BOUNDED STATIONARY REFLECTION II

CHRIS LAMBIE-HANSON

ABSTRACT. Bounded stationary reflection at a cardinal A is the assertion that
every stationary subset of A reflects but there is a stationary subset of A that
does not reflect at arbitrarily high cofinalities. We produce a variety of models
in which bounded stationary reflection holds. These include models in which
bounded stationary reflection holds at the successor of every singular cardinal
1 > R, and models in which bounded stationary reflection holds at ut but
the approachability property fails at u.

1. INTRODUCTION

The reflection of stationary sets is a topic of fundamental interest in the study
of combinatorial set theory, large cardinals, and inner model theory and provides
a useful tool for the investigation of the tension between compactness and incom-
pactness phenomena. In this paper, we extend results, inspired by a question of
Eisworth, of Cummings and the author [3]. We start by reviewing the relevant
definitions and providing an outline of the structure of the paper.

Definition 1.1. Let A > w; be a regular cardinal.

(1) If S C X is a stationary set and a < A has uncountable cofinality, then S
reflects at o if S N« is stationary in a. S reflects if there is a« < A with
uncountable cofinality such that S reflects at a.

(2) If p1 is a singular cardinal and A = pt, then Refl(\) holds if every stationary
subset of A reflects.

(3) If p is a singular cardinal, A\ = u, and S C X is stationary, then S reflects
at arbitrarily high cofinalities if, for all k < p, there is @ < A such that
cf(a) > k and S reflects at .

(4) If p is a singular cardinal and A = p*, then bRefl(A) (bounded stationary
reflection at A) holds if Refl(\) holds but there is a stationary T C \ that
does not reflect at arbitrarily high cofinalities.

Eisworth [4] asked whether bRefl(\) is consistent when A is the successor of a
singular cardinal. bRefl(R,, ;1) is easily seen to be inconsistent, but Cummings and
the author showed in [3] that, for other values of A, bRefl(\) is consistent modulo
large cardinal assumptions. In particular, the following theorem was proven.

Theorem 1.2. Suppose there is a proper class of supercompact cardinals. Then
there is a class forcing extension in which, for every singular cardinal p > X, such
that p is not a cardinal fized point, bRefl(u™) holds.
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This left open the question of whether it is consistent that bRefl(u™) holds for
every singular cardinal ¢ > RN,,. In this paper, we answer this question affirmatively
and prove a number of variations on Theorem 1.2.

In Section 2, we briefly discuss the notion of approachability before defining some
of the forcing posets to be used throughout the paper and introducing their basic
properties. In Section 3, we prove a general lemma about iteratively destroying
stationary sets. In Section 4, we prove a dense version of Theorem 1.2 by producing
a model in which Refl(R,,.241) holds and, for every stationary S C Si“?;'j“, there is
a stationary 7" C S that does not reflect at arbitrarily high cofinalities. In Section
5, we prove a global version of Theorem 1.2 by producing a model in which, for
every singular cardinal p > R, bRefl(z™) holds.

The proofs of the results in Sections 4 and 5 and in [3] rely heavily on the
approachability property holding in the final model. The relationship between
approachability and stationary reflection is complicated and interesting, and in the
last two sections of this paper we investigate the extent to which we can get bounded
stationary reflection together with the failure of approachability. In Section 6, we
produce a model with a singular cardinal p such that AP, fails and bRefl(u™)
holds. In this model p is a limit of cardinals which are supercompact in an outer
model. In Section 7, we show that this result can be attained with u = N 2.5.

Our notation is for the most part standard. The primary reference for all unde-
fined notions and notations is [7]. If kK < A are infinite cardinals, with x regular,
then S = {a < A | cf(a) = k}. Expressions such as S2, or S2, are defined in the
obvious way. If X is a set of ordinals, then nacc(X) (the set of non-accumulation
points of X) is the set {& € X | sup(X Na) < a}, X’ is the set of limit points of
X (i.e. X \nacc(X)), and otp(X) is the order type of X. If (P¢, Q¢ | € <7, < %)
is a forcing iteration with supports of size u for some cardinal u, we will frequently
write I-¢ instead of IFp,. Conditions of P, are thought of as functions p such that
dom(p) € [y]=* and, for all ¢ € dom(p), IF¢ “p(¢) € QC.” For ¢ < £ <, we let Pc,s
be a P;-name such that Pe = P¢ ]I'DQE.

2. APPROACHABILITY AND FORCING PRELIMINARIES

Definition 2.1. Let A be a regular, uncountable cardinal.

(1) Let @ = (aq | @ < A) be a sequence of bounded subsets of A. If v < A, v
is approachable with respect to @ if there is an unbounded A C  such that
otp(A) = cf() and, for every 5 < =, there is a < y such that AN S = a,.

(2) If B C A, then B € I[)] if there is a club C' C X and a sequence @ = {(a, |
a < A) of bounded subsets of A such that, for every v € BN C, cf(y) < v
and + is approachable with respect to d.

(3) If p is a singular cardinal and A = pt, then AP, is the assertion that
A e I[N

A wealth of information about approachability, including proofs of the statements
in the following remark, can be found in [5, Section 3].

Remark 2.2. Let A be a regular, uncountable cardinal.

(1) I[A] is a normal, A\-complete ideal extending the non-stationary ideal on A.
(2) S} € I[N, and, if  is a regular uncountable cardinal such that k* < A,
then there is a stationary S C S such that S € I[A].
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(3) Suppose A<* = X\, and let @ = (a, | @ < A) be a fixed enumeration of all
bounded subsets of A\. If B C A, then B € I[A] iff there is a club C C A
such that every element of B N C' is approachable with respect to a.

