
HIGHER WALKS AND SQUARES

CHRIS LAMBIE-HANSON AND PEDRO MARUN

Abstract. We continue the development of the theory of higher dimensional
walks on ordinals began recently by Bergfalk. In particular we identify natu-
ral coherence conditions on higher dimensional C-sequences that entail coher-
ence of the resultant higher rho-functions. We also introduce various higher
square principles by adding non-triviality conditions to these coherent higher
C-sequences and investigate basic properties of said square principles. For ex-
ample, in analogy with the classical case, we prove that these higher square
principles abound in the constructible universe but can be forced to fail, mod-
ulo large cardinals. Finally, we prove that certain higher rho-functions ob-
tained by walking along higher square sequences exhibit non-triviality in ad-
dition to coherence. In particular, it follows that higher square principles on
a cardinal λ entail certain non-vanishing Čech cohomology groups for λ con-
sidered with the order topology.

1. Introduction

One of the most important tools in the contemporary study of combinatorial
set theory is Todorcevic’s method of walks on ordinals. This method, introduced
in [11] (see [10] for a book-length treatment), has proven transformatively useful
in a variety of contexts, and is particularly efficacious at the level of ω1, the first
uncountable cardinal.

We will define the walks machinery in more detail below, but for now let us give
a general overview. To begin, one fixes an uncountable cardinal λ and a C-sequence
C = 〈Cα | α < λ〉.1 This then provides a uniform method of “walking” down from
an ordinal β < λ to any ordinal α ≤ β. Namely, we define an upper trace function
Tr : [λ]2 → [λ]<ω recursively by setting, for each α ≤ β < λ,

Tr(α, β) = {β} ∪ Tr(α,min(Cβ \ α)),

with a boundary condition specifying that Tr(α, α) = {α} for all α < λ.
This trace function, and its interaction with the C-sequence C, can then be

used to uncover a variety of interesting and nontrivial combinatorial behavior at
the cardinal λ. In this paper, we will particularly be interested in the existence
of families of functions that are simultaneously coherent and nontrivial. As the
definitions will make clear, coherence is a local form of triviality, so nontrivial
coherent families will be witnesses to incompactness phenomena, closely linked to
cohomological considerations. In fact, (equivalence classes of) such families will
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comprise the nonzero elements of first Čech cohomology groups of the ordinal λ,
taken with the order topology (cf. [3]).

To illustrate this phenomenon, we consider here one of the simplest of the com-
binatorial objects derived from the walks apparatus: the number of steps function
ρ2 : [λ]2 → ω defined by setting ρ2(α, β) = |Tr(α, β)| − 1 for all α < β < λ. From
this one obtains the family of functions

Φ(ρ2) = 〈ρ(·, β) : β → ω | β < λ〉.
It turns out (cf. [10, §6.3 and §7.1]) that, if C is a �(λ)-sequence, then Φ(ρ2) is
coherent and nontrivial modulo locally semi-constant functions:

• (coherence) for all α < β < λ, the function
ρ2(·, α)− ρ2(·, β) � α : α→ Z

is locally semi-constant;
• (nontriviality) there does not exist a function ψ : λ → Z such that, for

every α < λ, the function
ρ2(·, α)− ψ � α

is locally semi-constant.
The aforementioned efficacy of the walks machinery at ω1 is largely due to the fact
that �(ω1) trivially holds in ZFC. Therefore, ρ2 provides a canonical ZFC instance
of incompactness at ω1. To recover this behavior at higher cardinals λ, one must
make assumptions that go beyond ZFC (namely, one must assume some �(λ)-like
property).

The classical walks on ordinals machinery is inherently one-dimensional in na-
ture. For instance, the C-sequences that serve as inputs and the coherent families of
functions that are among its most prominent outputs are one-dimensional families
of objects, and walking along a C-sequence on a cardinal λ yields insight into the
first cohomology group of λ. There has been a growing recognition of late that,
just as the cardinal ω1 provably exhibits nontrivial one-dimensional combinatorial
phenomena, and just as these phenomena can be probed via walks on ordinals, so
it is the case that the cardinal ωn for 1 < n < ω provably exhibits nontrivial n-
dimensional combinatorial phenomena, and these phenomena should be legible via a
higher-dimensional analogue of the walks on ordinals machinery. The beginnings of
this recognition were visible already in work of Goblot [5], Mitchell [7], and Osofsky
[9, 8] from around 1970 and has been made explicit in recent years, most notably in
two works of Bergfalk beginning to develop the theory of higher-dimensional walks
on ordinals [2, 1].

In this paper, we build upon [1] and continue to develop the theory of higher-
dimensional walks on ordinals. We focus in particular on Task 5 of that paper,
and on applying the machinery of n-dimensional walks to cardinals greater than
ωn. In the classical case of n = 1, effectively employing the walks machinery to
cardinals λ > ω1 typically requires making �(λ)-type assumptions. Accordingly,
we begin our story with an exploration of possible higher-dimensional square princi-
ples, asserting the existence of higher-dimensional C-sequences that simultaneously
satisfy certain coherence and nontriviality conditions. The coherence condition we
isolate is motivated by our eventual proof that n-dimensional walks along coherent
n-C-sequences generate analogues of the function ρ2 yielding coherent families of
functions. We then isolate three natural nontriviality conditions, in increasing order
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of strength: weak nontriviality, nontriviality, and strong nontriviality. Then, given
an n ≥ 1 and a regular uncountable cardinal λ, we let nw(λ) (resp. n (λ), n s(λ))
assert the existence of a coherent n-C-sequence on λ that is weakly nontrivial (resp.
nontrivial, strongly nontrivial). In the case n = 1, all three principles coincide with
the classical �(λ).

In Section 3, we provide the formal definitions and begin to develop the theory
of these higher-dimensional square principles, proceeding largely by analogy with
the classical one-dimensional setting. For example, we establish all of the following
results: if 1 ≤ n < ω, then n s(ωn) holds, n s(λ) fails for all λ < ωn, and, if V = L,
then n s(λ) holds for every regular uncountable cardinal λ ≥ ωn that is not Mahlo.
In the other direction, we establish a consistency result showing that, consistently,
ωn is the unique regular cardinal λ satisfying n s(λ) (or even nw(λ):
Theorem A. If there are infinitely many supercompact cardinals, then there is a
forcing extension in which, for all 1 ≤ n < ω and all regular cardinals λ > ωn,
nw(λ) fails.

Beginning in Section 4, we shift our attention to higher-dimensional walks. We
begin by recalling the relevant definitions from [1] and introducing some funda-
mental notation before turning to the primary subject of the remainder of the
paper: higher-dimensional generalizations of ρ2. In [1], Bergfalk identifies a nat-
ural function ρn2 : [λ]n+1 → Z derived from performing n-dimensional walks on
an n-C-sequence over a cardinal λ. If n = 1, then ρn2 is essentially the classical
function ρ2, and Bergfalk proves that, if λ = ωn the n-C-sequence used for walking
is “order-minimal”, then the family

Φ(ρn2 ) = 〈ρ(·, ~γ) : γ0 → Z | ~γ ∈ [λ]n〉
is coherent modulo locally semi-constant functions. In addition, he asks for a more
general condition on the n-C-sequence being employed that can hold at cardinals
greater than ωn and implies that Φ(ρn2 ) is coherent. We prove that the notion of
coherence isolated in Section 3 suffices for this. Looking forward to later sections
on nontriviality, we choose not to focus on ρn2 itself but rather on an enrichment of
ρn2 of the form

rn : [λ]n+1 →
⊕

[λ]n−1

Z.

If n = 1, then rn is again essentially the classical function ρ2. For all positive n,
the function rn will be seen to “project” to ρn2 in such a way that the coherence of
Φ(rn) immediately yields the coherence of Φ(ρn2 ). The following therefore answers
Bergfalk’s question from [1]:
Theorem B. Suppose that 1 ≤ n < ω, λ is a cardinal, and the function rn is
derived from performing n-dimensional walks along a coherent n-C-sequence over
λ. Then Φ(rn) is coherent modulo locally semi-constant functions.

In Section 5, we address nontriviality. As will be discussed in further detail
at the end of Section 5, it seems unlikely that, for n > 1, a nontrivial coherent
n-dimensional family of functions taking values in Z can be straightforwardly and
uniformly derived from performing n-dimensional walks along an n-C-sequence over
a cardinal λ. Indeed, it remains a major open whether, for n > 1, there provably
exists a nontrivial coherent n-family of functions of the form

Φ = 〈ϕ~γ : γ0 → Z | ~γ ∈ [ωn]
n〉.
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This is the primary motivation for our introduction of the rn function, which, for
n > 1, takes values in the larger group

⊕
[λ]n−1 Z rather than Z:

Theorem C. Suppose that 1 ≤ n < ω, λ is a regular uncountable cardinal, and
the function rn is derived from performing n-dimensional walks along a n s(λ)-
sequence. Then Φ(rn) is nontrivial modulo locally semi-constant functions.
1.1. Notation and conventions. If A is a set of ordinals, then we let ssup(A) =
sup{α + 1 | α ∈ A}, acc+(A) = {β < ssup(A) | sup(A ∩ β) = β > 0}, acc(A) =
A∩acc+(A), and nacc(A) = A\acc(A). If λ is an ordinal and D ⊆ λ, we say that D
is club in λ if ssup(D) = λ and acc+(D) ⊆ D. Note that this is slightly nonstandard
usage, as it is possible, for instance, for a set D to be club in a successor ordinal. If
γ is an infinite ordinal and µ is a regular cardinal, then Sγ

µ := {α < γ : cf(α) = µ}.
Symbols like Sγ

Rµ for R ∈ {<,>,≤,≥} receive the obvious meaning.
If m < n < ω and ~γ is a sequence of ordinals of length n, then we will always

denote the mth element of ~γ by γm, i.e., ~γ = 〈γ0, γ1, . . . , γn−1〉. In such situations,
we let ~γm denote the sequence obtained by removing γm from ~γ; i.e.,

~γm = 〈γ0, . . . , γm−1, γm+1, . . . , γn−1〉.
If A is a set of ordinals and n < ω, then [A]n = {x ⊆ A : |x| = n}. We will
frequently identify [A]n with the set of all strictly increasing sequences ~γ of length
n consisting of elements of A. Similarly, we will let A[n] denote the set of all
weakly increasing sequences of length n from A, i.e., the set of all ~γ ∈ An such
that γm ≤ γm+1 for all m < n− 1. We will sometimes slightly abuse notation and
write, e.g., (~α, ~β) instead of ~α_~β. For instance, if n is a positive integer, λ is an
ordinal, ~γ ∈ λ[n], and α ≤ γ0, then we will think of (α,~γ) as an element of λ[n+1],
namely 〈α〉_~γ. We let λ⊗ [λ]n denote the set of all (α,~γ) such that ~γ ∈ [λ]n and
α ≤ γ0. As in the previous sentence, we will typically think of elements of λ⊗ [λ]n

as (n+ 1)-tuples.
If ϕ and ψ are functions mapping into the same abelian group, then we will

slightly abuse notation and write ϕ+ψ to denote the function ρ such that dom(ρ) =
dom(ϕ)∩dom(ψ) and ρ(x) = ϕ(x)+ψ(x) for all x ∈ dom(ρ). Analogous conventions
apply to similar sums of more than two functions.

If I is an index set, then
⊕

I Z denotes the free abelian group on I; formally,
its elements are finitely supported functions from I to Z. Given e ∈ I, we let bec
denote the basis element of

⊕
I Z associated with e; formally, this is the function

taking value 1 on e and 0 on all elements of I \ {e}. We will sometimes slightly
abuse notation and write, say, b((−1)k, e)c instead of (−1)ibec.

2. Preliminaries on coherence and triviality

In this brief section, we review some background information about nontrivial
coherent families of functions.
Definition 2.1. Suppose that D is a set of ordinals that is closed in its supremum.
Given an abelian group H, and an ordinal γ ∈ D, we say that a function ϕ : D∩γ →
H is locally semi-constant if, for every α ∈ acc(D) ∩ (γ + 1), there is η < α such
that ϕ � D ∩ (η, α) is constant.
Definition 2.2. Suppose that n is a positive integer, D is a set of ordinals closed
in its supremum, H is an abelian group. We say that a family of functions

Φ = 〈ϕ~γ : γ0 → H | ~γ ∈ [D]n〉
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is
(1) coherent modulo locally semi-constant functions if, for all ~δ ∈ [D]n+1, the

function ∑
i≤n

(−1)iϕ~δi : δ0 → H

is locally semi-constant;
(2) trivial modulo locally semi-constant functions if

(a) n = 1 and there exists a function ψ : D → H such that, for all γ ∈ D,
ϕγ − ψ � (D ∩ γ) is locally semi-constant;

(b) n > 1 and there exists a family of functions

Ψ = 〈ψ~β : β0 → H | ~β ∈ [D]n−1〉

such that, for all ~γ ∈ [D]n, the function

ϕ~γ −
∑
i<n

(−1)iψ~γi : γ0 → H

is locally semi-constant.

We will often refer to a family of the form

Φ = 〈ϕ~γ : γ0 → H | ~γ ∈ [D]n〉

as an n-family on D, taking values in H (or simply an n-family, if D and H are clear
from context). It is readily verified that, under the assumptions of Definition 2.2,
if a family Φ = 〈ϕ~γ | ~γ ∈ [D]n〉 is trivial, then it is coherent. The general question
motivating much of this paper concerns determining the situations in which there
exists such a family that is coherent but nontrivial.

By varying the modulus, one obtains other notions of coherence and triviality.
One of the most prominent in the literature is coherence and triviality modulo finite,
in which one replaces the requirement that the relevant functions in Definition 2.2
be locally semi-constant by the requirement that they be finitely supported. In
this paper, we will be almost exclusively be working with coherence and triviality
modulo almost locally constant functions, so if there is no risk of confusion we
will write, simply “coherent” instead of “coherent modulo locally semi-constant
functions”. Moreover, from the point of view of the existence of coherent nontrivial
families, it does not matter whether the modulus is “locally semi-constant” or
“finite”, as evidenced by the following fact, combining Theorem 3.2 and Lemma 7.4
from [1]:2

Fact 2.3. Suppose that n is a positive integer, D is a set of ordinals closed in its
supremum, and H is an abelian group. Then the following are equivalent:

(1) there exists a family of functions 〈ϕ~γ : γ0 → H | ~γ ∈ [D]n〉 that is coherent
and nontrivial modulo locally semi-constant functions;

(2) there exists a family of functions 〈ϕ~γ : γ0 → H | ~γ ∈ [D]n〉 that is coherent
and nontrivial modulo finite.

2The cited results from [1] are stated in the case in which the club D is itself an ordinal, but
the apparently more general statement given here is easily seen to be equivalent to this special
case.
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Let us mention at the end of this section that part of the motivation for the
study of nontrivial coherent families of functions comes from cohomological con-
siderations. Given an ordinal λ, consider λ as a topological space with the order
topology. Given an abelian group H, let FH denote the presheaf on λ defined by
setting FH(U) =

⊕
U H for all open U ⊆ λ, and let AH denote the presheaf defined

by letting AH(U) be the set of all locally semi-constant functions from U to H for
all open U ⊆ λ. Then, as noted in [1, Theorem 3.2], n-families

Φ = 〈ϕ~γ : γ0 → H | ~γ ∈ [λ]n〉
that are coherent and nontrivial modulo finite represent the nonzero cohomology
classes in the Čech cohomology group Ȟ(λ,FH), while families of the above form
that are coherent and nontrivial modulo locally semi-constant functions represent
the nonzero cohomology classes of Ȟ(λ,AH). In particular, when we prove below
that a certain cardinal λ carries an n-family that is nontrivial and coherent modulo
locally semi-constant functions, this will establish that the Čech cohomology group
Ȟ(λ,AH) is nonzero; by [1, Theorem 3.2 and Lemma 7.4], this is equivalent to the
assertion that Ȟ(λ,FH) is nonzero.

3. Higher squares

In this section we begin our investigation into higher-dimensional square prin-
ciples. We first recall the notion of an n-C-sequence from [1] and then specify
what we mean by coherence of an n-C-sequence. We note that a different notion
of coherence is considered in [1, Theorem 7.2(3)]. We found this notion to be too
strong; for instance, in analogy with the 1-dimensional situation at ω1, one would
like it to be the case that, for all n, an order-type-minimal n-C-sequence on ωn is
trivially coherent. This does not seem to be the case for the notion of coherence
considered in [1] but is easily seen to hold for our weaker notion of coherence, as in
such situations the set X(C) introduced below will be empty.

Definition 3.1. Suppose that n is a positive integer, δ is an infinite ordinal, and
D is a club in δ. An n-C-sequence on D is a system C = 〈C~γ | ~γ ∈ I(C)〉 such that
I(C) ⊆ [D]≤n and the following hold:

(1) ∅ ∈ I(C) and C∅ = D;
(2) given 〈β〉_~γ ∈ [D]≤n, 〈β〉_~γ ∈ I(C) if and only if ~γ ∈ I(C) and β ∈ C~γ . In

that case, Cβ~γ is club in β ∩ C~γ (and Cβ~γ = ∅ if β ∩ C~γ = ∅).
We say that an n-C-sequence C on D is order-type-minimal if otp(C~γ) = cf(γ0∩C~γ0)
for all nonempty ~γ ∈ I(C).

