since the length of the
iteration is xT, it will not change the value of 2" for any cardinal v. Moreover, for
every i < kT, the quotient forcing P/P; is equivalent to an iteration of the same
shape as [P and therefore shares the same properties.

We will recursively specify P by concurrently specifying a sequence (Tz | i< k)
such that

e for all i < kt, T} is a P;-name for a subtree of <fx;
e it is forced by P; that:

— if T} is not a x-Kurepa tree, then Q; is trivial forcing;

— if T} is a xk-Kurepa tree, then Q; is P([T}]), where T}* is the P;-name
for the set of ¢ € T} that are contained in x*-many distinct cofinal
branches through T, (note that, in this case, TZ-* is forced to be a k-
Kurepa tree itself).

By the cardinal arithmetic assumptions and the chain condition of P, there will only
be kt-many nice P-names for subtrees of <*x. Moreover, also by the arithmetic
and chain condition, each such name T will in fact be a P;-name for some i < x+.
Therefore, by a standard bookkeeping argument, we can construct the sequence
(Ty | i < k*) in such a way that, in V¥, for every subtree T of <#, there is i < &+
such that T equals the interpretation of T; in VE.

Let G be P-generic over V. For all i < kT, let G; be the P;-generic filter induced
by G. We claim that V[G] is the desired forcing extension. We have already argued
that requirements (1) and (3) in the statement of the theorem hold. It remains to
verify (2). To this end, let T' € V[G] be a x-Kurepa tree. We may assume that it
is a subtree of <*k. By our construction of P, we can find ¢ < x such that T' equals
the interpretation of T;. In particular, T € V[G;]. Moreover, since the quotient
forcing P/P; is k-strategically closed, Lemma 2.11 implies that all of the cofinal
branches through T in V[G] are already in V[G;]. In particular, T is a k-Kurepa
tree in V[G;]. Therefore, Q; is P([T*]), where T™ is the set of all o € T such that
xT-many cofinal branches through 7' contain o. Forcing with Q; therefore adds a
normal superthin x-Kurepa subtree to T, and hence to T'. Since T' was arbitrary,
this completes the proof of the theorem. (I
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8. OPEN QUESTIONS

In this final section, we present some closing remarks and survey some of the
remaining open questions. We first make the following observations about Theorem
3.8.

e In Theorem 3.8, the assumption that FE is a continuous image of “k is
slightly more than is needed. As the proof makes clear, it is enough to
assume that F is the continuous image of [T] for some normal, splitting,
(<wi)-closed tree T C <*k. Note that, for such a tree T, the set [T] is
necessarily (w + 1)-perfect.

e The conclusion of Theorem 3.8 falls slightly short of the assertion that
E\ X is (w + 1)-perfect, since it only gives a winning strategy for games
G (E,xg,w + 1) rather than G, (FE \ X, zo,w + 1).

In light of these observations, the following questions are natural.

Question 8.1. Suppose that k is a reqular uncountable cardinal and E C "k is a
closed set.

(1) Suppose that E is a continuous image of k. Must there be X C E such
that | X| < k<" and E\ X is (w+ 1)-perfect?

(2) Suppose that there is an (w + 1)-perfect set D C "k such that E is a con-
tinuous image of D. Must there be X C E such that |X| < k<" and, for
every ko € E\ X, Player II has a winning strategy in G(E,xo,w + 1)?
Must there be X C E such that | X| < k<% and E\ X is (w+ 1)-perfect?

We now turn to some questions arising from Theorem 5.1. The first concerns
whether an inaccessible cardinal is necessary to obtain the conclusion of the theo-
rem.

Question 8.2. Suppose that GCH holds, there is an ws-Kurepa tree and, for every
wa-Kurepa tree S C <“2wy, [S] is not a continuous image of “*wy. Must (ws)V be
inaccessible in L?

We also ask whether the opposite extreme to that obtained in Theorem 5.1 can
hold.

Question 8.3. Is it consistent with GCH that there are wo-Kurepa trees and, for
every wy-Kurepa tree T C <“2wq, [T] is a continuous image (or even a retract) of
w2o 7

In all of the known consistent examples of wy-Kurepa trees T C <%2w,, there
exist € [T] and o € T such that o C x and |[T] N N,| < we. We conjecture that
this is in necessarily the case.

Conjecture 8.4. Suppose that GCH holds, and let T C <“2wy be an wo-Kurepa tree
such that, for every o € T, we have |[T] N N,| > wa. Then [T] is not a continuous
image of “2wy

Note that, if GCH holds and T' C <“2ws is an we-Kurepa tree, then T’ := {oc € T |
[[T) N Ng| > wa} is an we-Kurepa tree satisfying the hypothesis of Conjecture 8.4.
Therefore, a positive resolution of Conjecture 8.4 would entail a negative answer to
Question 8.3.
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