Definition 2.3. Let 6 be a regular cardinal, and let < be a well-ordering of H(0).
An internally approachable chain of substructures of H(#) is a C-increasing, con-
tinuous sequence (M; | i < n) such that, for all i < n:

o M; < (H(0),¢e,<).

° <Mk | k< Z> S Mi+1~

The notion of approachability is intimately connected with internally approach-
able chains. The following result is obtained in the proof of Claim 4.4 in [6].

Lemma 2.4. Let A < 0 be regular cardinals, let x € H(0), and let < be a well-
ordering of H(0). Suppose S € I[\]. Then there is a club C C X such that, for
every vy € CNSN SQW letting k = cf(7y), there is an internally approachable chain
(M; | i < k) of substructures of H(0) such that:

(1) Foralli <k, |M;] < K.

(2) z € M.

(3) If M =, My, then v =sup(M N N).

Before we introduce specific forcing posets, we recall the notions of directed
closure and strategic closure.

Definition 2.5. Let PP be a partial order.
(1) A subset D C P is directed if, for all p,q € D, there is r € D such that
r<p,q.
(2) Suppose p is a cardinal. P is u-directed closed if, whenever D C P is directed
and |D| < p, there is ¢ € P such that, for all p € D, ¢ < p.

Definition 2.6. Let P be a partial order and let 5 be an ordinal.

(1) The two-player game Gg(PP) is defined as follows: Players I and II alter-
nately play entries in (p, | 0 < @ < ), a decreasing sequence of conditions
in P. Player I plays at odd stages, and Player II plays at even stages (includ-
ing all limit stages). If there is a limit stage a < 8 at which (p, | 0 <7 < «)
has no lower bound, then Player I wins. Otherwise, Player II wins.

(2) G%(P) is defined just as Gg(P) except that Player I plays at limit stages
instead of Player II.

(3) P is B-strategically closed if Player II has a winning strategy for the game
Ga(P). Pis strongly B-strategically closed if Player II has a winning strategy
for the game G(PP). The notions of (< 3)-strategically closed and strongly
(< B)-strategically closed are defined in the obvious way.

Remark 2.7. Note that a p-directed closed forcing notion is strongly (< p)-
strategically closed. Also observe that, if P is (< pu)-strategically closed, then
forcing with P does not add any new sequences of ordinals of length < p.

We now define a number of forcing posets to be used throughout the paper and
state some of their basic properties. We first introduce a poset used to force AP,.
Suppose p is a singular cardinal, A = p*, and A<* = \. Let @ = {a, | @ < A) be
an enumeration of the bounded subsets of A. Let S be the set of ordinals that are
approachable with respect to d@. The poset Az consists of closed, bounded subsets of
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S and is ordered by end-extension, i.e. ¢ < d if ¢N(max(d) +1) = d. The following
is due to Shelah. For a proof, see Fact 2.8 of [12]. It is explicitly shown there
only that Az is (< A)-strategically closed, but the proof easily yields the stronger
statement.

Proposition 2.8. Az is strongly (< A)-strategically closed.

Since A<* = \, |Az| = A, so Az has the A*-c.c., and hence forcing with Az
preserves all cardinalities and cofinalities.

Next, we define a poset to add a stationary set that only reflects at points of
small cofinality. Let k < p < A be infinite, regular cardinals. Conditions in 827 u
are functions s € 7**12 such that:

(1) vs < A

(2) {a <7 | s(a) =1} C 52

(3) {a <~ | s(a) =1} N B is nonstationary in 8 for all § € Séu'
Conditions are ordered by reverse inclusion. We will sometimes abuse notation and
identify s with {a < 7, | s(a) = 1} in statements such as “s does not reflect at any
B e Séu.” Note, however, that recovering s from {a < v, | s(a) = 1} requires the
parameter -ys.

Proofs of the following facts can be found in Section 2 of [3].

Lemma 2.9. LetS = Sé#.

(1) S is p-directed closed.

(2) S is (< N)-strategically closed.

(3) Let G be S-generic over V, and let S = {a < A | for some s € G, s(a) = 1}.
Then, in V[G], S is a subset of S} that does not reflect at any ordinal in
s3,

If A<* = )\, then ‘Sﬁ,u‘ = ), so, in this case, Sﬁyu has the AT-c.c. and forcing
with S ., preserves all cardinalities and cofinalities. Lemma 2.10 below, combined
with clause (2) of Remark 2.2, will imply that the generic S C S added by S}, 18
stationary in A.

For some constructions we will need a variant of Sé, u- Let g < A be infinite,
regular cardinals, and let T' C Si . be stationary. St is defined exactly as 827 u
except that, for s € Sp,, instead of clause (2), we require that, if s(a) = 1, then
a € T. Note that Sﬁ# = Ssa,u- The purpose of St is to add a subset of T
that does not reflect at any ordinals in Sg 4~ The same arguments used for 827 "
show that Sp, is p-directed closed and (< \)-strategically closed and, assuming
A<M =\ has the At-c.c. If S (with canonical name S) is the subset of T' added by
St s it is clear that S does not reflect at any ordinals in S2 - With an additional
assumption, we can ensure as well that .S is stationary.

Lemma 2.10. Suppose there is a stationary T* C T such that T* € I[\]. Then
ks, “S is stationary.”

Proof. Let S = S¢,. Let C be an S-name for a club in A, and let s € S. We will
find s* < s and 8 < A such that s* I “S e SNC.”