Given an n-C-sequence C on D, let X(C) denote the set of α ∈ D for which
there exists ~γ ∈ I(C)∩ [D]n such that α ∈ acc(C~γ). We say that C is n-coherent, or
simply coherent if the value of n is clear from context, if:

(3) For all α ∈ X(C), the following hold:
• for all ~γ ∈ I(C) ∩ [D]n such that α ∈ acc(C~γ), we have C~γ ∩ α = Cα;
• for all ~β ∈ I(C) such that β0 = α and sup(C~β) = α, we have C~β = Cα.

Remark 3.2. We will typically assume without comment that all n-C-sequences
under consideration are minimal at successors, i.e., if ~γ ∈ I(C) ∩ [D]<n and β ∈
nacc(C~γ), then Cβ~γ = {max(C~γ ∩ β)} (or Cβ~γ = ∅ if C~γ ∩ β = ∅). In this case,
we will let I+(C) denote the set of all ~γ ∈ I(C) such that C~γ has more than one
element, i.e., the set of ~γ = 〈γ0, . . . , γm−1〉 in I(C) such that γm−1 ∈ acc(D) and,
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for all k < m−1, we have γk ∈ acc(Cγk+1...γm−1
). Thus, to specify an n-C-sequence

C on a club D, it will suffice to explicitly define clubs of the form C~γ such that
~γ ∈ I+(C).

Suppose that n is a positive integer, λ is an infinite ordinal, D is a club in λ, and
C is an (n+ 1)-C-sequence on D. Fix an ordinal δ ∈ D. Let I(Cδ) = {~γ ∈ [Cδ]

≤n :
~γ_〈δ〉 ∈ I(C)} and, for all ~γ ∈ I(Cδ), set Cδ

~γ = C~γδ.

Proposition 3.3. The sequence Cδ = 〈Cδ
~γ | ~γ ∈ I(Cδ)〉 is an n-C-sequence on Cδ.

Moreover, if C is (n+ 1)-coherent, then Cδ is n-coherent.

Proposition 3.4. Suppose that n is a positive integer, λ is a limit ordinal, D
is a club in λ, and C is a coherent n-C-sequence on D. Then, for every δ ∈
acc(D) ∩ Sλ

≥ℵn
, X(C) ∩ δ is stationary in δ.

Proof. The proof is by induction on n. If n = 1, then, for every δ ∈ acc(D)∩Sλ
≥ℵn

,
we have acc(Cδ) ⊆ X(C), and the conclusion follows. Thus, suppose that n >
1, and fix δ ∈ acc(D) ∩ Sλ

≥ℵn
. It follows immediately from the definitions that

X(Cδ) ⊆ X(C). Moreover, by the induction hypothesis, we know that, for every
γ ∈ acc(Cδ) ∩ Sδ

≥ℵn−1
, the set X(Cδ) ∩ γ is stationary in γ. Since cf(δ) ≥ ℵn,

it follows that X(Cδ) is stationary in δ, and hence X(C) ∩ δ is stationary in δ as
well. �

We now define various natural notions of nontriviality for coherent n-C-sequences.

Definition 3.5. Suppose that n is a positive integer, λ is an ordinal, D is a club
in λ, and C is a coherent n-C-sequence on D.

(1) C is weakly nontrivial if, for every club D′ ⊆ D in λ, there exists α ∈ acc(D′)
such that D′ ∩ α 6= Cα;

(2) C is nontrivial if it cannot be extended to a coherent n-C-sequence on
D∪{λ}, i.e., there does not exist an n-C-sequence C′ on D∪{λ} such that
I(C′) ∩ [λ]≤n = I(C) and, for all nonempty ~γ ∈ I(C), we have C~γ = C ′

~γ ;
(3) C is strongly nontrivial if otp(D) is a regular uncountable cardinal and

either
• n = 1 and C is nontrivial; or
• n > 1 and the set {δ ∈ D | Cδis strongly nontrivial} is stationary in λ.

We let n (D) (resp. nw(D), resp. n s(D)) denote the assertion that there exists
a coherent n-C-sequence on D that is nontrivial (resp. weakly nontrivial, resp.
strongly nontrivial). A witness to n (D) is called a n (D)-sequence (and similarly
for nw(D) and n s(D)).

In Proposition 3.6 and Fact 3.7 below, we establish analogues of the trivial
observations about classical square principles at ℵ0 and ℵ1, namely that �(ℵ0) fails
and �(ℵ1) holds in ZFC.

Proposition 3.6. Suppose that n is a positive integer, λ is an ordinal with cf(λ) <
ℵn, D is club in λ. Then n s(D) fails.

Proof. The proof is by induction on n. If n = 1, then cf(λ) < ℵ1, and hence otp(D)
cannot be a regular uncountable cardinal, so n s(D) fails. Suppose that n > 1 and
we have established the proposition for n − 1. Let C be a coherent n-C-sequence
on D; we will show that it is not strongly nontrivial. Let D′ ⊆ D be club in λ such
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that cf(δ) < ℵn−1 for all δ ∈ D′. Then, for all δ ∈ D′, the inductive hypothesis
implies that Cδ is not strongly nontrivial; it follows that C itself is not strongly
nontrivial. �

It is straightforward to prove by induction on n ≥ 1 that, if C is a coherent
order-minimal n-C-sequence, then it is a n s(D)-sequence. Moreover, if D is a
club in an ordinal λ and otp(D) = ωn, then there exists a coherent order-minimal
n-C-sequence on D. We therefore obtain the following fact.

Fact 3.7. Suppose that n is a positive integer, λ is an ordinal, and D is club in λ
with otp(D) = ℵn. Then n s(D) holds.

We now show that, in the constructible universe there is a preponderance of
higher square sequences.

Lemma 3.8. Suppose that m is a positive integer, n = m + 1, κ < λ are regular
uncountable cardinals, m s

(κ) holds, and there is a �(λ)-sequence D such that the
set

S = {γ ∈ Sλ
κ | otp(Dγ) = κ}

is stationary. Then n s(λ) holds.

Proof. We begin by slightly modifying D. Let S0 = {γ ∈ acc(λ) | otp(Dγ) ≤ κ}
and S1 = acc(λ) \ S0. Now define a sequence D′ = 〈D′

γ | γ ∈ acc(λ)〉 by setting

D′
γ =

{
Dγ if γ ∈ S0

Dγ \Dγ(κ) if γ ∈ S1,

where Dγ(κ) denotes the unique α ∈ Dγ such that otp(Dγ ∩ α) = κ. Note that
S ⊆ S0 and, for all γ ∈ S1, we have acc(D′

γ) ∩ S0 = ∅. Fix a m
s
(κ)-sequence

E = 〈E~η | ~η ∈ I(E)〉.
We will now define a n s(λ)-sequence C = 〈C~γ | ~γ ∈ I(C)〉, recalling from Remark

3.2 our assumption of minimality at successors. The construction will be essentially
disjoint on the sets S0 and S1. In particular, we will have I+(C) ⊆ [S0]

≤n ∪ [S1]
≤n.

Let us first deal with S1. Given ~γ = 〈γ0, . . . , γk−1〉 ∈ [S1]
≤n, we put ~γ ∈ I+(C) if

and only if, for all j < k−1, we have γj ∈ acc(D′
γk−1

); for all such ~γ, set C~γ = D′
γ0

.
We next deal with S0. The idea is to copy E along Dγ for each γ ∈ S. First,

for each γ ∈ S0, set ηγ = otp(Dγ). For each ~γ = 〈γ0, . . . , γk−1〉 ∈ [S0]
≤n, we set

~γ ∈ I+(C) if and only if, for all j < k − 1, the following hold:
• γj ∈ acc(Dγk−1

); and
• one of the following two holds:

– γk−1 ∈ S, 〈ηγj+1
, . . . , ηγk−2

〉 ∈ I(E), and ηγj
∈ acc(Eηγj+1

...ηγk−2
);

– γk−1 /∈ S, 〈ηγj+1 , . . . , ηγk−1
〉 ∈ I(E), and ηγj ∈ acc(Eηγj+1

...ηγk−1
).

For such ~γ, we define C~γ according to the following cases:
• if γ ∈ S, then set Cγ = Dγ ;
• if ~γ = 〈γ0, . . . , γk−1〉 and γk−1 ∈ S, then set

C~γ = {Dγ0
(ξ) | ξ ∈ Eηγ0 ...ηγk−2

};

• if ~γ = 〈γ0, . . . , γk−1〉, γk−1 /∈ S, and k < n, then set

C~γ = {Dγ0(ξ) | ξ ∈ Eηγ0
...ηγk−1

};



HIGHER WALKS AND SQUARES 9

• if ~γ = 〈γ0, . . . , γk−1〉, γk−1 /∈ S, and k = n, then set
C~γ = C~γ0 ∩ γ0.

It is now straightforward if tedious to use the coherence of D and E to verify that
C is a coherent n-C-sequence on λ. Moreover, by construction, for each γ ∈ S,
Cγ is isomorphic to E via the order-preserving bijection πγ : Dγ → κ. Since E is
strongly nontrivial, this implies that Cγ is strongly nontrivial for all γ ∈ S. Since
S is stationary, it follows that C is a n s(λ)-sequence, as desired. �

Corollary 3.9. Let n be a positive integer. If λ ≥ ωn is a regular cardinal that is
not Mahlo in L, then n s(λ) holds.

Proof. If n = 1, then [10, Theorem 7.1.5] implies that �(λ) holds for every regular
uncountable cardinal λ that is not weakly compact in L. We can thus assume that
n = m+1 for some positive integer m. By assumption, we have λ > ωm. If λ is not
Mahlo in L, then [10, Theorem 7.3.1] implies that there is a special �(λ)-sequence.
The exact definition of special �(λ)-sequence is not important here; what is relevant
is that, by [10, Lemma 7.2.12], there exists a �(λ)-sequence D such that the set

S = {γ ∈ Sλ
ωm

| otp(Dγ) = ωm}
is stationary. Then Lemma 3.8 together with Fact 3.7 implies that n s(λ) holds. �

Proposition 3.10. Suppose that n is a positive integer, λ is an ordinal with
cf(λ) ≥ ℵn, D is club in λ, and C is a coherent n-C-sequence on D. If C is strongly
nontrivial, then it is nontrivial, and if C is nontrivial, then it is weakly nontrivial.

Proof. If n = 1, then all three notions of nontriviality coincide, with strong nontriv-
iality having the additional requirement that otp(D) is regular, so there is nothing
to prove. Thus, assume that n > 1. First, we leave to the reader the easy verifica-
tion that, if λ is a successor ordinal or a limit ordinal of countable cofinality, then C
cannot satisfy any of the above varieties of nontriviality; we may thus assume that
cf(λ) > ω.

Assume first that C is not weakly nontrivial, and fix a club D′ ⊆ D such that
D′ ∩ α = Cα for all α ∈ acc(D′).

Claim 3.10.1. acc(D′) ⊆ X(C).

Proof. Fix α ∈ acc(D′). Fix γ ∈ acc(D′)∩ Sλ
ℵn−1

with γ > α, and fix δ ∈ acc(D′) \
(γ + 1). By assumption, we have D′ ∩ δ = Cδ; in particular, γ ∈ acc(Cδ). By
Proposition 3.4, the set X(Cδ)∩ γ is stationary in γ. Since X(Cδ) ⊆ X(C) and γ ∈
acc(D′), we can find β ∈ acc(D′)∩X(C) with α < β < γ. Now find ~ε ∈ I(C)∩ [D]n

with β ∈ acc(C~ε). Then we have C~ε∩β = Cβ = D′∩β. It follows that α ∈ acc(C~ε),
and hence α ∈ X(C). �

We define an extension C′ of C to D ∪ {λ} as follows. Let J be the set of
all ~γ ∈ [D′]<n such that, for all i < |~γ|, we have γi ∈ acc(D′). Set I+(C′) =
I+(C) ∪ {~γ_〈λ〉 | ~γ ∈ J}. By Remark 3.2, it suffices to specify C′�I+(C′). Set
C ′

λ = D′ and, for nonempty ~γ ∈ J , set C ′
~γλ = D′ ∩ γ0.

By Claim 3.10.1 and the fact that D′ ∩ α = Cα for all α ∈ acc(D′), it follows
that C′ is in fact n-coherent and hence witnesses that C is not nontrivial.

We will now show that strong nontriviality implies nontriviality. We will prove
the contrapositive by induction on n, with the case n = 1 having already been
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dealt with in the first paragraph. Suppose next that C is not nontrivial, and let C′

be an extension of C to D ∪ {λ}. We will show that, for all δ ∈ acc(D′
λ), Cδ fails

to be strongly nontrivial. If cf(δ) < ℵn−1, then this follows from Proposition 3.6.
Thus, fix δ ∈ acc(D′

λ)∩Sλ
≥ℵn−1

. We will show that Cδ fails to be nontrivial; by the
inductive hypothesis, this will imply that it is not strongly nontrivial.

We will define an extension E of Cδ to Cδ ∪ {δ} recursively as follows. We will
assume that n > 2. The case in which n = 2 is similar and simpler. Note that,
to define E , it suffices to specify those ~γ ∈ [Cδ]

<n−1 for which ~γ_〈δ〉 ∈ I(E),
and to define E~γδ for such ~γ. We will arrange so that, for each such ~γ, we have
~γ_〈δ, λ〉 ∈ C′ and E~γδ ⊆ C ′

~γδλ. Moreover, we will arrange so that, for all such ~γ,
we have E~γδ = C ′

~γδλ ∩Cδ unless this set would be bounded in E~γ0δ ∩ γ0, in which
case acc(E~γδ) = ∅.

First put 〈δ〉 ∈ I(E) and set Eδ = Cδ∩C ′
δλ. Now suppose that ~γ ∈ I(E)∩[Cδ]

<n−2

and β ∈ E~γδ. If β ∈ nacc(E~γδ), then simply set Eβ~γδ = {max(E~γδ) ∩ β)} (or ∅ if
β = min(E~γδ)).

If β ∈ acc(E~γδ), then by arrangement we have E~γδ = C ′
~γδλ ∩ Cδ. Let Eβ~γ =

C ′
β~γδλ ∩ Cδ if this set is unbounded in β. Otherwise, note that we must have

cf(β) = ω. In this case, let Eβ~γ be an arbitrary ω-sequence that is a subset of
β ∩E~γδ and is cofinal in β. Note that, in this latter case, we must have β /∈ X(C′),
since otherwise we would have C ′

β~γδλ = Cβ = Cβδ ⊆ Cδ.
This completes the description of E . We leave to the reader the straightforward

but somewhat tedious verification that it is coherent and thus witnesses that Cδ is
not nontrivial. �

Definition 3.11. Suppose that λ is an ordinal of uncountable cofinality and S ⊆
acc(λ) is stationary. Then �(S) is the assertion that there exists a sequence C =
〈Cα | α ∈ Γ〉 such that

(1) S ⊆ Γ ⊆ acc(λ);
(2) for all α ∈ Γ, Cα is club in α;
(3) for all β ∈ Γ and all α ∈ acc(Cβ), we have α ∈ Γ and Cα = Cβ ∩ α;
(4) for every club D ⊆ λ, there exists α ∈ Γ ∩ acc(D) such that D ∩ α 6= Cα.

Proposition 3.12. Suppose that µ is an infinite regular cardinal, λ is an ordinal of
cofinality greater than µ, and S ⊆ λ is (≥µ)-club. Suppose that C is a �(S)-sequence
and P is a forcing poset such that


P×P “cf(λ) > µ”.

Then C remains a �(S)-sequence in V P.

Proof. S remains stationary in V P, and items (1)–(3) of Definition 3.11 are clearly
upward absolute to V P, so it suffices to check that item (4) continues to hold in
V P. Suppose for the sake of contradiction that p∗ ∈ P and Ḋ is a P-name forced
by p∗ to be a club in λ with the property that, for all α ∈ acc(Ḋ) ∩ Γ, we have
Ḋ ∩ α = Cα.

Since 
P “Ḋ /∈ V ”, we can find p, p′ ≤ p∗ and an η < λ such that p 
 “η ∈ Ḋ”
and p′ 
 “η /∈ Ḋ”. Now let G×G′ be P×P-generic over V with (p, p′) ∈ G×G′. Let
D and D′ be the interpretations of Ḋ in V [G] and V [G′], respectively. Since cf(λ) >
µ and S is (≥ µ)-club in V [G×G′], we can find α ∈ (acc(D)∩acc(D′)∩S)\ (η+1).
Since p, p′ ≤ p∗, it follows that D ∩ α = D′ ∩ α = Cα. However, since p ∈ G,
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we have η ∈ D, and since p′ ∈ G′, we have η /∈ D′, which yields the desired
contradiction. �

Lemma 3.13. Suppose that µ < κ are infinite regular cardinals, with κ supercom-
pact. Let P = Coll(µ+, <κ), and let Q̇ be a P-name for a κ-directed closed forcing.
Then the following statement holds in V P∗Q̇: for every ordinal λ ∈ cof(≥κ) and
every (≥µ)-club S ⊆ λ, �(S) fails.