Let 6 be a sufficiently large regular cardinal. Suppose first that 7N 52 is sta-
tionary, and find a countable M < (H(6),€,<) such that {S,s,C} € M and
B :=sup(MNA)eT. Let (6, | » <w) be an increasing sequence of ordinals from
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M that is cofinal in §. Construct a decreasing sequence (s,, | n < w) of conditions
from SN M and an increasing sequence of ordinals (o, | n < w) from M such that:

® 5o < s. )

e For all n < w, min(ys, , ) > By, and s, IF “a,, € C.7
The construction is straightforward. Let s* = {(8,1)} UU, ., $n- Then s* < s,
for all n < w. Therefore, s* I- “{a,, | n < w} C C”. In particular, s* IF “4 is a limit
point of C,” so, since C is forced to be a club and s*(8) =1, s*IF “6e€ SNC.”

Suppose next that 7'M S2 is non-stationary. Since T* € I[\], we can apply

Lemma 2.4 to find M < H(6) such that:

e Bi=sup(M NN eT*NS,.

o |M| = k, where k = cf(f).

e M is the union of an internally approachable chain (M; | i < k) of sub-

structures of H(#), where |M;| < & for all i < k.
e {S,s,C} C M.
We now construct a decreasing sequence of conditions (s; | i < ) such that:

® 59 < s.

e Forall i <k, s; € M;11.

e For all i < &, there is a;; > sup(M; N A) such that «; € M, 11 and s; IF “a; €

cr

The construction is a straightforward recursion using the p-closure of S and main-
taining the additional requirement, made possible by the internal approachabil-
ity of (M; | ¢ < k), that, for every i < &, (s; | 7 < %) € M;11. Now let
s* = {(B,1)} U<, 5i- s is easily seen to be a member of S, and, as in the
previous case, s* I- “g € SNC.” O

We now introduce a well-known poset used to destroy the stationarity of subsets
of A\, where X is an uncountable, regular cardinal. Let S be a subset of A, and let
CU(S) consist of closed, bounded ¢t C A such that tN.S = () and, if & € nace(t), then
cf(a) = w. (This last condition is not strictly necessary, but it will make certain
technical points simpler.) We denote max(t) by v:. If G is CU(S)-generic over V,
then S is no longer stationary in V[G]. In general, forcing with CU(.S) can collapse
cardinals. However, if S was just added by SQ, . Or St,,, then the forcing is quite
nice.

Lemma 2.11. Let S = S}, (or Sp,,), and let S be a name for the stationary

subset of A added by S. Then S * CU(S) has a A-closed dense subset.

Proof. Let U be the set of (s,i) € S« CU(S) such that there is ¢ € V such that
sl “ =t and 75 = ;. We first show that U is A-closed. Let § < X be a limit
ordinal, and suppose ((s,,t,) | n < &) is a strictly decreasing sequence from U,
where, for each n < 6, t,, € V witnesses (s, 1) € U. Let v* = sup({~s, | n < 6}),
let s* = {v*,0} UU, 589, let t* = {y*} U, 5y, and let i* be an S-name
forced by s* to be equal to t*. Since t* witnesses that s* does not reflect at ~*, it is
straightforward to verify that (s*,*) € U and is a lower bound for {(s,, t,) | n < ).

We next show that U is dense in S« CU(S). To this end, let (s,i) € S* CU(S).
We will find (s*,1*) < (s,f) with (s*,1*) € U. Since S is (< \)-strategically closed
and hence does not add any new sequences of ordinals of length < A, we can find
so < s and t € V such that sg IF “é = ¢.” Without loss of generality, vs, > v:. Let
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Y = s +w. Define s* < sg with 4+ = 7* by letting s*(a) = 0 for all & € (75,77,
let t* = t U {y*}, and let £* be an S-name forced by s* to be equal to t*. Then
(s*,*) is as desired. O

We will need the following well-known facts:

Fact 2.12. [9, Lemma 3] Let k be a regular cardinal, and let k < X\ < p. Sup-
pose that, in VCU<N P s o separative, strongly r-strategically closed partial
order and |P| < p. Let i be the natural complete embedding of Coll(k,< A) into
Coll(k, < p) (namely, the identity embedding). Then i can be extended to a com-
plete embedding j of Coll(k, < A) x P into Coll(k, < p) so that the quotient forcing
Coll(k, < p)/§[Coll(k, < X) * P] is k-closed.

Fact 2.13. [11, Theorem 20] Let p and k be cardinals. Suppose that AP, holds, S

kTt

is a stationary subset of ST, and P is a p-closed forcing poset. Then S remains

stationary in V.

3. DESTROYING STATIONARY SETS

At many points in this paper, we will want to use a forcing iteration to destroy
the stationarity of many sets. We will also want to ensure that we do not collapse
any cardinals in the process. With this in mind, we prove here a general lemma
which we will use, either directly or via a modification, throughout the remainder
of the paper.

Let A be a regular cardinal, and assume that A<* = X and 2* = At. Let S
be a AT-c.c. forcing poset, and let T be an S-name for a forcing poset such that
S * T has a dense \-closed subset (note that, in particular, this implies that S is
M-distributive and kg “T is A-distributive”).

In V5, let <P£7QC | € < AT,( < AT) be a forcing iteration with supports of size
< X such that, for every ¢ < A*, there is a Pc-name Tg for a subset of A such that
”_]P’C*’]T “TC is non-stationary” and I-p, “QC = CU(TC).” Let P = Py+. By an easy
A-system argument, P has the AT-c.c.

Lemma 3.1. S+ P« T has a dense \-closed subset.

Proof. For each ¢ < AT, let C"g be an S IP’g  T-name for a club in A disjoint from
7.

Let Uy be the dense A-closed subset of S % T that exists by assumption. For

¢ < At let Ue be the set of (s,p,t) € S * fF’C T such that:

e (s,t) € Up.

e s decides the value of dom(p).

e For every ¢ € dom(p), (s,p | &,1) “_S*]P’&*T “max(p(€)) € C¢”.
We will prove by induction on ¢ that U is a dense, A-closed subset of S * IP’C « T for
all ¢ < AT,

Thus, fix ( < AT, and assume we have proven that Ug is a A-closed dense subset
of S* Pe + T for all £ < ¢. We first show that U; is A-closed. Let 8 < ), and
let ((Sa,Pasta) | @ < B) be a decreasing sequence of conditions from U¢. Let
X = Ug<pdom(pa), and note that X € [¢]<*. We will define a lower bound
(s*,p*,t*) € U such that dom(p*) = X as follows. First, let (s*,£*) € Uy be a
lower bound for ((s4,%s) | @ < ). Next, we define p*. For each £ € X, let ag be the
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least @ < 3 such that £ € dom(py), let 4¢ be be an SxPg-name for sup({max(p, (€)) |
ag < a < fB}), and let p*(£) be an S * Pe-name for {¢} U UQESQ<B}§Q(§).

We now show by induction on ¢ that, for all & < ¢, (s*,p* | &%) € Ug and,
for all a < B, (s*,p* [ £,#*) < (8a,Pa | & o). To this end, fix ¢ < ¢ and suppose
we have established the inductive hypothesis for all n < £. We will establish the
inductive hypothesis for £&. If & = 0 or £ is a limit ordinal, there is nothing to
show. Thus, suppose £ = & + 1. If § € X, there is again nothing to show, so
assume & € X. It suffices to show that (s*,p* | &, t*) H_S*P%*T “Ye, € C’go.” For
all ag, <o < B,

(5asBa | 0,1a) IFg,p, i “max(Ba(é)) € Cey”

Therefore, by our inductive hypothesis, for all ae, < o < 3,
(59" 1 €0,1%) g, 2 “max(fa(éo)) € Cg,.”

Thus, since ¢, is a name for sup({max(pa(£)) | ag, < a < B}) and Cg, is forced
to be a club, (s*,p* | &, t*) Fsube vt “Veo € Ceo”

We now prove that U¢ is dense in S * PC «T. Let (s,p,1) € S x Pg «T. Since

S is A-distributive, we may assume that s decides the value of dom(p). Suppose
first that ¢ is a successor ordinal, and let ( = & + 1. If ¢ ¢ dom(p), then we
can find u < (s,p,f) in Ug, and we are done. Thus, suppose £ € dom(p). Find
(S*,]i,,t.*) < (57p T fat) such that:

(1) (s*,p',t*) € Ug.

(2) There is ¢ € V such that (s*,p') IF “p(&) = ¢.”

(3) There is v > max(c) such that (s*,p/,*) IF “y € C¢”.
This is possible, because U¢ is a dense, A-closed subset of S Pg « T. Now, define
p* € PC by letting p* | &€ = p’ and letting p*(§) be a name forced by (s*,p’) to be
equal to p(&) U {y}. It is easy to see that (s*,p*,#*) < (s,p,t) and (s*,p*,*) € Ue.

Finally, suppose ( is a limit ordinal. If ¢f(¢) > A, then dom(p) is bounded below

¢ and we are done by the inductive hypothesis. Thus, assume that & := cf({) < A.
Let (¢; | i < k) be an increasing, continuous sequence of ordinals cofinal in (. We
will construct a sequence ((s;, p;, ;) | i < k) such that:

(1) For every i < k, (s;,pi,ti) € Ug,.

(2) For every i < j < k, (8j,Pj,t5) < (Si,Pi, i)

(3) For every i < k, (54,90 | [Gi,C)sts) < (s,p,1).
The construction is straightforward, by recursion on i. Let (sq, po,f0) < (s,p | Co,1)
be in Ug,. If i =4k+1,let (si,pi,ti) < (sk:Px "D | [y Gi), tx) be in Ug,. If i is a
limit ordinal, note that {((sg,pr,fx) | k < i) is a decreasing sequence of conditions
in U¢, and thus has a lower bound in U¢,. Let (s;,p;,%;) be such a lower bound.
Finally, at the end of the construction, ((s;,p;,%;) | i < k) is a decreasing sequence
of conditions in U¢, so, by the A-closure of U¢, it has a lower bound in U¢. Let
(s*,p*,t*) be such a lower bound. It is easily verified that (s*,p*,t*) < (s,p,1),

thus completing the proof. O

4. DENSE BOUNDED STATIONARY REFLECTION

In this section, we construct a model in which there are singular cardinals § < p

such that, letting A = u™, Refl(A) holds, and, for every stationary S C 525, there
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is a stationary 7" C S such that T does not reflect at any ordinal in Sg s- In our
model, we arrange so that p = N,.o and § = R, though the technique is quite
flexible.