Proof. In V , fix an ordinal λ ∈ cof(≥κ) and P ∗ Q̇-names Ṡ and Ċ for a (≥µ)-club
in λ and a sequence satisfying items (1)–(3) of Definition 3.11. We will show that
Ṡ is not a �(Ṡ)-sequence in V P∗Q̇.

Fix a cardinal χ such that χ >> max |Q̇|, λ, and let j : V →M witness that κ is
χ-supercompact. Let G∗H be P∗Q̇-generic over V , and let S and C = 〈Cα | α ∈ Γ〉
be the interpretations of Ṡ and Ċ, respectively, in V [G ∗H].

Note that j(P) = Coll(µ+, <j(κ)). By [6, Lemma 3], we can write j(P) ∼= P∗Q̇∗Ṙ,
where Ṙ is a P ∗ Q̇-name for a µ+-closed forcing. Let I be R-generic over V [G ∗H].
Then, in V [G ∗H ∗ I], we can lift j to j : V [G] → M [G ∗H ∗ I]. In V [G ∗H ∗ I],
consider the set j“H ⊆ j(Q). Note that j“H ∈M [G ∗H ∗ I] and, in M [G ∗H ∗ I],
j(Q) is j(κ)-directed closed. Since |j“H| < χ < j(κ), we can find q+ ∈ j(Q) such
that q+ is a lower bound for j“H. Let H+ be j(Q)-generic over V [G ∗H ∗ I] with
q+ ∈ H+. Then, in V [G∗H∗I∗H+], we can lift j to j : V [G∗H] →M [G∗H∗I∗H+].

Let j(C) = C′ = 〈C ′
α | α ∈ j(Γ)〉. Let δ = sup(j“λ) < j(λ). Note that

sup(j(S) ∩ δ) = δ and cf(δ) = cf(λ) ≥ µ in M [G ∗H ∗ I ∗H+], and thus δ ∈ j(S).
Let D0 = {α < λ | j(α) ∈ C ′

δ}; note that D0 is (<κ)-club in λ. The following claim
will imply that D0 is actually club in λ.

Claim 3.13.1. For all α ∈ acc(D0), D0 ∩ α = Cα.

Proof. Let β = sup(j“α). Note that j“Cα ⊆ C ′
j(α); it follows that β ∈ acc(C ′

j(α)),
and hence C ′

β = C ′
j(α) ∩ β. It follows from the definition of D0 that β ∈ acc(C ′

δ),
and hence, for all η ∈ D0 ∩ α, we have j(η) ∈ C ′

β ⊆ C ′
j(α). By elementarity, it

follows that D0 ∩ α ⊆ Cα.
For the other inclusion, fix η ∈ Cα. Then j(η) ∈ C ′

j(α) ∩ β = C ′
β . Since

C ′
β = C ′

δ ∩ β, it follows from the definition of D0 that η ∈ D0. �

By the above claim, in V [G ∗ H ∗ I ∗ H+], D0 witnesses that C is not a �(S)-
sequence. However, V [G∗H∗I∗H+] is an extension of V [G∗H] by µ+-closed forcing;
therefore, Proposition 3.12 implies that C is not a �(S)-sequence in V [G ∗ H],
either. �

Theorem 3.14. Suppose that n is a positive integer, µ is an infinite regular cardi-
nal, let κ0 = µ+, and let 〈κi | 1 ≤ i < n〉 be an increasing sequence of supercompact
cardinals with κ1 > κ0. Let P = Coll(κ0, <κ1)∗ ˙Coll(κ1, <κ2)∗· · ·∗ ˙Coll(κn−1, <κn),
and let Q̇ be a P-name for a κn-directed closed forcing. Then, in V P∗Q̇, for every
ordinal λ ∈ cof(≥κn) and every club D ⊆ λ, nw(D) fails.

Proof. The proof is by induction on n. If n = 1, then the conclusion follows
immediately from Lemma 3.13, so assume that n > 1. Let G ∗H be P ∗ Q̇-generic
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over V . In V [G∗H], fix an ordinal λ ∈ cof(≥κn), a club D ⊆ λ, and a coherent n-C-
sequence C on D. For each δ ∈ acc(D) ∩ Sλ

≥κn−1
, consider the coherent (n− 1)-C-

sequence Cδ on Cδ. By the inductive hypothesis, Cδ is not weakly nontrivial; we can
therefore fix a club Eδ ⊆ δ such that, for all α ∈ acc(Eδ), we have Eδ ∩ α = Cαδ.

Claim 3.14.1. For all δ ∈ acc(D)∩Sλ
≥κn−1

and all α ∈ acc(Eδ), we have α ∈ X(C).

Proof. Fix δ and α as in the statement of the claim. By Proposition 3.4, X(C) ∩ δ
is stationary in δ, so we can fix β ∈ (X(C) ∩ acc(Eδ)) \ (α + 1). We can then find
~γ ∈ I(C)∩ [D]n such that β ∈ acc(C~γ). By coherence and the choice of Eδ, we have

C~γ ∩ β = Cβ = Cβδ = Eδ ∩ β.
In particular, since α ∈ acc(Eδ), we also have α ∈ acc(C~γ), and hence α ∈ X(C). �

Let S = acc(D) ∩ Sλ
≥κn−1

and Γ = S ∪
⋃
{acc(Eδ) | δ ∈ S}. For α ∈ Γ \ S,

let Eα = Cα. By a straightforward if somewhat tedious case analysis, it follows
that the sequence E = 〈Eα | α ∈ Γ〉 satisfies items (1)–(3) of Definition 3.11. By
Lemma 3.13, �(S) fails in V [G∗H], so there exists a club E∗ ⊆ λ such that, for all
α ∈ Γ∩ acc(E∗), we have E∗ ∩α = Eα. Since Γ is stationary in λ and acc(Eα) ⊆ Γ
for all α ∈ Γ, it follows that acc(E∗) ⊆ Γ.

Claim 3.14.2. For all α ∈ acc(E∗), we have E∗ ∩ α = Cα.

Proof. Fix α ∈ acc(E∗). If α ∈ Γ \ S, then we have Cα = Eα = E∗ ∩ α, so assume
that α ∈ S. Fix β ∈ (acc(E∗) ∩ Sλ

ℵ0
) \ (α + 1). Then we have E∗ ∩ β = Eβ = Cβ .

Moroever, by the fact that β ∈ Γ \ S, there exists δ ∈ S such that β ∈ acc(Eδ), so,
by Claim 3.14.1, we have β ∈ X(C). Fix ~γ ∈ I(C) ∩ [D]n such that β ∈ acc(C~γ). It
follows that

Eα = E∗ ∩ α = Cβ ∩ α = C~γ ∩ α.
In particular, α ∈ X(C), and hence, by coherence, we have Eα = C~γ ∩ α = Cα, so
again E∗ ∩ α = Cα. �

But now E∗ witnesses that C is not a nw(D)-sequence in V [G ∗H], thus estab-
lishing the theorem. �

The next result will prove Theorem A.

Corollary 3.15. Let κ0 = ℵ1 and let 〈κn | 1 ≤ n < ω〉 be an increasing sequence
of supercompact cardinals, and let P = 〈Pn, Q̇m | n ≤ ω, m < ω〉 be a full-support
forcing iteration such that, for all n < ω, we have


Pn
“Q̇n = ˙Coll(κn, <κn+1).

Then, in V P, for every positive integer n, every ordinal λ ∈ cof(>ℵn), and every
club D ⊆ λ, nw(D) fails. In particular, in V P, ℵn is the unique regular cardinal κ
for which nw(κ) holds.

3.1. Forcing to add higher square sequences. In this subsection, we introduce
a forcing to add a n s(λ)-sequence to a regular uncountable cardinal λ ≥ ℵn. Fix a
positive integer n and a regular uncountable λ ≥ ℵn. Define a forcing S = S(λ, n)
as follows. Conditions in S are all coherent n-C-sequences s = 〈Cs

~γ | γ ∈ I(s)〉 such
that s is a coherent n-C-sequence on δs + 1 for some δs < λ. If s, s′ ∈ S, then
s′ ≤S s if and only iff s′ end-extends s, i.e.,

• δs
′ ≥ δs;
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• I(s′) ∩ [δs]≤n = I(s);
• Cs

~γ = Cs′

~γ for all nonempty ~γ ∈ [δs]≤n.

Lemma 3.16. S is λ-strategically closed.

Proof. We describe a winning strategy for Player II in aλ(S). Given a (partial) run
〈sη | η < ξ〉 of the game, for readability we will write Cη

~γ and δη instead of Csη
~γ

and δsη , respectively. We will arrange so that, if Player II plays according to their
winning strategy, then

(1) 〈δη | η < ξ, η even〉 is strictly increasing;
(2) for every limit ordinal η < ξ, we have δη = sup{δζ | ζ < η};
(3) for all m ≤ n and all increasing sequences 〈ηi | i < m〉 of limit ordinals

below ξ, we have 〈δηi | i < m〉 ∈ I(sηm−1
) and C

ηm−1

〈δηi |i<m〉 = {δζ | ζ < η0}.
With the above requirements in place, the description of Player II’s winning

strategy is now almost automatic. Suppose that ξ < λ is an even ordinal and
〈sη | η < ξ〉 is a partial play of the game with Player II playing thus far to ensure
requirements (1)–(3) above. If ξ is a successor ordinal, say ξ = ξ0 + 1, then set
δξ = δξ0 + 1. Let I(sξ) = I(sξ0) ∪ {〈δξ〉, 〈δξ0 , δξ〉}, Cξ

δξ
= {δξ0}, and Cξ

δξ0δξ
= ∅.

This completes the description of sξ.
If ξ is a limit ordinal, then set δξ = sup{δη | η < ξ}. Set

I(sξ) =
⋃

{I(sη) | η < ξ} ∪ {〈δηi | i < |~η|〉_〈δξ〉 | ~η ∈ [acc(ξ)]<n}

∪ {〈δη, δξ〉 | η ∈ nacc(ξ)} ∪ {〈δη, δη+1, δξ〉 | η < ξ}.

Finally, set Cδξ = {δη | η < ξ} and, for all nonempty ~η ∈ [acc(ξ)]<n, set Cξ
〈δηi |i<|~η|〉δξ =

{δζ | ζ < η0}. Set Cξ
δ0δξ

= ∅ and, for all η < ξ, set Cξ
δη+1,δξ

= {δη} and
Cξ

δη,δη+1,δξ
= ∅. It is straightforward to verify that this defines a lower bound

to 〈sη | η < ξ〉 in S and continues to satisfy requirements (1)–(3) above, thus
completing the proof of the lemma. �

Lemma 3.16 implies that forcing with S preserves all cardinalities and cofinalities
≤λ. By the proof of Lemma 3.16, for all α < λ, the set E = {s ∈ S | δs ≥ α} is
dense in S. As a result, if G is S-generic over V , then, in V [G], we can define a
coherent n-C-sequence C on λ by setting I(C) =

⋃
{I(s) | s ∈ G}, C∅ = λ, and,

for all nonempty γ ∈ I(C), C~γ = Cs
~γ for any s ∈ G such that ~γ ∈ I(s). In V , let

Ċ be an S-name for C. The following lemma will imply that Ċ is forced to be a
n s(λ)-sequence in V S.

Lemma 3.17. If n = 1, then


S “{δ ∈ Sλ
ω | otp(Cδ) = ω}” is stationary in λ”.

If n > 1, then


S “{δ ∈ Sλ
ωn−1

| Ċδ is order-minimal} is stationary in λ”.

Proof. We provide the proof in case n > 1. The proof in case n = 1 is similar and
already appears in the literature. Fix a coherent order-minimal (n− 1)-C-sequence
D on ωn−1, and note that X(D) = ∅. Fix a condition s0 ∈ S and an S-name Ė
for a club in λ. We will recursively define a decreasing sequence 〈sη | η ≤ ωn−1〉.
Among other things, our construction will ensure that 〈δη | η ≤ ωn−1〉 is strictly
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increasing and continuous at limits, and that for every limit ordinal η < ωn−1 and
every ξ in the interval [η, ωn−1], we have δη /∈ X(sξ). Since 〈δη | η < ωn−1〉 will
be continuous, it suffices to explicitly ensure this only for limit ordinals η < ωn−1

with cf(η) = ω.
Suppose first that η < ωn−1 and we are given sη. If cf(η) = ω, then note that

cf(δη) = ω, and first extend sη to s′η as follows. Set δs
′
η = δη + 1, and let Cs′η

δ
s′η

=

Aη ∪ {δη}, where Aη is an ω-sequence converging to δη such that Aη 6= Cη
δη

. Set

C
s′η

δη,δ
s′η

= Aη, and extend to an n-C-sequence in the obvious way: set Cs′η

Aη(0),δ
s′η

=

C
s′η

Aη(0),δη,δ
s′η

= ∅, and, for all k < ω, set Cs′η

Aη(k+1),δ
s′η

= C
s′η

Aη(k+1),δη,δ
s′η

= {Aη(k)}

and C
s′η

Aη(k),Aη(k+1),δ
s′η

= C
s′η

Aη(k),Aη(k+1),δη,δ
s′η

= ∅. The point of this is that, since

C
s′η
δη 6= C

s′η

δη,δ
s′η

, and both are cofinal in δη, for any t ≤S s
′
η, we must have δη /∈ X(t).

If cf(η) 6= ω, then simply let s′η = sη. Now find an ordinal βη ∈ [δη, λ) and a
condition sη+1 ≤ s′η such that δη+1 > βη and sη+1 
S “βη ∈ Ė”.

Now suppose that ξ < ωn−1 is a limit ordinal and we are given 〈sη | η < ξ〉.
Define a lower bound sξ as follows. Let δξ = sup{δη | η < ξ}, and let

I(sξ) =
⋃

{I(sη) | η < ξ} ∪ {〈δηi | i < |~η|〉 | ~η ∈ I(D) ∩ [ξ + 1]<n ∧max(~η) = ξ}.

For ~η ∈ I(D) ∩ [ξ + 1]<n such that max(~η) = ξ, let Cξ
〈δηi |i<|~η| = {δζ | ζ ∈ D~η}.

The fact that, for all limit ζ < ξ, we have δζ /∈
⋃
{X(sη) | η < ξ} ensures that sξ

remains n-coherent, so sξ is indeed a lower bound for 〈sη | η < ξ〉.
Finally, if ξ = ωn−1 and 〈sη | η < ξ〉 is given, define sξ as follows. Set δξ =

sup{δη | η < ξ} and

I(sξ) =
⋃

{I(sη) | η < ξ} ∪ {〈δηi | i < |~η|〉_〈δξ〉 | ~η ∈ I(D)}.

Set Cξ
δξ

= {δη | η < ξ} and, for nonempty ~η ∈ D, set Cξ
〈δηi |i<|~η|〉_〈δξ〉 = {δζ |

ζ ∈ D~η}. Again, the fact that δζ /∈
⋃
{X(sη) | η < ξ} for all limit ζ < ξ ensures

that sξ remains n-coherent and is thus a lower bound for 〈sη | η < ξ〉. Moreover,
for all η < ωn−1, we have δη ≤ βη < δη+1 and sωn−1 
 “βη ∈ Ė”. It follows
that sωn−1 
 “δωn−1 ∈ Ė”. Moreover, our construction guarantees that, via the
unique order-preserving map from {δη | η < ωn−1} to ωn−1, the coherent (n−1)-C-
sequence Ċδωn−1 is isomorphic to D and is therefore order-minimal. Since Ė was
an arbitrary S-name for a club in λ, this establishes the lemma. �

The above lemmata establish the following result.

Theorem 3.18. Suppose that n is a positive integer and λ ≥ ℵn is a regular
uncountable cardinal. Then forcing with S = S(λ, n) preserves all cardinalities and
cofinalities ≤λ and


S n
s(λ).

Moreover, if λ<λ = λ, then |S| = λ, and hence forcing with S preserves all cardi-
nalities and cofinalities.
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4. Higher walks

4.1. Preliminaries. In this section, we recall the machinery of higher-dimensional
walks from [1] and then prove that coherence of the n-C-sequence used for walks
is sufficient to guarantee coherence of the associated ρn2 and rn functions. We
note that the n = 1 case is classical, while a version of the n = 2 case, using a
stronger notion of coherence for n-C-sequences than we employ here, was proven
in [1, Theorem 7.2(3)]. Before getting to the main result, Theorem 4.35, which
deals with an arbitrary n ≥ 1, we will first prove Theorem 4.24, dealing with the
special case n = 3. This will introduce all of the important ideas that go into the
proof of Theorem 4.35. Having said this, before getting to Theorem 4.24, we will
need to introduce a slew of terminology and lemmas. These will be given, for the
most part, in their most general version (i.e. an arbitrary n rather than 3), for the
jump from 3 to n does not represent a hurdle in understanding. We will permit
ourselves to break this rule a few times though, most notably in Lemmas 4.17, 4.19
and 4.21, as the diagrams included in their proofs only make sense if n = 3. We
have strived to maintain a balance between economizing repetitions and expository
considerations, and hope that the reader is content with the outcome.