Theorem 4.1. Suppose there is a sequence of supercompact cardinals of order type
w - 2. Then there is a forcing extension in which Refl(N,,.041) holds and, for every
w-241

stationary S C Sin , there is a stationary T C S such that T does not reflect at

) oot
any ordinals in S

Proof. Assume GCH. Let (k; | i <w -2+ 1) be an increasing, continuous sequence
of cardinals such that:

® Ky =w.
e If ¢ is 0 or a successor ordinal, then ;1 is supercompact.
e If i is a limit ordinal, then x; 1, = ;"

;.
For ease of notation, let A denote ky.941, pt = Kw.2, and § = k,,. The reason for our
numbering is that, in the final extension, we will have k; = N; for all s < w -2+ 1.

Let (P;, Qj | i <w-2,7 <w-2) be a forcing iteration, taken with full supports,
in which, if i <w -2 and i # w, then IFp, “{Q; = Ci)ll(m—, < Kiy1)” and, if i = w, Qi
is a P; name for trivial forcing. Let P = P,.o. Standard arguments (see, e.g. [3])
show that, if G is P-generic over V, then, for all i < w -2+ 1, k; = (8;)VIE). Let
@ be a P-name for an enumeration, of order type A, of all bounded subsets of A,
and let A be a P-name for A, the forcing poset to shoot a club through the set of
ordinals below A that are approachable with respect to a.

Denote VF*4 by V;. In Vi, we will define a forcing iteration (S¢, T¢ | € < A, ¢ <
AT). The iteration will use supports of size < p. For ( <A, let Ac = {n < |nis
even}. The definition of TC will depend on whether ( is even or odd. If { < AT is
even (including limit ordinals), then choose an S¢-name TC for a stationary subset
of S25, and let T¢ be an Se-name for S, s+, i-e. the forcing to add a subset of T:
that does not reflect at any points in Séé. Let SC be an S¢1i-name for this subset
of T¢, and let S¢ denote its realization in Vls“l.

If { < AT, then, in Vlsc, let U¢ be the product HneAg CU(S,), where the product
is taken with supports of size < pu. Let U = Uy+. If ¢ < AT is odd, we will choose
an S¢-name T for a subset .of 525 such that H_SC.*IUC “T is' non-stationary,” and let
T¢ be an S¢-name for CU(Ty). Also, fix an S¢ % Ug-name C; for a club in A disjoint
from TC~

Before we discuss the choice of the name T'C, we describe some of the properties
of S := Sy +. First note that, by a standard A-system argument, S has the A*-c.c.
Also, S is easily seen to be § T-directed closed. We also claim that it is A-distributive.

To show this, we define another poset. In Vi, for all £ < A, let V¢ be the set of
(s,u) such that:

® 5¢E 5.

e v is a function and dom(u) = dom(s) N Ae.

e For all ¢ € dom(u), u(¢) is a closed, bounded subset of A such that s |
(C+ 1) IF “u(¢) NS¢ = 07 and, if @ € nacc(u(()), then cf(a) = w.
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If (so,u0), (s1,u1) € Ve, we let (s1,u1) < (so,up) iff 51 < s in S¢ and, for every

¢ € dom(ug), u1(¢) end-extends ug(¢). If ¢ < € < AT, the map (s,u) — (s [ {,u | ¢)
defines a projection from V¢ to V.

Lemma 4.2. For all £ < \T,

(1) For every (s,u) € Ve, there is (s*,u*) < (s,u) such that:
(a) For every ¢ € dom(s*), there is sc € Vi such that s* | ( IF “s*(¢) =
SC,”
(b) For every ¢ € dom(s*) N A¢, ve-(c) = max(u(()) .
(c) For every ¢ € dom(s*) \ A¢, (s* [ (,u* | €) Iky, “max(s*(()) € C¢.”
(Note that this will make sense if clause (3) below holds at C.)
(2) S¢ is A\-distributive.
(3) V¢ is isomorphic to a dense subset of S¢ * Ug.

Proof. We prove all three statements simultaneously by induction on £. First note
that, to show (3), it suffices to show that, for every (s,u) € S¢ * [Ug, there is s* < s
and v* € V; such that s* IF “4 = v*”. This is easily implied by (2), as & can be
thought of as a name for a set of pairs of ordinals of size < A. Also note that the
set of (s*,u*) € V¢ as given in the conclusion of (1) is easily seen to be A-directed
closed so, since (s,u) — s is a projection from V¢ to S¢, (1) implies (2) for a fixed
<At

Fix £ < AT. Assume we have proven all three statements for all { < £. We
prove (1) for £&. Assume first that £ is a successor ordinal, with £ = ¢ + 1 and
¢ odd. Let (s,u) € V. If ¢ & dom(s), then we are done by (1) for ¢. Thus,
assume ¢ € dom(s). Since S¢ is A-distributive, we can find 8" < s [ ( and s¢ € V}
such that s’ IF “s(¢) = s¢.”. Now find (5,2) < (s',u) in V¢ and a > max(s¢)
such that cf(a) = w and (5,7) I+ “a € C¢” Form (s*,u*) < (s,u) by letting
(s* 1 ¢,u*) < (5,u) witness (1) for ¢ and by letting s*(¢) be a name forced by
s* | ¢ to be equal to s¢ U{a}. It is casily verified that (s*,u*) is as desired.

Next, suppose that £ = ( + 1 and ¢ is even. Let (s,u) € V¢, and again assume
that ¢ € dom(s). Find s’ < s | ¢ and s¢ € Vi such that s’ I “s({) = s¢.” Find
a with max(u(()),vs. < a < A and cf(a) = w. Form (s*,u*) < (s,u) by letting
(s* I ¢u* [ ¢) < (8 u | ¢) witness (1) for ¢, letting s*(¢) be a name forced by
s* | ¢ to be a function in **'2 such that s*(¢) | (vs, + 1) = s¢ and s*(¢)(8) =0
for all 8 € (7., al, and letting u*(¢) = v U {a}.

Finally, suppose £ is a limit ordinal, and let (s,u) € V¢. If dom(s) is bounded
below £ (in particular, if c¢f(£) > ), then we are done by the induction hypothesis.
Thus, assume cf(§) < A and dom(s) is unbounded in &. Let (§; | i < cf(§)) be
an increasing, continuous sequence of ordinals cofinal in £&. Form a sequence of
conditions ((s;,u;) | ¢ < cf(§)) such that:

e For all i < cf(£), (si,u;) € Vg, and (si,u;) < (s [ &,u | &).
e Forall i <k <cf(§), (si [ &yur [ &) < (si,u).
o For all i < cf(€), (s;,u;) witnesses (1) for &;.

The construction is a straightforward recursion; we omit the details. At the end
of the construction, let X = |J; .4 dom(s;). For ¢ € X, let ic be the least i
such that ¢ € dom(s;). For i¢ < i < cf(§), let a¢; be such that, if ¢ is even, then
si [ CIF “yg,0) = a¢,i” and, if ¢ is odd, then s; [ ¢ IF “max(s;(¢)) = a¢;.” Let
ac = sup({ac, | ic < i < cf(€)}). Form (s*,u*) as follows. dom(s*) = X. For
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¢ € X, let s*(¢) be a name forced by s* | ¢ to be equal to

{(ec,0yu  [J  s(0)

i¢<i<cf(§)
if ¢ is even and
{actu U s:(C)
i¢<i<cf(€)
if ¢ is odd. For ¢ € A¢ N X, let

w(Q)={actu |J w(.

ic i<et(€)

(s*,u*) is easily seen to be as required by (1). O

Note that the above proof also shows that, in V4 S*U has a dense, \-directed-
closed subset.

Since, in V;, S has the AT-c.c., we can, by standard bookkeeping arguments,
assume that we chose our names TC so that, in V¥, every stationary subset of S i s
was considered as Tg for some even ¢ < A* and every subset of Sé s was considered
as TC for cofinally many odd ¢ < AT. In V¥, let A = Ay and U = Uy+. By the
distributivity of S, all conditions of U are in V.

Let G be P-generic over V, let H be A-generic over V[G], and let I be S-generic
over V|G x H]. V|G * H % I] will be our final model. For i < w- 2, let G; be the P;-
generic filter induced by G, and, for ¢ < A, let I be the S¢-generic filter induced
by I. Note that, in V[G * H| (and hence in all further extensions preserving M),
AP, holds. Thus, by Lemma 2.10, for all even ¢ < A, S (the set added by T¢) is
stationary in V|G * H % I;;1]. Because the remainder of the iteration is §*-closed
and S C S2;, S¢ is stationary in V[G % H * I] by Fact 2.13.

We have therefore arranged so that, in V|G H x|, for every stationary T' C Sié,
there is a stationary S C T that does not reflect at any ordinals in Si s- Also,
suppose that, in V[G* H I, T C Séé and Iy “T is non-stationary.” By standard
chain condition arguments, there is & < A" such that T € V|G * H x I¢] and, in
VG x H x I¢], Iy, “T is non-stationary.” Thus, by our bookkeeping for the choice
of TC at odd ¢, we have that T is already non-stationary in V|G % H * I|.

We now argue that Refl(A) holds in V[G x H % I]. So, let T C X be stationary
in V|G x H % I|]. We can assume, by shrinking T if necessary, that there is iy <
w -2 such that T' C Sé‘m. We first consider the case in which ig < w. Let i* =
iop + 2. In V[Gjy41], ki remains supercompact. Fix an elementary embedding
J : V[Gig+1] = M|[G;y+1] witnessing that r;« is AT-supercompact. In V[Gjy41],
Qi0+1 = COH(Hinglv < Iﬁ:i*) andj(@i0+1) = COH(I%OJrl, < _](FLZ*)) Since ]P)i*,w~2 *A*S
is strongly k;,+1-strategically closed, we can apply Fact 2.12 to observe that

j(@io-i‘l) = HDio-i-lﬂ—d'Q * A xS x Ra
where R is forced to be Kio+1-closed. Thus, letting J be R-generic over V|G« H % I],
we can extend j to j: V(G| > MG+ H % I * J].

We would like to extend j further to have domain V|G * H  I]. To do this, we
define a master condition (p*,a*,§*) € j(Pi- w2 * A *S) in M[G x H % I * J], i.e.
a condition (p*,a*,s*) such that, for all (p,a,s) € Gix w2 x H x I, (p*,a*,5*) <
j((p,a,s)). The definition is straightforward. Let n = sup(j“\). For i* <i < w-2,
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we let p*(i) be a name for (J, .57 (p(i)). p* € j(Pi- w.2) by the fact that j(Pi o.2)
is j(ki= )-directed closed.

Next, define a* to be a name forced by p* to be equal to {n} UlJ,cp j(a). The
only thing to check here is that 7 is approachable with respect to j(&@). Note that,
in M[Gx H *1xJ], cf(A\) = Kiy+1, and we can find an unbounded A C A such that
otp(A) = K41 and, for all 5 <A\, AN G € V[Giy+1]- Let B = j“A. For all 5 < A,
AN B is enumerated in @ as a, for some a < A. Therefore, BN j(8) = j(ay). In
particular, every initial segment of B is enumerated in j(@) with an index smaller
than 7, so B witnesses that n is approachable with respect to j(@).