Definition 4.1. Let n be a positive integer. An n-tree is a subset S ⊆ <ωn that is
downward closed, i.e., closed under taking initial segments. Given an n-tree S, the
elements of S are referred to as nodes and, given x ∈ S, we say that x is a terminal
node of S if there does not exist i < n such that xa〈i〉 ∈ S. We say that an n-tree
S is full if, for all x ∈ S, one of the following two alternatives holds:

(1) x is a terminal node of S;
(2) for all i < n, xa〈i〉 ∈ S.

If S is a full n-tree and x ∈ S is not a terminal node of S, then we call x a splitting
node of S.

We are now ready to introduce the higher walks machinery, which will describe,
given an n-C-sequence C on a club D, a method of performing walks from (n+ 1)-
tuples ~γ ∈ D[n+1]. The most important information associated with this walk will
be recorded in the order-n upper trace function TrCn defined below. We should note
that our TrCn function is cosmetically different from that defined in [1]; on its face
our upper trace function sees to record more data about the walk, though given
the n-C-sequence C, the two functions are informationally equivalent.

Recall that, if ~γ is a sequence of length n and i < n, then ~γi denotes the sequence
of length n− 1 obtained by removing γi from ~γ. For notational simplicity, we will
assume throughout this section that our n-C-sequences are on ordinals λ rather
than arbitrary clubs D. The general case involves no new ideas and can be reduced
to this special case via the order-preserving bijection between a club D and its order
type.

Definition 4.2. Given an n-C-sequence C on an ordinal λ, the order-n upper
trace function TrCn has domain {−1, 1} × λ[n+1] and is defined as follows: first, if
~γ ∈ λ[n+1], write ~γ = ι(~γ)aτ(~γ), where τ(~γ) is the longest final segment of ~γ such
that τ(~γ) ∈ I(C). Note that τ(~γ) 6= ~γ, so we can set j := |ι(~γ)| − 1.

Suppose now that (α,~γ) ∈ λ[n+1]. We will recursively define a function

TrCn((−1)k, α,~γ) : SC
n(α,~γ) → {−1, 1} × λ[n+1],
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where SC
n(α,~γ) ⊆ <ωn is a non-empty full n-tree that is constructed together with

TrCn((−1)k, α,~γ). We think of TrCn((−1)k, α,~γ) as a labelled tree, and we will think
of its labels, i.e., of elements of {−1, 1}×λ[n+1], as sequences of length n+2. So, for
example, if x ∈ SC

n(α,~γ) and TrCn((−1)k, α,~γ)(x) = (−1, α,~γ′), then the expression
(TrCn((−1)k, α,~γ)(x))1 would denote the sequence (−1, ~γ′) ∈ {−1, 1} × λ[n]. The
underlying tree, SC

n(α,~γ), will depend only on the ordinal sequence (α,~γ) and
not on the sign (−1)k. The first ordinal entry, i.e. the entry in position 1, of
TrCn((−1)k, α,~γ)(x) will be α for every x ∈ SC

n(α,~γ).
• To start the recursion, decree that ∅ ∈ SC

n(α,~γ) and set

TrCn((−1)k, α,~γ)(∅) := ((−1)k, α,~γ).

• Suppose that x ∈ SC
n(α,~γ) and let ((−1)m, ~β) = TrCn((−1)k, α,~γ)(x), with

β0 = α. Set j + 1 = |ι(~β)|.
– If Cτ(~β) \ βj = ∅, then x is a terminal node of SC

n(α,~γ).
– If Cτ(~β) \ βj 6= ∅, let 〈`i : i < n〉 be the increasing enumeration of the

set {1, . . . , n+1}\{j+1}. We demand that xa〈i〉 ∈ SC
n(α,~γ) for every

i < n and set

TrCn((−1)k, α,~γ)(xa〈i〉) := ((−1)m+j+`i , (ι(~β),min(Cτ(~β) \ βj), τ(~β))
`i).

If m ∈ ω, we will write (−1)mTrCn((−1)k, α,~γ)(x) to denote the result of mul-
tiplying the first coordinate of TrCn((−1)k, α,~γ)(x) by (−1)m. More precisely, if
TrCn((−1)k, α,~γ)(x) = ((−1)`, α, ~β), then

(−1)mTrCn((−1)k, α,~γ)(x) = ((−1)`+m, α, ~β)

As mentioned above, the signs play no role in determining the tree SC
n(α,~γ). For

much of the analysis that awaits us, the signs in TrCn((−1)k, α,~γ) are also irrelevant.
We will therefore introduce the symbol TrCn(α,~γ) to denote the unsigned version
of the upper trace function. This can be defined by a recursion similar to the one
above, but can also be recovered from the signed upper trace by letting TrCn(α,~γ) =

(TrCn (+, α,~γ))
0. We will cavalierly refer to TrCn(α,~γ) as the walk (down) from (α,~γ).

Given x ∈ SC
n(α,~γ), the step (down) from x is the set

TrCn(α,~γ)�
(
{x} ∪ {xa〈i〉 : i < n}

)
.

If x ∈ SC
n(α,~γ), then xa〈i〉 is said to be an immediate successor of x whenever

xa〈i〉 ∈ SC
n(α,~γ). The same terminology applies to the signed versions of these

objects. A sequence ~δ is said to occur along the walk down from (α,~γ) iff there
exists x ∈ SC

n(α,~γ) such that TrCn(α,~γ)(x) =
~δ.

Remark 4.3. While it is not immediately evident from the definition, a well-
foundedness argument implies that higher walks are always finite, i.e., the tree
SC
n(α,~γ) is finite for all (α,~γ) ∈ λ[n+1]. We refer the reader to [1, Theorem 5.4] for

a proof of this fact.

Remark 4.4. If the n-C-sequence C is clear from context, it will sometimes be
omitted from TrCn, SC

n, and similar notation introduced below. We will frequently
blur the distinction between a node x ∈ Sn(α,~γ) and its label Trn(α,~γ)(x), refer-
ring, for example, to “the terminal node (α, ~β)”, where (α, ~β) = Trn(α,~γ)(x). The
same conventions will be used with other walk-related concepts. For example, if
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(α, ~β) = Trn(α,~γ)(x), we will speak of the “step down from (α, ~β)” or “immediate
successors of (α, ~β)”. While this is not entirely unambiguous (for different nodes
on Sn(α,~γ) can have the same label), the point is that determining whether x is
terminal or not, or determining the structure of the step down from x, depends
only on its label (α, ~β).

The next lemma says that a walk can be restarted at any node along itself,
without affecting what happens afterwards:

Lemma 4.5. Let C be an n-C-sequence on an ordinal λ. Suppose that (α,~γ) ∈
λ[n+1] and k ∈ ω. Let x ∈ Sn(α,~γ) and set ((−1)m, α, ~β) = Trn((−1)k, α,~γ)(x).
Then

{z ∈ Sn(α,~γ) : x ⊆ z} = {xay : y ∈ Sn(α, ~β)}

and, if y ∈ Sn(α, ~β),

Trn((−1)m, α, ~β)(y) = Trn((−1)k, α,~γ)(xay).

The analogous statements for the unsigned Trn(α,~γ) are true as well.

Proof. Immediate from the recursive definition of Trn. �

Recall that λ ⊗ [λ]n denotes the set of all (α,~γ) ∈ λ[n+1] such that ~γ ∈ [λ]n.
While we have defined Trn and Sn on λ[n+1] (or {−1, 1} × λ[n+1] for the signed
version of Trn), we will be most interested in its values on λ⊗ [λ]n. The following
proposition indicates that we can safely restrict our attention to this domain.

Proposition 4.6. Let C be an n-C-sequence on an ordinal λ and (α,~γ) ∈ λ⊗ [λ]n.
Then, for all x ∈ Sn(α,~γ), we have Trn(α,~γ) ∈ λ⊗ [λ]n.

Proof. The straightforward proof, by induction on |x| using Definition 4.2 and
Lemma 4.5, is left to the reader. �

Note that, in the case n = 1, the walk described above from a pair (β, γ) ∈ λ[2]

recreates the classical walk from γ to β and, modulo cosmetic differences, the upper
trace function Tr1 is equivalent to the classical upper trace function Tr.

Recall that, in the classical, one-dimensional setting, if we have some (one-
dimensional) C-sequence on an ordinal λ and we are using it to walk down from
γ to β for some β < γ < λ, then the lower trace L(β, γ) is a finite set of ordinals
such that, if α < β and max(L(β, γ)) < α < β, then the walk from γ down to α
starts like the walk from γ down to β, reaches β, and then continues like the walk
from β down to α, i.e., Tr(α, γ) = Tr(β, γ) ∪ Tr(α, β). In the higher-dimensional
setting, an analogous function, Ln, was introduced by Bergfalk in [1, Definition
7.5]. Before reproducing it below (see Definition 4.8), we make a small observation.
Fix n > 0. Let C be an n-C-sequence on an ordinal λ and (α,~γ) ∈ λ[n+1]. We wish
to compare Trn(α,~γ) with Trn(ξ,~γ) for ξ < α. We note that τ(α,~γ) = τ(ξ,~γ) and,
if |τ(α,~γ)| < n, then the step from (ξ,~γ) looks exactly like that from (α,~γ), with
the α’s in coordinate 0 being replaced with ξ’s.

Definition 4.7. Fix n > 0. Let C be an n-C-sequence on an ordinal λ and (α,~γ) ∈
λ[n+1]. Define

En(α,~γ) := {x ∈ Sn(α,~γ) : |τ(Trn(α,~γ)(x))| = n}.
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In words, En(α,~γ) is the set of all nodes x ∈ Sn(α,~γ) such that, when stepping
down from x, we use a club of C whose index has the maximum possible length
(namely, n).

Definition 4.8. Fix n > 0. Let C be an n-C-sequence on an ordinal λ and (α,~γ) ∈
λ[n+1]. The order-n lower trace function Ln(α,~γ) : Sn(α,~γ) → λ is defined by

Ln(α,~γ)(x) := max{sup(α ∩ C(Trn(α,~γ)(y))0) : y ⊆ x ∧ y ∈ En(α,~γ)}

whenever x ∈ Sn(α,~γ), with the convention that max(∅) = 0.

Notation 4.9. If f is a function, I ⊆ dom(f) and t is a function with dom(t) = I,
then we let subtI(f) := t ∪ f�(dom(f) \ I).

If I = {i0, . . . , in} is a finite set and t(ik) = ξk, we will write subξ0,...ξni0,...,in
(f) instead

of subtI(f). We will only need to use this notation for n ∈ {0, 1}.

Lemma 4.10. Fix n > 0. Let C be an n-C-sequence on an ordinal λ and (α,~γ) ∈
λ[n+1]. Let x ∈ Sn(α,~γ) and ξ < λ be such that

Ln(α,~γ)(x�(|x| − 1)) < ξ ≤ α.

Then x ∈ Sn(ξ,~γ) and, for every j ≤ |x|,

Trn(±, ξ, ~γ)(x�j) = subξ1(Trn(±, α,~γ)(x�j)).

In particular, if max(Ln(α,~γ)) < ξ ≤ α, then Sn(ξ,~γ) is an end-extension of
Sn(α,~γ), and the labels Tr(±, ξ, ~γ) on the initial segment Sn(ξ,~γ) are obtained by
taking the labels given by Tr(±, α,~γ) and switching the α in coordinate 1 with a ξ.

Proof. See [1, Lemma 7.7]. �

Definition 4.11. Fix n > 0. Let C be an n-C-sequence on an ordinal λ and
(α,~γ) ∈ λ[n+1]. If x ∈ Sn(α,~γ), then σα~γ(x) denotes the signed basis element of
the free abelian group

⊕
λ[n−1] Z corresponding to Trn(+, α,~γ)(x) with the first two

ordinal coordinates deleted. More precisely,

σα~γ(x) := b((Trn(+, α,~γ)(x))1)1c.

We also let sgnα~γ(x) denote the sign of Trn(+, α,~γ)(x), so that sgnα~γ(x) ∈
{−1, 1}. More formally,

sgnα~γ(x) = [Trn(+, α,~γ)(x)](0).

Observe that the sign of Trn((−1)k, α,~γ)(x) is then (−1)ksgnα~γ(x).

We are now almost ready to introduce the walk-characteristic that will be the
main object of study for the remainder of the paper. We first recall the “generalized
number of steps function” ρn2 from [1].

Definition 4.12. Fix n > 0, and let C be an n-C-sequence on an ordinal λ. Then
the function ρn2 : {−1, 1} × λ[n+1] → Z is defined by setting

ρn2 ((−1)k, α,~γ) =
∑

x∈Sn(α,~γ)

(−1)ksgnα~γ(x)

for all k < ω and (α,~γ) ∈ λ[n+1]. We also let ρn2 (α,~γ) = ρn2 (+1, α,~γ).
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Note that, if n = 1, then ρ12 is essentially the classical number of steps function
ρ2. More precisely, we have ρ12(β, γ) = ρ2(β, γ) + 1 for all β ≤ γ < λ; this “+1”
term is purely cosmetic and makes no difference in the relevant questions about
coherence and triviality. In [1, Theorem 7.2], Bergfalk identifies some special cases
in which the family

Φ(ρn2 ) = 〈ρn2 (·, ~γ) : γ0 → Z | ~γ ∈ [λ]n〉

is coherent modulo locally semi-constant functions. In particular, this holds if C is
an order-type-minimal n-C-sequence on ωn. He asks for more general conditions
on the n-C-sequence C that guarantee coherence of Φ(ρn2 ). We show now that the
coherence condition introduced in Definition 3.1(3) suffices. Looking ahead to an
eventual proof of nontriviality in the next section, though, we prove this not directly
for ρn2 but for a richer function, rn, which we now introduce.3

Definition 4.13. Let C be a coherent n-C-sequence on an infinite ordinal λ and
(α,~γ) ∈ λ[n+1]. Then rn(α,~γ) denotes the sum, in the free abelian group

⊕
λ[n−1] Z,

of the outputs Trn(+, α,~γ)(x) with the first two ordinal coordinates deleted, where
x rangers over Sn(α,~γ). More formally,

rn(α,~γ) :=
∑

x∈Sn(α,~γ)

σα~γ(x)

Remark 4.14. We will be most interested in the values rn(α,~γ) for (α,~γ) ∈
λ⊗ [λ]n. Note that, by Proposition 4.6, we have rn(α,~γ) ∈

⊕
[λ]n−1 Z for all such

(α,~γ). In particular, the n-family

Φ(rn) =

〈
rn(·, ~γ) : γ0 →

⊕
[λ]n−1

Z

∣∣∣∣∣∣ ~γ ∈ [λ]n

〉
consists of functions mapping into

⊕
[λ]n−1 .

We first note that, in the case of n = 1, we have r1 = ρ12, while, for n > 1, it
is a strictly richer object. There is a natural “projection” from rn to ρn2 , though.
More precisely, let $ :

⊕
λ[n−1] Z → Z be the group homomorphism defined by

setting $(b~δc) = 1 for all ~δ ∈ λ[n−1] and extending linearly. Then it follows
immediately from the definitions that $(rn(α,~γ)) = ρn2 (α,~γ) for all (α,~γ) ∈ λ[n+1].
It then follows that, if the n-family Φ(rn) is coherent modulo locally semi-constant
functions, then so is Φ(ρn2 ).

Before turning directly to establishing the coherence of Φ(rn), we will need some
additional machinery. First, it will be convenient to have notation for a signed
version of the tree Sn:

Definition 4.15. Let C be an n-C-sequence on an ordinal λ and (α,~γ) ∈ λ[n+1].
Define

Sn(±, α,~γ) := {(x,±sgnα~γ(x)) : x ∈ Sn(α,~γ)}.
Note that Sn(±, α,~γ) ⊆ <ωn× {−1, 1} and that

Sn(α,~γ) =
{
t|t|−1 : t ∈ Sn(±, α,~γ)

}
.

3The character r is pronounced “resh”. It is a letter in the Phoenician alphabet from which
the Greek letter ρ later descended.
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Lemma 4.16 ([1, Lemma 7.12]). Let C be an n-C-sequence on an infinite ordinal
λ and (α,~γ) ∈ λ[n+2]. Then ⊔

i≤n

bSn(α,~γ
i)

admits a partition ⋃
t∈Z

{(i(t), t), (i(t−), t−)}

such that

Trn((−1)i(t), α,~γi(t))(t0) = −Trn((−1)i(t−), α,~γi(t−))(t0−)

for every t ∈ Z.