Finally, since j(S) is forced to be j(dT)-directed-closed, it is straightforward to
find a name $* forced by (p*,a*) to be a lower bound for {j(s) | $ € I}. (p*,a*,s%)
is then as desired, and, letting G « HT % I'T be j(P; .2 * A  S)-generic over
VIG % H * I % J] with (p*,a*,5*) € Gt « HT x [T, we can extend j to

J:VIG*xH*1| = M[G+xHxI*J+«G "« H" xT").

Now, by standard arguments (see e.g. Proposition 1.1 in [3]), if 7" does not reflect
in V|G * H = I], then j“T is non-stationary in n in M[G« H*I*Jx Gt « HT I "],
which further implies that 7" is non-stationary V[G* H I« J*GT« HT «I"]. Since
Gt «HT * I is generic for (< j(k;))-strategically-closed forcing, it could not have
added any new subsets of A, so T is already non-stationary in V|G * H = I x J].
However, since J is generic for x;«-closed forcing, T' C SQKI_*, and AP, holds in
V|G « H * I], Fact 2.13 implies that T is non-stationary in V[G % H * I], which is a
contradiction. Thus, T reflects in V|G * H * IJ.

Next, suppose ig > w. Again, let i* = ip + 2 and let j : V[Gij+1] = M[Giy+1]
witness that x;- is AT-supercompact. Piv 2 % AxSxU has a dense strongly K,+1-
strategically closed subset, so, again applying Fact 2.12,

F(Qigr1) ZPie o x AxSxUxR,

where R is forced to be kio+1-closed. Note that, by previous arguments, it is not the
case that, in V[G x H  I|, IFy “T is non-stationary”. Thus, letting J be U-generic
over V|G * H = I] such that T remains stationary in V[G % H % I = J], and letting K
be R-generic over V|G H * I x J], we can lift j to j : V[Gi] = M[GxH+IxJxK].
We can extend j further to

GiVIGxH*I] - M[GxHx+IxJxKx*Gtx«H" %I

using a master condition argument as in the previous case, exploiting the fact that
S % U has a dense A-closed subset in VF*4, And again, exactly as in the previous
case, we can argue that 7' must reflect in V|G % H * I], for otherwise it would be
non-stationary in V[G % H * I  J]. O

5. GLOBAL BOUNDED STATIONARY REFLECTION

In this section, we improve upon Theorem 1.2 by producing, from large cardinal
assumptions, a model in which bounded stationary reflection holds at every possible
successor of a singular cardinal.

Theorem 5.1. Suppose there is a proper class of supercompact cardinals. Then
there is a class forcing extension in which, for every singular cardinal p > N,
Refl(u) holds and there is a stationary subset of S*' that does not reflect in

+
m
SCx, -
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Proof. Assume GCH. Let (k; | ¢ € On) be an increasing, continuous sequence of
cardinals such that:

® Ky = Ww.

e If i is a limit ordinal or a successor of a limit ordinal, then ;41 = &}

e If ¢ is not a limit ordinal or a successor of a limit ordinal, then x;y; is
supercompact.

We may assume that, if ¢ is a limit ordinal, then k; is singular by cutting the
universe off at the least regular x; with 4 limit.

We define a class forcing iteration (P;,Q; | i € On), taken with full supports.
If i =0,4 =1, or i is a successor of a successor ordinal, then let Qi be such that
- “Q; = Coll(k;, < kir1).” If i = w or ¢ is a successor of a limit ordinal, let Q; be
a P;-name for trivial forcing.

It remains to define QZ when ¢ > w is a limit ordinal. Fix such an ¢, and move
temporarily to V. Let @ be an enumeration of the bounded subsets of x;,; in
order type k;+1, and let A; be the poset to shoot a club through the set of ordinals
below k41 that are approachable with respect to @;. In VFi*4i let S; be S&itL, .
In VP55 we will define an iteration, ( & Z | € < ki1, ¢ < ki), taken with

supports of size k; and, letting T; = Ti+ , we will let Ql be a P;-name for Al*S,*TZ
i+l

If p € Piyq, we will let p(é)o, p(i)1, and p(i)2 denote the A;, S;, and T, parts of
p(i), respectively. If ¢ < ’{i++1v we will let p(i) | ¢ denote (p(i)o, p(i)1,p(i)2 | {).
Moreover, for { < /-@j]rl, and k < i we will let Py ;41 [ ¢ denote Py, ; * A; xS, % TZ‘

Suppose ¢ < £, ; and we have defined Té. We describe how to define TUZC For
all limit ordinals w < i’ < 7, let S be the stationary subset of S.,”'** added by S;.
For all w < k < 4, with k a successor ordinal, let X} be the set of limit ordinals
in (k,i], and let (Ci ; be the poset defined in VF* as follows. Conditions are pairs
(p, ¢) such that: 7

e peEPrir1 ¢ ‘

e cis a function, and dom(c) = X].

e For all ¢/ € dom(c), c(7’) is a Py -name for a closed, bounded subset of
v and p | [k, ) p()o~p(i')1 IF “c(i') N S = 0.7

(p',c) < (p,c) if p’ < p and, for all ¢’ € dom(c), p’ | i’ IF “c'(i') end-extends c(i').”
The map (p,c) — p is clearly a projection from (Ci,i to Py it1 [ ¢. Let V%i €
VPi+11¢ he the quotient poset, so (CiJ. = Priy1 [ (x Vi,i. Let Té be a Té—name for

a subset of Si,:: such that, for every successor ordinal k with w < k < i, Ik “T CZ
k,i

is non-stationary,” and let [UZC be a ']I‘é—name for CU (TZ) If k is a successor ordinal

with w < k < 7, notice that, if { < ¢’ < njﬂ, there is a natural projection from (Ci’i
+
to (Cil Let Cy; = (CZ:;”, and let V. ; be the quotient forcing over Py ;41 in VFi+1,