4.2. The case n = 3. In this subsection, we present the proof that Φ(r3) is coher-
ent if C is a coherent 3-C-sequence. We begin with a few technical lemmas.

Lemma 4.17. Let C be a coherent 3-C-sequence on an infinite ordinal λ. Let
α < β < γ < λ and consider the node (α, α, β, γ). Then every node of the form
(α, α′, β′, γ′) with α < α′ occurring along the walk down from (α, α, β, γ) must be
terminal. In particular, we must have β′ ∈ Cγ′ . Moreover, there exists ν < α such
that, for every ξ ∈ [ν, α], the node (ξ, α′, β′, γ′) is terminal.

Proof. Suppose first that (α, α′, β′, γ′) is an immediate descendant of (α, α, β, γ).
We distinguish two cases:

• Suppose first that β 6∈ Cγ . Set γ′ := min(Cγ \β). The situation is displayed
in Figure 1.

(α, α, β, γ)

(α, β, γ′, γ) (α, α, γ′, γ) (α, α, β, γ′)
×

Figure 1. The first step on the walk down from (α, α, β, γ). The
symbol × underneath a node indicates that said node is terminal.

Note that (α, β, γ′, γ) must be terminal, because β 6∈ Cγ and Cγ′γ \ β ⊆
Cγ ∩ [γ′, γ) = ∅. By the same reasoning, (ξ, β, γ′, γ) is terminal for every
ξ ≤ α.

• Suppose now that β ∈ Cγ . If α ∈ Cβγ or Cβγ \ α = ∅, then (α, α, β, γ) is
terminal and there’s nothing to do. Suppose therefore that α 6∈ Cβγ and
Cβγ \ α 6= ∅ and let α′ := min(Cβγ \ α). The next step of the walk is
displayed in Figure 2.

Note that (α, α′, β, γ) must be terminal, because Cα′βγ \ α ⊆ Cβγ ∩
[α, α′) = ∅.

To see the “Moreover”, note that α 6∈ Cβγ implies that there exists
some ν < α such that [ν, α] ∩ Cβγ = ∅. Then, if ξ ∈ [ν, α], we have
Cα′βγ \ ξ ⊆ [ν, α] ∩ Cβγ = ∅.
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(α, α, β, γ)

(α, α′, β, γ) (α, α, α′, γ) (α, α, α′, β)
×

Figure 2.

Note that in either of the two previous cases, the other two nodes appearing in the
next step of the walk are of the form (α, α, β∗, γ∗), i.e. their first two coordinates
are the same. Therefore, the general case follows by an easy induction. �

Definition 4.18. Let C be a n-C-sequence on an ordinal λ, with n ≥ 2. Let
(α,~γ) ∈ λ ⊗ [λ]n. We will say that x ∈ Sn(α,~γ) is bad for (α,~γ) iff, letting
(α, ~β) = Trn(α,~γ)(x), we have that ~β ∈ I(C) and α ∈ acc(C~β). When the sequence
(α,~γ) is clear from context, we will simply say that x is bad.

We will often blur the distinction between x and its label (α, ~β) and speak of
(α, ~β) as being bad, the key realization being that it is only the label of x that
determines its badness, and not its position in Sn(α,~γ). We note that, if (α, ~β) is
bad, then α must be a limit ordinal.

Lemma 4.19. Let C be a coherent 3-C-sequence on an ordinal λ. Let α ≤ β <
γ < δ < λ. Suppose that x ∈ S3(α, β, γ, δ) is bad. Then no y ) x is bad.

Proof. Say Tr3(α, β, γ, δ)(x) = (α, β∗, γ∗, δ∗), so that α ∈ acc(Cβ∗γ∗δ∗). The first
step down from (α, β∗, γ∗, δ∗) is displayed in Figure 3. The symbol × indicates that

(α, β∗, γ∗, δ∗)

(α, α, γ∗, δ∗) (α, α, β∗, δ∗) (α, α, β∗, γ∗)
×

...

(α, β, γ, δ)

Figure 3.

the node (α, α, γ∗, δ∗) is terminal, Indeed, α ∈ acc(Cβ∗γ∗δ∗) ⊆ acc(Cγ∗δ∗) ⊆ Cγ∗δ∗

and so Cαγ∗δ∗ is defined and, by definition, Cαγ∗δ∗ \ α = ∅.
By Lemma 4.17, every non-terminal node underneath (α, β∗, γ∗, δ∗) must there-

fore have its first two coordinates identical. But this precludes badness. �

Tuples of the form (α, α, . . . ), already appearing above in Lemma 4.17, will
continue playing a pivotal role. As such, it will be helpful to introduce some termi-
nology:
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Definition 4.20. Let C be a n-C-sequence on an ordinal λ, with n ≥ 2. Let
(α,~γ) ∈ λ ⊗ [λ]n. We will say that x ∈ Sn(α,~γ) is spectacled iff Trn(α,~γ)(x) =

(α, α, ~β) for some sequence ~β.
Note that being spectacled depends on the parameters (C, α,~γ), but these will

be clear from context, so we will avoid mentioning them for reasons of brevity.
Also, being spectacled is really a property of the label of x, so we will usually
abuse notation and refer to the “spectacled node” (α, α, ~β), or its signed version
(±, α, α, ~β).

Lemma 4.21. Let C be a coherent 3-C-sequence on an ordinal λ. Let α ≤ β < γ <
δ < λ. Suppose that x ∈ S3(α, β, γ, δ) is bad, say Tr3(α, β, γ, δ)(x) = (α, β∗, γ∗, δ∗).
If ξ < α, let ηξ := min(Cα \ ξ). Then there exists ξ∗ < α such that, for every
ξ ∈ [ξ∗, α),

(i) If y ∈ S3(α, β, γ, δ) and y ⊆ x, then y ∈ S3(ξ, β, γ, δ) and

Tr3(±, ξ, β, γ, δ)(y) = subξ1(Tr3(±, α, β, γ, δ)(y)).

(ii) If y ∈ S3(α, β, γ, δ), x ⊆ y and y is spectacled, then y ∈ S3(ξ, β, γ, δ) and

Tr3(±, ξ, β, γ, δ)(y) := sub
ξ,ηξ

1,2 (Tr3(±, α, β, γ, δ)(y)).

(iii) If y ∈ S3(α, β, γ, δ) is not spectacled, x ⊆ y and y is terminal, then y ∈
S3(ξ, β, γ, δ) and

Tr3(±, ξ, β, γ, δ)(y) = subξ1(Tr3(±, α, β, γ, δ)(y)).

Proof. By assumption, α ∈ acc(Cβ∗γ∗δ∗), so by coherence Cα = Cβ∗γ∗δ∗ ∩ α.
By Lemma 4.19, no predecessor of x is bad, hence

ξ0 := L3(α, β, γ, δ)(x�(|x| − 1)) < α.

By Lemma 4.10, if ξ ∈ [ξ0, α), then (i) holds.
The goal is to show that (ii) and (iii) hold for a tail of ξ < α. In fact, if (ii) holds

for a tail of ξ < α, then so does (iii): indeed, fix y ∈ S3(α, β, γ, δ) as in (iii), say4

Tr3(α, β, γ, δ)(y) = (α, β′, γ′, δ′) with α < β′. By Lemma 4.17, the immediate pre-
decessor of y in S3(α, β, γ, δ), call it z, was spectacled. Since y is non-spectacled, we
infer that Trn(α, β, γ, δ)(z) = (α, α, γ′, δ′). By (iii), Trn(ξ, β, γ, δ)(z) = (ξ, ηξ, γ

′, δ′).
Since z is not terminal, τ(α, α, γ′, δ′) is a final segment of (γ′, δ′). We will now as-
sume that γ′ ∈ Cδ′ and leave the easier case γ′ 6∈ Cδ′ to the reader. Note that
τ(α, α, γ′, δ′) = (γ′, δ′). Fix ᾱ < α such that [ᾱ, α] ∩ Cγ′δ′ = ∅. If ξ ∈ [ᾱ, α), then
ηξ 6∈ Cγ′δ′ , τ(ξ, ηξ, γ′, δ′) = τ(α, α, γ′, δ′) and

β′ = min(Cτ(α,α,γ′δ′) \ α) = min(Cτ(ξ,ηξ,γ′δ′) \ ηξ).

It follows that, in stepping down from either (α, α, γ′, δ′) or (ξ, ηξ, γ
′, δ′), the same

new ordinal is inserted. Moreover, when going from z to y in Trn(α, β, γ, δ), it is the
second ordinal (namely, α) that gets replaced with β′ (because y is not spectacled),
hence the same must be true in Trn(ξ, β, γ, δ). Therefore

Trn(ξ, β, γ, δ)(y) = (ξ, ηξ, β
′, γ′, δ′)1 = (ξ, β′, γ′, δ′) = subξ1(Trn(α, β, γ, δ)(y)),

as desired.

4In this paragraph, we omit any reference to the signs. The reader can check that these behave
as in (iii), but writing them out would make the notation too cumbersome.
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We will be done if we can argue that (ii) holds. It clearly suffices to show that for
every y ∈ S3(α, β, γ, δ) with x ⊆ y and y non-spectacled, there exists some ξy < α

such that, for every ξ ∈ [ξy, α), Tr3(±, ξ, β, γ, δ)(y) = subξ1(Tr3(±, α, β, γ, δ)(y)).
This will be proven by induction on y.

Our proof will be aided by a series of figures. In order to keep the clutter
down, we have rendered these figures without indicating the signs of the nodes. Of
course, the signs are very important, but the fact that they remain unchanged upon
replacing α by ξ will be immediate from the analysis, so we will not comment on
it any further.

To start the induction, we look at the step down from (α, β∗, γ∗, δ∗), noting
that α = min(Cβ∗γ∗δ∗ \ α), so that the situation is as in Figure 3. Note that the
node (α, α, γ∗, δ∗) is terminal, because α ∈ acc(Cβ∗γ∗δ∗) ⊆ Cγ∗δ∗ and therefore
Cαγ∗δ∗ \ α = ∅.

Now let ξ ∈ [ξ0, α). By coherence, Cα = Cβ∗γ∗δ∗ ∩ α, so min(Cβ∗γ∗δ∗ \ ξ) = ηξ.
Applying (i) and (ii), we have that the walk down from (ξ, β, γ, δ), up to the step
down from (ξ, β∗, γ∗, δ∗), is as in Figure 4.

(ξ, ηξ, γ
∗, δ∗) (ξ, ηξ, β

∗, δ∗) (ξ, ηξ, β
∗, γ∗)

?

(ξ, β∗, γ∗, δ∗)

...

(ξ, β, γ, δ)

Figure 4. The ? indicates that we do not know whether the node
(ξ, ηξ, γ

∗, δ∗) is terminal. Compare with Figure 3.

Comparing figures 3 and 4, we see that (ii) holds for the immediate successors
of x.

For the inductive step, assume that (ii) holds for some spectacled y ⊇ x, say
Tr3(α, β, γ, δ)(y) = (α, α, β′, γ′). We will show that (ii) holds for the immediate
successors of y. We must now embark on some case analysis.

• Suppose that β′ 6∈ Cγ′ and set β′′ := min(Cγ′ \ β′). The step down from
(α, α, β′, γ′) is then as in Figure 5.

Now, if ξ ∈ [ξ0, α), then the next step of the walk down from (ξ, ηξ, β
′, γ′)

is as in Figure 6.



24 CHRIS LAMBIE-HANSON AND PEDRO MARUN

(α, β∗, γ∗, δ∗)

(α, α, β′, γ′)

(α, β′, β′′, γ′) (α, α, β′′, γ′) (α, α, β′, β′′)

(α, β, γ, δ)

...

...

×

Figure 5. Focusing on the underlined nodes, we see that our
walk is “simulating” a two-dimensional walk down from the node
(α, β′, γ′), in the sense that we append an α to our labels and have
a dummy (i.e. terminal) off-shoot. The fact that (α, β′, β′′, γ′) is
terminal follows from Lemma 4.17.

(ξ, β∗, γ∗, δ∗)

(ξ, ηξ, β
′, γ′)

(ξ, β′, β′′, γ′) (ξ, ηξ, β
′′, γ′) (ξ, ηξ, β

′, β′′)

(ξ, β, γ, δ)

...

...

×

Figure 6. Again, the walk simulates a two-dimensional walk, this
time down from the node (ηξ, β

′, γ′). The node (ξ, β′, β′′, γ′) is
terminal by Lemma 4.17. Note also that the node (ξ, β′′, β′, γ′)
showcases an instance of (iii).

Comparing figures 5 and 6, we see that (ii) holds at the immediate suc-
cessors of y.

• Suppose now that β′ ∈ Cγ′ . If α ∈ Cβ′γ′ , then (α, α, β′, γ′) is terminal, and
there is nothing to do. Suppose therefore that α 6∈ Cβ′γ′ . If Cβ′γ′ \ α = ∅,
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then y is again terminal, so we may assume that Cβ′γ′ \α 6= ∅ and therefore
set α′ := min(Cβ′γ′ \ α). The step down from (α, α, β′, γ′) is now as in
Figure 7.

(α, β∗, γ∗, δ∗)

(α, α, β′, γ′)

(α, α′, β′, γ′) (α, α, α′, γ′) (α, α, α′, β′′)

(α, β, γ, δ)

...

...

×

Figure 7. We are once again simulating a two-dimensional walk
between the underlined nodes. The fact that (α, α′, β′, γ′) is ter-
minal follows from Lemma 4.17.

Let ν < α be as in Lemma 4.17. Since Cβ′γ′ is a club, there exists some
ξ1 ∈ [max{ν, ξ0}, α) such that [ξ1, α] ∩ Cβ′γ′ = ∅. Let ξ ∈ [ξ1, α). Then
ξ1 ≤ ξ ≤ ηξ < α, so that ηξ 6∈ Cβ′γ′ and min(Cβ′γ′ \ ηξ) = α′. Therefore,
the step down from (ξ, ηξ, β

′, γ′) is as in Figure 8.

(ξ, β∗, γ∗, δ∗)

(ξ, ηξ, β
′, γ′)

(ξ, α′, β′, γ′) (ξ, ηξ, α
′, γ′) (ξ, ηξ, α

′, β′′)

(ξ, β, γ, δ)

...

...

×

Figure 8. Node (ξ, α′, β′, γ′) is terminal by Lemma 4.17.

We are done proving (ii), and therefore the lemma. �



26 CHRIS LAMBIE-HANSON AND PEDRO MARUN

Lemma 4.22. Let C be a coherent 3-C-sequence on an ordinal λ. Let α ≤ β <
γ < δ < λ, with α a limit ordinal. Then there exists ξ∗ < α such that, for
every ξ ∈ [ξ∗, α], S3(±, ξ, β, γ, δ) is an end-extension of S3(±, α, β, γ, δ) and, for
all x ∈ S3(α, β, γ, δ), σξβγδ(x) = σαβγδ(x).

Proof. For each bad node x ∈ S3(α, β, γ, δ), let ξ∗x < α be a witness to Lemma 4.21.
Then let

ξ0 := max{ξ∗x : x ∈ S3(α, β, γ, δ) is bad}.
Also, set

ξ1 := max{Ln(α, β, γ, δ)(x) : x ∈ S3(α, β, γ, δ) ∧ Ln(α, β, γ, δ)(x) < α}.

Not let ξ∗ := max{ξ0, ξ1}, so that ξ∗ < α. The conclusion now follows by combining
Lemmas 4.10 and 4.21. �

The next lemma is little more than a summary of things we’ve already proven,
but will nevertheless be quite convenient in the sequel.

Lemma 4.23. Let C be a coherent 3-C-sequence on an ordinal λ. Let α ≤
β < γ < δ < λ, with α a limit ordinal. Let x ∈ S3(α, β, γ, δ) be terminal with
Tr3(±, α, β, γ, δ)(x) = ((−1)k, α, β′, γ′, δ′) and α < β′ (i.e., x is not spectacled).
Then there exists ξ∗ < α such that, for all ξ ∈ [ξ∗, α),

Tr3(±, ξ, β, γ, δ)(x) = ((−1)k, ξ, β′, γ′, δ′).

Proof. If x descends from a bad node in Tr3(±, α, β, γ, δ), then the conclusion
follows from Lemma 4.21(ii). If x does not descend from any bad nodes, then the
conclusion follows from Lemma 4.10. �

Recall that, if γ is an ordinal, f is a function with domain γ, and α ≤ γ is a
limit ordinal, we say that f is locally semi-constant at α iff there exists ξ0 < α
such that f�[ξ0, α) is constant. We say that f is locally semi-constant if it is locally
semi-constant at every limit ordinal α ≤ γ.

Theorem 4.24. Let C be a coherent 3-C-sequence on an infinite ordinal λ. Then
the family

Φ(r3) :=

〈
r3(·, ~γ) : γ0 →

⊕
[λ]2

Z

∣∣∣∣∣∣ ~γ ∈ [λ]3

〉
is 3-coherent modulo locally semi-constant functions, i.e., for every ~γ ∈ [λ]4,

(1)
3∑

i=0

(−1)ir3(·, ~γi)

is locally semi-constant at every limit ordinal α ≤ γ0.

Notation 4.25. Suppose that x ∈ S(α,~γ) and Trn(±, α,~γ)(x) = ((−1)m, α, ~β).
We will refer to Trn(±, ξ, ~γ)(x) as the ξ-image of ((−1)m, α, ~β) whenever this makes
sense. In the proof that follows, we will have multiple walks taking place simul-
taneously (because of (1)), so the ξ-image terminology will allow us to remain
agnostic as to which of these walks the node we’re looking at is descended from.
This ambiguity will not compromise the argument, but it will reduce the clutter of
symbols.
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Proof of Theorem 4.24. Let us fix ~γ ∈ [λ]4 and α ≤ γ0 a limit ordinal. Let f : γ0 →⊕
[λ]2 Z be the function defined by setting

(2) f(ξ) :=
∑
i≤3

r(ξ,~γi)

for all ξ < γ0. We want to argue that f is locally semi-constant at α.
Let ξ∗ < α simultaneously satisfy the conclusion of Lemma 4.22 for the tuple

(α,~γi) for all i ≤ 3. If i ≤ 3 and ξ ∈ [ξ∗, α), then

(3) r3(ξ,~γ
i) =

∑
x∈S3(ξ,~γi)

σξ~γi(x) =
∑

x∈S3(α,~γi)

σα~γi(x) +
∑

t∈bS3(α,~γi)

∑
x)t

σξ~γi(x).

Multiplying (3) by (−1)i, summing over i ≤ 3 and applying Lemma 4.16, we
obtain

(4)
∑
i≤3

(−1)ir3(ξ,~γ
i) =

∑
i≤3

(−1)ir3(α,~γ
i)

+
∑
t∈Z

∑
x)t

(−1)i(t)σξ~γi(t)(x) +
∑
x⊃t−

(−1)i(t−)σ
ξ~γi(t−)(x)


︸ ︷︷ ︸

gt(ξ)

for some finite set Z. Now, the quantity between the first pair of square brackets
does not depend on ξ, hence can be ignored. We aim to show that, for each t ∈ Z,
there is some ξt < α so that gt�[ξt, α) is constant. Then, if ξ̂ := max{ξt : t ∈ Z},
we will have shown that f � (ξ̂, α) is constant, completing the proof.

Suppose now that we have fixed t ∈ Z. Going forward, we will almost exclusively
not be working with t and t−, but rather with their labels. Let us suppose, then,
that Tr3((−1)i(t), α,~γi(t))(t) = (+, α, β′, γ′, δ′) and Tr3((−1)i(t−), α,~γi(t−))(t−) =
(−, α, β′, γ′, δ′) (the case in which the signs are reversed is symmetric). Recall
that both are terminal nodes in their respective walks. The non-spectacled case
(i.e. α < β′) is easy and can be dispatched quickly. Indeed, by Lemma 4.23,
there exists ξt < α such that, for all ξ ∈ [ξt, α), we have Tr3((−1)i(t), ξ, ~γi(t))(t) =
(+, ξ, β′, γ′, δ′) and Tr3((−1)i(t−), ξ, ~γi(t−))(t) = (−, ξ, β′, γ′, δ′). It follows that, for
all x ⊇ t, we have x ∈ S3(ξ,~γ

i(t)) if and only if x ∈ S3(ξ,~γ
i(t−)) and, for all such x

in S3(ξ,~γ
i(t)), we have

Tr3((−1)i(t), ξ, ~γi(t))(x) = −Tr3((−1)i(t−), ξ, ~γi(t−))(x).

The relevant expressions in r3 then cancel out in the computation of gt(ξ), that is
to say, gt(ξ) = 0 for all ξ ∈ [ξt, α).

We are therefore left with studying nodes of the form (α, α, β′, γ′) which are
terminal in S3(α,~γ

i) for some i ≤ 3. Our strategy is now as follows:
(a) Each terminal (+, α, α, β′, γ′) is of one of two types: good and bad, with the

bad case falling under the domain of Lemma 4.21.
(b) We then consider three cases: both nodes good, both bad, one good and

one bad.
(c) Argue that, in each case, the function gt is locally semi-constant at α.

By relabeling certain ordinals, suppose that Tr3((−1)i(t), α,~γi(t))(t) = (+, α, α, β′, γ′)
and Tr3((−1)i(t−), α,~γi(t−))(t−) = (−, α, α, β′, γ′). We will now case on whether
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they descend from bad nodes (simultaneously or not). If neither of (+, α, α, β′, γ′)
and (−, α, α, β′, γ′) descend from a bad node, then Lemma 4.10 implies that, for
all large enough ξ < α, the ξ-images of (+, α, α, β′, γ′) and (−, α, α, β′, γ′) are
(+, ξ, α, β′, γ′) and (−, ξ, α, β′, γ′), respectively. Therefore, the cones5 beneath these
nodes must cancel out in the computation of f . If instead both (+, α, α, β′, γ′)
and (−, α, α, β′, γ′) descend from bad nodes, then Lemma 4.21 implies that, for
all large enough ξ < α, the ξ-images of (+, α, α, β′, γ′) and (−, α, α, β′, γ′) are
(+, ξ, ηξ, β

′, γ′) and (−, ξ, ηξ, β′, γ′) respectively, where ηξ = min(Cα \ ξ). Once
again, the cones underneath these nodes cancel out.

Suppose now that (+, α, α, β′, γ′) descends from a bad node (±, α, β∗, γ∗, δ∗),
while (−, α, α, β′, γ′) descends from no bad node (the reverse case is symmetric). For
all large enough ξ < α, the situation is summarized by Figures 9 and 10; note in par-
ticular that the ξ-images of (+, α, α, β′, γ′) and (−, α, α, β′, γ′) are (+, ξ, ηξ, β

′, γ′)
and (−, ξ, α, β′, γ′), respectively.

(ξ, β∗, γ∗, δ∗)

(ξ, ηξ, γ
∗, δ∗)

(ξ, ηξ, β
∗, γ∗)(ξ, ηξ, β

∗, δ∗)
...

?

(ξ, ηξ, β
′, γ′)

(α, β∗, γ∗, δ∗)

(α, α, γ∗, δ∗)

(α, α, β∗, δ∗)

(α, α, β∗, γ∗)

×

(α, α, β′, γ′)

...

× ?

...

(α, α′, β′′, δ′′)
×

...
(ξ, α′, β′′, δ′′)

×

Figure 9. The bad case. By Lemma 4.21, the parts of
S3(α, β

∗, γ∗, δ∗) and S3(ξ, β
∗, γ∗, δ∗) that lie within the dashed

lines are the same.

(ξ, β, γ, δ)

...

(−, ξ, α, β′, γ′)

(α, β, γ, δ)

(−, α, α, β′, γ′)
× ?

...

Figure 10. The good case. We have assumed for definiteness that
the starting node is (α, β, γ, δ). Here, the left and the right trees
are the same, by Lemma 4.10.

5i.e. where the cone at a node is the set of descendants of that node in the walk being
performed.
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Our aim is to compare what happens underneath the nodes (+, ξ, ηξ, β
′, γ′) and

(−, ξ, α, β′, γ′), and argue that the contributions to the value of gt(ξ) do not depend
on ξ for large enough ξ < α. We will argue this in two, combined, ways: first, by
identifying pairs of nodes with opposite-signed labels, which therefore cancel out in
the computation of gt(ξ), and, second, by arguing that the signed trees under the
remaining nodes, and the values of the σξ~γi , for i ∈ {i(t), i(t−)} on said trees, do
not depend on the value of ξ (for all large enough ξ < α). This will imply that the
values they contribute to gt(ξ) is constant for all large enough ξ < α.

Our analysis will require some case analysis. To guide us, let us first explore
what it means for (+, α, α, β′, γ′) to be terminal:

(+, α, α, β′, γ′) is terminal ⇐⇒



β′ 6∈ Cγ′ ∧ Cγ′ \ β′ = ∅
or

β′ ∈ Cγ′ ∧ α 6∈ Cβ′γ′ ∧ Cβ′γ′ \ α = ∅
or

β′ ∈ Cγ′ ∧ α ∈ Cβ′γ′ .

However, the first alternative is impossible, for if β′ < γ′, then Cγ′ \β′ 6= ∅ because
Cγ′ is cofinal in γ′. We are thus left with two possibilities.

• Suppose first that β′ ∈ Cγ′ and α ∈ Cβ′γ′ . This will require a further case
analysis, depending on whether α ∈ acc(Cβ′γ′)

– Suppose that α ∈ acc(Cβ′γ′). By coherence, Cα = Cαβ′γ′ . The step
down from the node (−, ξ, α, β′, γ′) (consult Figure 10) is therefore as
displayed in Figure 11.

(−, ξ, α, β′, γ′)

(−, ξ, ηξ, β′, γ′) (+, ξ, ηξ, α, γ
′) (−, ξ, ηξ, α, β′)

× ×

Figure 11. The good case. One can argue that the node
(−, ξ, ηξ, β′, γ′) is terminal, but this isn’t needed, see below.

Comparing Figure 9 and Figure 11, we see that the nodes (+, ξ, ηξ, β′, γ′)
and (−, ξ, ηξ, β′, γ′) cancel out, and so their net contribution to gt(ξ)
is 0. Also, as α ∈ acc(Cβ′γ′) ⊆ acc(Cγ′), by coherence Cαγ′ = Cα

and so Cηξαγ′ \ ξ = ∅, justifying that (+, ξ, ηξ, α, γ
′) is terminal. The

key point is that this is independent of the value of ξ, so the con-
tribution of this node to gt(ξ) is constant for large enough ξ < α.
To deal with the node (−ξ, ηξ, α, β′), we must split into cases once
more. First, suppose that α ∈ acc(Cβ′). Then Cαβ′ = Cα by coher-
ence and so Cηξαβ′ \ ξ = ∅ by the choice of ηξ, hence (−ξ, ηξ, α, β′)
is terminal. If instead α 6∈ acc(Cβ′), let ᾱ := max(α ∩ Cβ′). If
α ∈ Cβ′ , then whenever ᾱ < ξ < α we have Cαβ′ \ ηξ = ∅, hence
(−ξ, ηξ, α, β′) is terminal. If instead α 6∈ Cβ′ , then (−ξ, ηξ, α, β′) will
simulate a one-dimensional walk from β′ down to α as follows. First,
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let α = βm < βm−1 < · · · < β0 = β′ be the one-dimensional walk from
β′ down to α using the C-sequence 〈Cν : ν < κ〉. For i < n, we have
that α 6∈ Cβi , hence sup(α∩Cβi) < α. Set ε := maxi<m−1 sup(α∩Cβi),
so that ε < α. The situation can be seen in Figures 12 and 13.

β0 = β′

β1

βm−1

α = βm

β2

ᾱ

ε

. .
.

Figure 12. The one dimensional walk between β′ and α and all
the ordinals involved. The dashed lines represent the relevant
clubs, and the absence thereof indicates that the club in question
is disjoint from the interval at hand.

(−, ξ, ηξ, α, β′)

(+, ξ, α, β1, β
′) (+, ξ, ηξ, β1, β

′) (−, ξ, ηξ, α, β1)
× ×

× ×

× × (−, ξ, ηξ, α, βm−1)
×

. . .

Figure 13. The walk from (ξ, ηξ, α, β
′).

In Figure 13, for ξ ∈ (ε, α), the node (ξ, α, β1, β
′) is terminal, because

β1 = min(C ′
β \ α) and hence Cβ1β′ \ α = ∅. The node (ξ, ηξ, β1, β

′)

must then also terminal, since α 6∈ Cβ′ and so Cβ′ ∩ [ηξ, β1) = ∅ for
large enough ξ < α. The remaining node, (ξ, ηξ, α, β1), is obtained
from the original node (ξ, ηξ, α, β

′) by performing a one-dimensional
step from β′ down to α and replacing β′ with the next step on that
lower walk.
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Studying Figure 13, we see that the entire walk down from (ξ, ηξ, α, β
′)

is a simulacrum of the one-dimensional walk from β′ down to α, with
two dummy off shoots at each step. Finally, the node (ξ, ηξ, α, βm−1) is
always terminal, for large enough ξ: if α 6∈ acc(Cβm−1

), then Cαβm−1
\

ξ = ∅ for large enough ξ < α. If instead α ∈ acc(Cβm−1
), then by

coherence Cα = Cαβm−1
and, since ηξ = min(Cα \ ξ), it follows that

Cηξαβm−1
\ ξ = ∅.

Taking stock, we have that the signed tree underneath the node (−, ξ, ηξ, α, β′)
is as in Figure 13 for all large enough ξ < α. In particular, the contri-
bution to gt(ξ) is a constant value in the group

⊕
[λ]2 Z; namely that

which results from considering the labelled tree in Figure 13, deleting
the first two ordinal coordinates, and adding up the results (in the
aforementioned group). Once again, the key point is that this does
not depend on ξ, as long as ξ is sufficiently large (below α).

– Suppose that α 6∈ acc(Cβ′γ′) and set ᾱ := max(α ∩ Cβ′γ′). The situa-
tion at the bad node for ξ > ᾱ is displayed in Figure 14.

(+, ξ, ηξ, β
′γ′)

(+, ξ, α, β′, γ′) (+, ξ, ηξ, α, γ
′) (−, ξ, ηξ, α, β′)

× ?

Figure 14. If ξ > ᾱ, then ηξ 6∈ Cβ′γ′ and min(Cβ′γ′ \ ηξ) = α.

Comparing with Figure 11, we see that the cones underneath (±, ξ, α, β′, γ′)
cancel out. We now claim that the node (+, ξ, ηξ, α, γ′) is always termi-
nal (for sufficiently large ξ). Indeed, if α ∈ acc(Cγ′), then by coherence
Cα = Cαγ′ , so in particular ηξ ∈ Cαγ′ and Cηξαγ′ ⊆ ξ = Cα ∩ [ξ, ηξ) =
∅. If instead α 6∈ acc(Cγ′), set α∗ = max(α ∩ Cγ′). Then, if ξ > α∗,
it follows that ηξ 6∈ Cγ′ and therefore Cαγ′ \ ηξ ⊆ Cγ′ ∩ [ηξ, α) = ∅.
As for the node (−, ξ, ηξ, α, β′), this was already analysed before, see
Figure 13 and the surrounding discussion.
The upshot now is that, for large enough ξ, the values of gt(ξ) are con-
stant, for we have two cancelling cones plus a constant tree stemming
from the simulated one-dimensional walk, as in Figure 13.

• Suppose now that β′ ∈ Cγ′ , α 6∈ Cβ′γ′ and Cβ′γ′\α = ∅. Referring to Figure
10, note that the node (−ξ, α, β′, γ′) is still terminal. On the other hand,
since Cβ′γ′ is closed, we can let ᾱ := max(α ∩ Cβ′γ′) < α. If ξ > ᾱ, then
Cβ′γ′ \ ηξ = ∅, hence the node (+, ξ, ηξ, β

′, γ′) in Figure 9 is also terminal.
Hence they both contribute equally to the computation of gt.

This completes the proof. �

4.3. Interlude: truncated and simulated walks. In the proof of Theorem 4.24,
we bore witness to the following phenomenon: a 3-dimensional walk “simulated” a
1-dimensional walk. This is not a coincidence. In our analysis of higher walks, the
following scenario will repeatedly occur: during the course of an (n+2)-dimensional
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walk, we will encounter a node of the form (ξ, η, α,~γ), and the walk from this node
will have essentially the same structure as a truncated n-dimensional walk from
(α,~γ). In what follows, we will make this more precise and isolate the key features
of this scenario.

Definition 4.26. Suppose that C is an n-C-sequence on an ordinal λ and (α,~γ) ∈
λ[n+1]. Define a tree S−

n (α,~γ) ⊆ <ωn as follows; note that the previously defined
Sn(α,~γ) will be an end-extension of S−

n (α,~γ). First, require that ∅ ∈ S−
n (α,~γ).

Next, suppose that x ∈ S−
n (α,~γ) and that Trn(α,~γ)(x) = (α, ~β). Then declare x

to be a terminal node of S−
n (α,~γ) if either

(1) x is a terminal node of Sn(α,~γ); or
(2) τ(α, ~β) = ~β and α ∈ C~β .

If x is not a terminal node of S−
n (α,~γ), then demand that xa〈i〉 ∈ S−

n (α,~γ) for all
i < n. Set Tr−n ((−1)k, α,~γ) = Trn((−1)k, α,~γ) � S−

n (α,~γ), and define

L−
n (α,~γ) = max{Ln(α,~γ)(x) | x ∈ S−

n (α,~γ) ∧ Ln(α,~γ)(x) < α}.

Note that we always have L−
n (α,~γ) < α.

Note that, if 1 ≤ m < n < ω and C is an n-C-sequence on an ordinal λ, then
C naturally induces an m-C-sequence C′ on λ. Namely, I(C′) = I(C) ∩ [λ]≤m and
C ′
~γ = C~γ for all ~γ ∈ I(C′). If we are in a context in which we have fixed some n-C-

sequence C and we discuss performing an m-dimensional walk for some 1 ≤ m < n,
it should be understood that this walk is the one defined using this C′.

We next introduce some notation regarding stretching m-trees to higher dimen-
sions.

Definition 4.27. Suppose that 1 ≤ m < n < ω.
(1) Given x ∈ <ωm, define sm,n(x) ∈ <ωn by setting dom(sm,n(x)) = dom(x)

and, for all k < dom(x), setting sm,n(x)(k) = x(k) + (n−m).
(2) Given a full m-tree S ⊆ <ωm, define a full n-tree Sn as follows:

(a) for all x ∈ S, put sm,n(x) ∈ Sn;
(b) for all x ∈ S, x is a terminal node of S if and only if sm,n(x) is a

terminal node of Sn;
(c) for all splitting nodes x ∈ S and all i < (n − m), sm,n(x)

a〈i〉 is a
terminal node of Sn.

S ⊆ <ω2 S4 ⊆ <ω4

Figure 15. The effect of stretching a full 2-tree into a full 4-tree.
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We now present our main technical lemma about simulatingm-dimensional walks
inside (m + 2)-dimensional walks. Before reading the lemma, recall the definition
of X(C) from Definition 3.1.

Lemma 4.28. Suppose that m is a positive integer and C is a coherent (m + 2)-
sequence on an ordinal λ. Suppose that ~γ ∈ λ[m] and α ≤ γ0 is in X(C). Suppose
moreover that L−

m(α,~γ) < ξ < α, and let ηξ = min(Cα \ ξ). Then
(1) Sm+2(ξ, ηξ, α,~γ) = (S−

m(α,~γ))m+2; and
(2) for all x ∈ S−

m(α,~γ), if Trm(+, α,~γ)(x) = ((−1)j , α, ~β), then

Trm+2(+, ξ, ηξ, α,~γ)(sm,m+2(x)) = ((−1)j , ξ, ηξ, α, ~β).

Proof. We will prove the following statements for all x ∈ S−
m(α,~γ) by induction on

|x|:
(a) sm,m+2(x) ∈ Sm+2(ξ, ηξ, α,~γ);
(b) if Trm(+, α,~γ)(x) = ((−1)j , α, ~β), then Trm+2(+, ξ, ηξ, α,~γ)(sm,m+2(x)) =

((−1)j , ξ, ηξ, α, ~β);
(c) sm,m+2(x) is a terminal node of Sm+2(ξ, ηξ, α,~γ) if and only if x is a ter-

minal node of S−
m(α,~γ);

(d) if x is a splitting node of S−
m(α,~γ), then, for i < 2, sm,m+2(x)

a〈i〉 is a
terminal node of Sm+2(ξ, ηξ, α,~γ).

This will clearly suffice to establish the lemma. We begin with the base case, i.e.,
x = ∅. Items (a) and (b) are immediate. To see (c), let τ(~γ) denote the longest
final segment of ~γ that is in I(C). Let k = |τ(~γ)| and j = (m−1)−k. In particular,
setting α = γ−1 for convenience, γj is the largest ordinal appearing in 〈α〉a~γ that
does not appear in τ(~γ). There are now a number of options:

• If τ(~γ) = ~γ and α ∈ C~γ , then x is a terminal node of S−
m(α,~γ). There are

now two subcases to consider:
– If α ∈ acc(C~γ), then we have Cα~γ = Cα. In particular, 〈ηξ, α〉a~γ ∈
I(C) and Cηξα~γ \ ξ = ∅, so x = sm,m+2(x) is a terminal node of
Sm+2(ξ, ηξ, α,~γ).

– If α ∈ nacc(C~γ), then we have max(C~γ ∩α) ≤ L−
m(α,~γ) < ξ < ηξ < α.

In particular, 〈α〉a~γ is the longest final segment of 〈ξ, ηξ, α,~γ〉 in I(C)
and Cα~γ \ ηξ = ∅, so again x is a terminal node of Sm+2(ξ, ηξ, α,~γ).

• If Cτ(~γ) \ γj = ∅, then again x is a terminal node of S−
m(α,~γ). In this case,

τ(~γ) is also the longest final segment of 〈ξ, ηξ, α〉a~γ that is in I(C) and γj is
the largest element of 〈ξ, ηξ, α〉a~γ not appearing in τ(~γ), so it immediately
follows that x is also a terminal node of Sm+2(ξ, ηξ, α,~γ).

• If we are in none of the above cases, then x is a splitting node of S−
m(α,~γ).

In particular, we have γj /∈ Cτ(~γ) and Cτ(~γ) \ γj 6= ∅. As in the previous
item, we again see that τ(~γ) is the longest final segment of 〈ξ, ηξ, α〉a~γ that
is in I(C), and the fact that Cτ(~γ) \γj 6= ∅ implies that x is a splitting node
of Sm+2(ξ, ηξ, α,~γ).

We finally verify (d). If x is a splitting node of S−
m(α,~γ), then we are in the case

of the final bullet point above. Let β = min(Cτ(~γ) \ γj), and note that γj < β. In
this case, recalling the definition of Trm+2, we have

Trm+2(ξ, ηξ, α,~γ)(〈0〉) = (ξ, α, γ0, . . . , γj , β, τ(~γ)),

which is terminal due to the fact that 〈β〉aτ(~γ) ∈ I(C) and Cβτ(~γ) \ γj = ∅.
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If j > −1, then we have

Trm+2(ξ, ηξ, α,~γ)(〈1〉) = (ξ, ηξ, γ0, . . . , γj , β, τ(~γ)),

which is terminal for the same reason. If j = −1, and hence τ(~γ) = ~γ, then we
have

Trm+2(ξ, ηξ, α,~γ)(〈1〉) = (ξ, ηξ, β, τ(~γ)).

In this case, we know that max(Cτ(~γ) ∩ α) ≤ L−
m(α,~γ) < ξ < ηξ < α, and

hence we have 〈β〉aτ(~γ) ∈ I(C) and Cβτ(~γ) \ ηξ = ∅, so again 〈1〉 is terminal in
Sm+2(ξ, ηξ, α,~γ). This completes the base case of the induction.

Now suppose that x ∈ S−
m(α,~γ) is a splitting node and we have established

(a)–(d) for x. Fix i < m; we will establish (a)–(d) for xa〈i〉. First note that
sm,m+2(x

a〈i〉) = sm,m+2(x)
a〈i+2〉. Item (a) now follows immediately from the fact

that, by the inductive hypothesis, sm,m+2(x) is a splitting node of Sm+2(ξ, ηξ, α,~γ).
To see (b), let Trm(+, α,~γ)(x) = ((−1)`, α, ~β). As in the base case, let τ(~β) be

the longest final segment of ~β that is in I(C), let k = |τ(~β)|, let j = (m − 1) − k
and, for convenience, set β−1 = α. Since x is a splitting node, it must be the
case that βj /∈ Cτ(~β) and Cτ(~β) \ βj 6= ∅. By the inductive hypothesis, we have
Trm+2(+, ξ, ηξ, α,~γ)(sm,m+2(x)) = ((−1)`, ξ, ηξ, α, ~β); moreover, τ(~β) must be the
longest final segment of 〈ξ, ηξ, α〉_~β that is in I(C).

Let δ = min(Cτ(~β) \ βj). If i ≤ j, then

Trm(+, α,~γ)(xa〈i〉) = ((−1)`+j+i, α, (~β � (j + 1))i, δ, τ(~β))

and

Trm+2(+, ξ, ηξ, α,~γ)(sm,m+2(x)
a〈i+2〉) = ((−1)`+j+i, ξ, ηξ, α, (~β � (j+1))i, δ, τ(~β)).

If i > j, then

Trm(+, α,~γ)(xa〈i〉) = ((−1)`+j+i+1, α, ~β � (j + 1), δ, τ(~β)i−(j+1))

and

Trm+2(+, ξ, ηξ, α,~γ)(sm,m+2(x)
a〈i+2〉) = ((−1)`+j+i+1, ξ, ηξ, α, ~β � (j+1), δ, τ(~β)i−(j+1)).

In either case, xa〈i〉 satisfies item (b).
Items (c) and (d) are now verified exactly as in the base case, mutatis mutandis.

We therefore leave this to the reader. �

4.4. The general case. Before giving the proof of the main result, we need to gen-
eralize some lemmas from the three-dimensional setting. First, we wish to extend
Lemma 4.17 to the case of a general n ≥ 3. For reasons of clarity, it is convenient
to unfold the lemma into two halves:

Lemma 4.29. Let n ≥ 3. Let C be a coherent n-C-sequence on an ordinal λ, and
let (α,~γ) ∈ [λ]n. Let (α, β, ~δ) with α < β be an immediate descendant of the node
(α, α,~γ). Then (α, β, ~δ) is terminal.

Proof. Write (α, α,~γ) = ι(α, α,~γ)aτ(α, α,~γ) and set τ := τ(α, α,~γ) to simplify the
notation. We case on the length of τ :
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• Suppose first that τ is a proper final segment of ~γ, say τ = ~γ�(j+1, n− 1).
Put β := Cτ \ γj , and note that the only immediate descendant of (α, α,~γ)
whose first and second coordinates are different is

(α,~γ�(j + 1), β, τ).

Clearly, β ∈ Cτ and γj 6∈ Cτ . Since Cβτ \ γj ⊆ Cτ ∩ [γj , β) = ∅, it follows
that (α,~γ�(j + 1), β, τ) must be terminal.

• Suppose that τ = ~γ. By definition of τ , α 6∈ C~γ . Let α′ := min(C~γ \ α).
Then the only immediate descendant of (α, α,~γ) which has distinct first
and second coordinates is the node (α, α′, ~γ). Now note that Cα′~γ \ α ⊆
C~γ [α, α

′) = ∅, so (α, α′, ~γ) is terminal.
• The case τ = (α,~γ) is impossible because it would imply that (α, α,~γ) is

terminal. �

Lemma 4.30. Let n ≥ 3. Let C be a coherent n-C-sequence on an ordinal λ, and
let (α,~γ) ∈ [λ]n. Then every node of the form (α, β, ~δ) with α < β occurring along
the walk down from (α, α,~γ) must be terminal. Moreover, for each such (α, β, ~δ),
there exists ν < α such that for every ξ ∈ [ν, α), the node (ξ, β, ~δ) is terminal.

Proof. First, note that there is exactly one immediate descendant of (α, α,~γ) which
is not spectacled. Therefore, by iterating Lemma 4.29, we may assume that (α, α,~γ)
immediately descends to (α, β, ~δ) and therefore that the latter is terminal. To see
the moreover, let τ = τ(α, α,~γ) and case on |τ |:

• If τ is a proper final segment of ~γ, say τ = ~γ�(j+1, n− 1), then (α, β, ~δ) =
(α,~γ�(j + 1), α′, τ), where α′ := min(Cτ \ γj). Note that γj 6∈ Cα′τ by the
choice of α′ and Cα′τ \ γj = ∅, hence (ξ,~γ�(j +1), α′, τ) is terminal for any
ξ ≤ α.

• Suppose that τ = ~γ. By definition of τ , α 6∈ C~γ . Setting α′ := min(C~γ \α),
we see that (α, β, ~δ) = (α, α′, ~γ). Also, there exists ν < α such that [ν, α]∩
C~γ = ∅. But then (ξ, β, ~δ) is terminal whenever ν < ξ < α.

• τ = (α,~γ) is impossible because it implies that (α, α,~γ) is terminal. �

Lemma 4.31. Let n ≥ 3. Let C be a coherent n-C-sequence on an ordinal λ, and
let (α,~γ) ∈ λ ⊗ [λ]n. Suppose that x ∈ Sn(α,~γ) is bad. Then no y ) x is bad for
(α,~γ).

Proof. The argument is identical to that of Lemma 4.19, appealing to Lemmas 4.30
and 4.29 instead of Lemma 4.17. �

Lemma 4.32. Let n ≥ 3. Let C be a coherent n-C-sequence on an ordinal λ, and let
(α,~γ) ∈ λ⊗ [λ]n. Suppose that x ∈ Sn(α,~γ) is bad. If ξ < α, let ηξ := min(Cα \ ξ).
There exists ξ∗ < α such that, for every ξ ∈ [ξ∗, α),

(i) if y ∈ Sn(α,~γ) and y ⊆ x, then y ∈ Sn(ξ,~γ) and

Trn(±, ξ, ~γ)(y) = subξ1(Trn(±, α,~γ)(y));
(ii) if y ∈ Sn(α,~γ) is spectacled and x ⊆ y, then y ∈ Sn(ξ,~γ) and

Trn(±, ξ, ~γ)(y) = sub
ξ,ηξ

1,2 (Trn(±, α,~γ)(y));

(iii) if y ∈ Sn(α,~γ) is not spectacled and x ⊆ y, then y ∈ Sn(ξ,~γ) and

Trn(±, ξ, ~γ)(y) = subξ1(Trn(±, α,~γ)(y)).
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Proof. This is proven in the same way as Lemma 4.21. �

Lemma 4.33. Let n ≥ 3. Let C be a coherent n-C-sequence on an ordinal λ, and
let (α,~γ) ∈ λ⊗ [λ]n, with α a limit ordinal. Then there exists ξ∗ < α such that, for
all ξ ∈ [ξ∗, α], Sn(±, ξ, ~γ) is an end-extension of Sn(±, α,~γ).

Proof. This is the same as the proof of Lemma 4.22, replacing the appeal to Lemma
4.21 with one to 4.32. �

Lemma 4.34. Let n ≥ 3. Let C be a coherent n-C-sequence on an ordinal λ, and
let (α,~γ) ∈ λ ⊗ [λ]n, with α a limit ordinal. Let x ∈ Sn(α,~γ) be terminal and
non-spectacled. Then there exists ξ∗ < α such that, for all ξ ∈ [ξ∗, α),

Trn(±, ξ, ~γ)(x) = subξ1(Tr(±, α,~γ)(x)).

Proof. If x descends from a bad node in Trn(±, α,~γ), then use Lemma 4.32(iii).
Otherwise, apply Lemma 4.10. �

The following establishes Theorem B:

Theorem 4.35. Let n be a positive integer. Let C be a coherent n-C-sequence on
an ordinal λ. Then the n-family

Φ(rn) :=

〈
rn(·, ~γ) : γ0 →

⊕
[λ]n−1

∣∣∣∣∣∣ ~γ ∈ [λ]n

〉

is coherent modulo locally semi-constant functions, i.e., for every ~β ∈ [λ]n+1,
n∑

i=0

(−1)irn(·, ~βi)

is locally semi-constant at every limit ordinal α ≤ β0.

Proof. The case n = 1 is classical and the case n = 2 is as in [1, Theorem 7.2(3)],
mutatis mutandis (it can also be established by an easy modification of the argument
below). We therefore focus on the case n ≥ 3.

Fix n ≥ 3. We proceed like in the three-dimensional case: fix a limit or-
dinal α and a sequence ~β ∈ [λ]n+1 with α ≤ β0, and argue that the function∑n

i=0(−1)irn(·, ~βi) is eventually constant for large enough ξ < α.
Having given all the details in Theorem 4.24, we now give a more informal sketch;

all the main ideas already appeared in the n = 3 case. As before, by Lemma 4.16,⊔
i≤n bSn((−1)i, α, ~βi) can be partitioned into pairs {(i+, t+), (i−, t−)} so that the

values of t+ and t− under the respective Trn-functions are signed (n+ 1)-tuples of
ordinals with opposite signs but equal ordinal entries. Fix such a pair of tuples,
say +~ζ and −~ζ, coming from inputs (i+, t+) and (i−, t−). If ~ζ is not spectacled,
then, by Lemma 4.34, the cones of Sn(ξ, ~β

i+) and Sn(ξ, ~β
i−) below t+ and t−,

respectively, must coincide for all large enough ξ < α. Moreover, the values of
Trn((−1)i+ , ξ, ~βi+) and Trn((−1)i− , ξ, ~βi−) on said cones must be the same but
with opposite signs, hence cancel out in the computation of rn.

We may therefore assume that ~ζ is spectacled. If both +~ζ and −~ζ descend from
no bad nodes, then, by Lemma 4.10, for all large enough ξ < α the portions of the
signed trees underneath t+ and t− must again cancel out in the computation of
rn. If both +~ζ and −~ζ descend from bad nodes, the same holds by an application
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of Lemma 4.32(iv). All that remains is the case of a pair of spectacled nodes
+~ζ = (+, α, α,~γ) and −~ζ = (−, α, α,~γ) where (say) the former descends from a bad
node but the latter does not. Their ξ-images (recall Notation 4.25) are therefore
(+, ξ, ηξ, ~γ) and (−, ξ, α,~γ), respectively.

Let us first suppose that ~γ is not a C-index, i.e. that ~γ 6∈ I(C). Then there exists
i < n− 1 such that γi 6∈ Cγi+1...γn−2 and 〈γi+1, . . . , γn−2〉 ∈ I(C). Since (±, α, α,~γ)
is terminal, it follows that Cγi+1...γn−2

\ γi = ∅. But then (±, ξ, ν,~γ) is terminal
for every ξ < α and every ν with ξ ≤ ν ≤ γ0, so the ξ-images (+, ξ, ηξ, ~γ) and
(−, ξ, α,~γ) are also terminal, hence their contribution to rn is constant.

By the previous paragraph, we may assume from now on that ~γ ∈ I(C). Suppose
now that α 6∈ C~γ . Since (±, α, α,~γ) is terminal, we know that C~γ \ α = ∅. As C~γ

is closed, it follows that C~γ \ ξ = ∅ for all large enough ξ < α, hence the ξ-images
of (±, α, α,~γ) are also eventually terminal.

We now come to the harder case, α ∈ C~γ , which will occupy the bulk of our
work. Say (+, α, α,~γ) descends from the bad node (±, α, ~δ). By coherence, we have
that Cα = α ∩ C~δ. We now embark on some case analysis:

• Suppose that α ∈ acc(C~γ). By coherence, Cα = α ∩ C~γ = α ∩ C~δ. Letting
ηξ := min(Cα \ ξ) for ξ < α, we see that the walk down from (ξ, ~δ) is as
in Figure 16. For comparison, the ξ-image of the good case is displayed in
Figure 17.

...
...

...
...

. . .

(ξ, ~δ)

(ξ, ηξ, ~δ
0) (ξ, ηξ, ~δ

1) (ξ, ηξ, ~δ
n−2) (ξ, ηξ, ~δ

n−1)

(+, ξ, ηξ, ~γ)
?

Figure 16. We assume for concreteness that (α, α,~γ) descends
from (α, α,~δ1).

(−, ξ, α,~γ)

(−, ξ, ηξ, ~γ) (+, ξ, ηξ, α,~γ
0) . . . ((−1)n−3, ξ, ηξ, α,~γ

n−3) ((−1)n−2, ξ, ηξ, α,~γ
n−2)

Figure 17. The ξ-image of the good case.

We thus see that everything under the nodes (+, ξ, ηξ, ~γ) and (−, ξ, ηξ, ~γ)
cancels out. We are therefore left with arguing that the behaviour under
the nodes (ξ, ηξ, α,~γ

i) for i < n − 1 does not depend on ξ so long as ξ is
sufficiently large. Fix i < n− 1.
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– If α ∈ acc(C~γi), then (ξ, ηξ, α,~γ
i) is terminal for all ξ < α. Indeed, α~γi

is a C-index and, by coherence, Cα = Cα~γi , hence ηξ = min(Cα~γi \ ξ)
and therefore

Cηξα~γi \ ξ ⊆ Cα~γi ∩ [ξ, ηξ) = ∅.
– If α ∈ nacc(C~γi), set ᾱ = max(α ∩ C~γi). If ξ > ᾱ, then ηξ 6∈ C~γi ,

and hence (α,~γi) is the longest final segment of (ξ, ηξ, α,~γi) that is a
C-index. But Cα~γi

\ ηξ ⊆ C~γi ∩ (ᾱ, α) = ∅. Therefore, (ξ, ηξ, α,~γi) is
terminal.

– If α 6∈ C~γi , then by Lemma 4.28, the walk simulates an (n − 2)-
dimensional walk down from the node (α,~γi). The tree Sn(ξ, ηξ, α,~γ

i)
is therefore independent of ξ (for large enough ξ < α) and moreover its
labels (minus the first two ordinal entries) must also be independent
of ξ (for large enough ξ < α), again by Lemma 4.28(1)

• Suppose now that α ∈ nacc(C~γ). Set ᾱ = max(α ∩ C~γ). If ξ ∈ (ᾱ, α),
then the node (−, ξ, α,~γ) is terminal, because Cα~γ \ ξ ⊆ C~γ ∩ (ᾱ, α) = ∅.
Similarly, ηξ 6∈ C~γ whenever ξ ∈ (ᾱ, α), and so the situation underneath
the ξ-image (+, ξ, ηξ, ~γ) of the node (+, α, α,~γ) is as in Figure 18.

(+, ξ, ηξ, ~γ)

(+, ξ, α,~γ) (+, ξ, ηξ, α,~γ
0) ((−1)n−1, ξ, ηξ, α,~γ

n−2). . .

Figure 18. The ξ-image of the bad case when α ∈ nacc(C~γ).

The behaviour underneath the nodes (ξ, ηξ, α,~γ
i) is then analysed as

before.
This completes the proof. �

5. Nontriviality

In this section, we prove that, for every positive integer n, performing walks
along a n s(λ)-sequence C yields a function rCn such that the n-family Φ(rCn) is
nontrivial in addition to being coherent. We begin with the classical case of n = 1,
where this result was already known but, as far as we can tell, not recorded in
the literature in this precise form. Recalling that r1 is (modulo irrelevant cosmetic
differences) the classical number of steps function ρ2, we work here with ρ2 rather
than r1.
Fact 5.1. [10, Theorem 6.3.2] Suppose that λ is an ordinal, D is a club in λ, and
C is a 1

s
(D)-sequence. Then, for every unbounded set A ⊆ D and every k < ω,

there are α < β, both in A, such that ρC2 (α, β) > k.
This immediately yields the following corollary stating that, if C is a 1

s
(D)

sequence, then the family Φ(ρC2 ) is nontrivial. Recall that, if λ is an ordinal of
uncountable cofinality, then the nonstationary ideal on λ is weakly normal, i.e.,
for every stationary set S ⊆ λ and every regressive function f : S → λ, there is
a stationary set S′ ⊆ S and an ordinal α < λ such that, for all γ ∈ S, we have
f(γ) ≤ α.
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Corollary 5.2. Suppose that λ is an ordinal, D is a club in λ, and C is a 1
s
(D)-

sequence. Then
Φ(ρC2 ) = 〈ρC2 (·, γ) : D ∩ γ → Z | γ ∈ D〉

is nontrivial.

Proof. Suppose for the sake of contradiction that ψ : D → Z trivializes Φ(ρC2 ).
Then, for each γ ∈ acc(D), we can find αγ < γ and jγ ∈ Z such that ρC2 (β, γ) −
ψ(β) = jγ for all β ∈ (αγ , γ). Note that, since C is a 1

s
(D)- sequence, we must

have cf(λ) ≥ ℵ1. Therefore, we can fix a stationary S ⊆ D, an α ∈ D, and a j ∈ Z
such that, for all γ ∈ S, we have αγ ≤ α and jγ = j. We can also fix an unbounded
set A ⊆ S \ (α + 1) and a k ∈ Z such that, for all γ ∈ A, we have ψ(γ) = k.
It follows that, for all γ < δ, both in A, we have ρC2 (γ, δ) = jδ + ψ(γ) = j + k.
However, by Fact 5.1, we can find γ < δ, both in A, such that ρC2 (γ, δ) > |j + k|.
This contradiction completes the proof. �

We now proceed to the general case. We first need some technical lemmas.

Proposition 5.3. Suppose that n is a positive integer, λ is an ordinal, D is a
club in λ, and C is an (n + 1)-C-sequence on D. Fix ~γ ∈ [D]n+2. For each
x ∈ SC

n+1(~γ), let ε(~γ)(x) denote the maximal ordinal in TrCn+1(+, ~γ)(x). Then, for
each x ∈ SC

n+1(~γ), the following are equivalent:
(1) ε(~γ)(x) = γn+1;
(2) x ∈ <ωn.

Proof. The proof is a straightforward induction on |x|, using the definition of TrCn+1

together with the observation that, for all non-terminal nodes x ∈ SC
n+1(~γ) and all

i < n+ 1, we have ε(~γ)(x_〈i〉) ≤ ε(~γ)(x). �

Lemma 5.4. Suppose that n is a positive integer, λ is an ordinal, D is a club in λ,
and C is an (n+1)-C-sequence on D. Fix δ ∈ acc(D), and let Cδ = 〈C~γδ | ~γ ∈ Iδ(C)〉.
Then, for all ~γ ∈ [Cδ]

n+1,
(1) SCδ

n (~γ) = SC
n+1(~γ, δ) ∩ <ωn;

(2) for all x ∈ SCδ

n (~γ), we have
• TrCn+1(+, ~γ, δ)(x) = (TrC

δ

n (+, ~γ)(x))_〈δ〉;
• LC

n+1(~γ, δ)(x) = LCδ

n (~γ)(x).

Proof. Fix ~γ ∈ [Cδ]
n+1. By induction on |x|, we will prove that, for all x ∈

SC
n+1(~γ, δ) ∩ <ωn, the following statements hold:

(a) x ∈ SCδ

n (~γ);
(b) TrCn+1(+, ~γ, δ)(x) = (TrC

δ

n (+, ~γ)(x))_〈δ〉;
(c) x is a terminal node of SCδ

n (~γ) if and only if it is a terminal node of
SC
n+1(~γ, δ).

This will clearly suffice to establish the lemma.
If x = ∅, then (a) and (b) hold by assumption. To establish (c), note that, since

~γ ∈ [Cδ]
n+1, we certainly have |τC(~γ, δ)| > 1. It then follows that τCδ

(~γ)_〈δ〉 =

τC(~γ, δ) and ιC
δ

(~γ) = ιC(~γ, δ). Let γ∗ denote the maximal entry in ιC
δ

(~γ). Then ∅
is a terminal node of SCδ

n (~γ) if and only if CτCδ (~γ)_〈δ〉 \ γ
∗ = ∅, which in turn holds

if and only if ∅ is a terminal node of SC
n+1(~γ, δ), thus establishing (c).
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Suppose now that x is a non-terminal node of SC
n+1(~γ, δ) and we have established

(a)–(c) for x. Fix i < n; we will establish (a)–(c) for x_〈i〉. Note first that, by the
induction hypothesis, we know that x is not a terminal node of SCδ

(~γ), and hence
x_〈i〉 ∈ SCδ

(~γ), establishing (a).
Suppose that TrC

δ

n (+, ~γ)(x) = ((−1)m, ~β). By the induction hypothesis, it follows
that TrCn+1(+, ~γ, δ) = ((−1)m, ~β, δ). In particular, we know that ~β ∈ [Cδ]

n+1, and
hence we have

• τC
δ

(~β)_〈δ〉 = τC(~β, δ);
• ιC

δ

(~β) = ιC(~β, δ).
Set j + 1 = |ιCδ

(~β)|. Note that j ≤ n, and let 〈`i | i < n〉 be the increasing
enumeration of the set {1, . . . , n+1} \ {j+1}. Let β∗ denote the maximal element
of ιCδ

(~β), and let α∗ = min(CτC(~β,δ) \ β
∗). Then, we have

TrCn+1(+, ~γ, δ)(x
_〈i〉) = ((−1)m+`i , (ιC(~β, δ), β∗, τC(~β, δ))`i)

= ((−1)m+`i , (ιC
δ

(~β), β∗, τC
δ

(~β))`i)_〈δ〉

= (TrC
δ

n (+, ~γ)(x_〈i〉))_〈δ〉.
This establishes (b). Using the above calculations, item (c) is verified in exactly
the same way as it was in the base case, so we leave this to the reader. �

Suppose that n is a positive integer, δ < λ are infinite ordinals, and D is a
cofinal subset of δ. Define a homomorphism πD

n :
⊕

[λ]n Z →
⊕

[D]n−1 Z by letting
πδ
n(b~γ_〈δ〉c) = b~γc for all ~γ ∈ [D]n and πδ

n(b~βc) = 0 for all ~β ∈ [λ]n+1 with βn 6= δ

or ~βn 6⊆ D. The following is now immediate from Lemma 5.4 and Definition 4.13.

Corollary 5.5. Suppose that n is a positive integer, λ is an ordinal, D is a club
in λ, and C is an (n+ 1)-C-sequence on D. Suppose also that δ ∈ acc(D), and let
Cδ be the n-C-sequence on Cδ defined by letting I(Cδ) = {~γ | ~γ_〈δ〉 ∈ I(C)} and
Cδ
~γ = C~γδ for all ~γ ∈ I(Cδ). Then, for all ~γ ∈ [Cδ]

n and all α ∈ Cδ ∩ γ0, we have

r
Cδ

n (α,~γ) = πCδ
n (rCn+1(α,~γ, δ)).

We are now ready for the main theorem of this section, which establishes Theo-
rem C in the introduction.

Theorem 5.6. Suppose that n is a positive integer, D is a club in λ, and C is a
n s(D)-sequence. Then Φ(rCn) is nontrivial modulo locally semi-constant functions.

Proof. The proof is by induction on n. If n = 1, then the result follows from
Corollary 5.2, so suppose that n0 ≥ 1 and n = n0 + 1. Suppose for the sake of
contradiction that Φ(rCn) is trivial, and fix a trivializing family

Ψ =

〈
ψ~γ : D ∩ γ0 →

⊕
[D]n

Z

∣∣∣∣∣∣ ~γ ∈ [D]n0

〉
.

Since C is a n s(D)-sequence, we know that κ := otp(D) is a regular uncountable
cardinal. It follows that the set

E :=

δ ∈ D

∣∣∣∣∣∣ ∀~γ ∈ [D ∩ δ]n−1 ψ~γ [D ∩ γ0] ⊆
⊕

[D∩δ]n

Z


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is a club subset of D. We can therefore find δ ∈ E such that Cδ is a strongly
nontrivial coherent n0-C-sequence on Cδ, and hence, by the inductive hypothesis,
Φ(rC

δ

n0
) is nontrivial.

Let us now make a couple of observations. For each ~γ ∈ [Cδ]
n0 , the function

f~γ := rCn(·, ~γ, δ)−

(
(−1)n0ψ~γ +

∑
i<n0

(−1)iψ~γiδ

)
is locally semi-constant, and hence πCδ

n ◦f~γ is also locally semi-constant. Moreover,
by Corollary 5.5, we know that rCδ

n0
(·, ~γ) = πCδ

n ◦ rCn(·, ~γ, δ). Since δ ∈ E, we know
that πCδ

n ◦ ψ~γ = 0; putting this together, it follows that

πCδ
n ◦ f~γ = rC

δ

n0
(·, ~γ)−

∑
i<n0

(−1)iπCδ
n ◦ ψ~γiδ(5)

is locally semi-constant for all ~γ ∈ [Cδ]
n0

Suppose first that n0 = 1, and let σ = πCδ
n ◦ ψδ. Then equation (5) implies that

σ trivializes Φ(rC
δ

n0
), contradicting the fact that Φ(rC

δ

n0
) is nontrivial.

Suppose next that n0 > 1. For each ~β ∈ [Cδ]
n0−1, let σ~β = πCδ

n ◦ ψ~βδ. Then
equation (5) implies that the family 〈σ~β | ~β ∈ [Cδ]

n0−1〉 trivializes Φ(rC
δ

n0
), again

yielding the desired contradiction. �

We end this section with the promised discussion of the prospects for deriving
nontrivial coherent n-dimensional families of functions mapping into Z via the ma-
chinery of higher-dimensional walks. As mentioned in the introduction, it seems
somewhat unlikely that this can be done in a canonical and uniform way for n > 1.
The reason for this is the following fact, from a forthcoming work of Bergfalk,
Zhang, and the first author.

Fact 5.7 ([4]). Suppose that n < ω, 2ωn = ωn+1, and
Φ = 〈ϕ~γ : γ0 → Z | ~γ ∈ [ωn+2]

n+2〉
is coherent mod finite. Then there is a cardinal-preserving forcing extension in
which Φ is trivial mod finite.

An analogue of this fact should also hold for coherence and triviality modulo
locally semi-constant functions. To see the relevance of this fact, suppose that we
are in a model of ZFC in which n0 < ω, 2ωn0 = ωn0+1, and C is an order-type-
minimal (n0 + 2)-C-sequence on ωn0+2. In particular, letting n = n0 + 2, C is
trivially a n s(ωn)-sequence. Now suppose that

ΦC = 〈ϕ~γ : γ0 → Z | ~γ ∈ [ωn]
n〉

is a coherent n-family of functions derived in a sufficiently canonical and uniform
way from performing n-dimensional walks using C. By the above fact, there is a
cardinal-preserving forcing extension V ′ in which ΦC is trivial. However, in V ′, C
remains an order-type-minimal n-C-sequence and hence a n s(ωn)-sequence. More-
over, as long as the passage from C to ΦC is sufficiently absolute, as is the case in all
current families derived from the walks machinery, ΦC as computed in V ′ will equal
ΦC as computed in V . But ΦC is trivial in V ′, suggesting that there cannot be a
simple “recipe” for converting a n s(λ)-sequence into a nontrivial coherent n-family
of functions mapping into Z. This observation partially justifies our moving from
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the function ρn2 to the richer function rn, which, for n ≥ 2, maps not into Z but
into the larger group

⊕
[λ]n−1 Z.
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