Notice also that, if (p,c) € Cy, then there is ¢ < H;:_l such that (p,c) € (Ci’i and
that, if ¢/ € (k,) is a limit ordinal, then

{p1 (@ +1),c] (@ +1)| (pc) € T} =Cra

¢ ~ ~¢
and (C,m- = Cpir * (Ci’-i-l,i'
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Note that, in VPi*Ai*Si, T,; has the /s;fH—c.c., so, by standard bookkeeping ar-
guments, we can arrange so that every canonical T;-name for a subset of S;ﬁj:
was considered as T é for cofinally many ¢ < /i;:_l. Thus, we can arrange that, in
VP if T C SS is such that, for every successor ordinal k < i, kv, “T is

non-stationary,” then 7T is already non-stationary in VFi+1,

Lemma 5.2. Let w < k < 1, with k a successor ordinal and i a limit ordinal, and
let ¢ < /ﬁ;:l. In VE: for every £ € X! and every £ < KZ'H, let Cf be a (Ci’z—name

for a club in kyy1 disjoint from Tf

(1) For every (p,c) € Ci,w there is (p*,c*) < (p,c) such that:
(a) There is h € [[yex; fes1 such that, for all £ € X7,

p" TP (0o I “ype(e), = h(£) = max(c*(£)).”
(b) For every £ € X}, for every £ < ’{Z—s-l (or &<, ifL=1),

(p* 17 p*(0) 1€, 1 (04 1)) IF “6 & dom(p*(€)2) or max(p*(£)2(£)) € C’f.”
(2) Py it1 | € is ky-distributive.

Proof. First note that, by now-familiar arguments, the set of conditions (p*, c*) that
satisfy (1)(a) and (1)(b), which we will denote by (Ci: (or just Cj, ; if ( = i), is
easily seen to be strongly kg-strategically closed. This will be useful in the inductive
proof of (1) and also immediately yields (2) from the corresponding instance of (1).

We proceed by induction on 4 and, for fixed 4, by induction on ¢ < Ii:r_i_l. Thus,
let k£ < i be given, let ¢ = 0, and let (p,c) € Ciz First, suppose that i = k + w.
In this case, find p’ < p | [k,i)"p(i)o and a; < kK;+1 such that cf(a;) = w and
P IF “vp(), , max(c(i)) < a;.”. Form (p*,c*) by letting p* [ i~ p*(i)o = p', letting
p*(i)1 be a name forced by p’ to be equal to the function in **12 extending p(i);
that is constantly zero on (v,(;),,; + 1), and letting ¢*(i) be a name forced by p’
to be equal to ¢(i) U {a}.

Next, suppose @ = ¢’ + w for some limit ordinal i’ € (k,7). Find p’ < p [ i"p(i)o
and a; < Kiy1 such that cf(a;) = w and p’ IF “y,;),, max(c(i)) < a;.”. Define
(p*, c¢*) by letting

@ [ ki +1),¢" [ [kd" + 1)) < @ [T +1),¢ [ [k, i + 1))
witness (1) for Cg i/, letting
P+ 1,0)7p (o =0 [+ 1,4) 7' (i)o,
letting p*(i); be a name forced by p’ to be equal to the function in **12 extending
p(i)1 that is constantly zero on (vp(),, @ + 1), and letting c*(i) be a name forced
by p’ to be equal to ¢(i) U {a}.

Finally, suppose that 4 is a limit of limit ordinals. We first suppose that cf(i) <
Ki. Let (i, | n < cf(i)) be an increasing, continuous sequence of limit ordinals from
(k,i) that is cofinal in i. Find p’ < p [ i"p(i)o and «; as in the previous cases.
Recursively construct a sequence ((py,cy) | n < cf(i)) such that:

e For all n < cf(i), (py,c,) € Cg, and satisfies (1).
e For all n < cf(3), (py,cy) < @' | (iy+1),¢ (i, + 1)).
e For all n < n' < cf(i), (py | (i +1),¢p | (i + 1)) < (py, ¢5p)-
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e For all i/ € X}, if n* is the least n such that i’ < i,, then, for all n* <n <
cf(i), py I ' forces that (ps(i')o | n* < 0 < 7) is a partial run of G, (A;)
with Player II playing according to her winning strategy.

The construction is straightforward by the inductive hypothesis, and it is straight-

forward to use ((py,c,) | n < cf(i)) to, by taking unions (and, where appropriate,

closures) along all coordinates and adding «; to the end of the ith coordinates as
in the previous cases, get a (p*, ¢*) as desired.

If ki < cf(i), then find k¥ < k¥ < ¢ with k¥’ a limit ordinal and cf(i) < Kgr41.
Move temporarily to VE++1 and interpret (p | [K' 4+ 1,4+ 1),c [ [K' 4+ 1,4 + 1)) in
(Ciurl,i as (po, co). For every £ € X,i,_H and £ < K?+1, the quotient forcing of (Ci’Z
over Py 141 *(Ciurl ¢ has the ng,_H—c.c., so we can find a Ci,_H ,-name DE for a club
in ke4q that is forced by the quotient forcing of Ci,z over Py 141 to be a subset
of Cg Use the argument from the previous paragraph to find (p1,c1) < (po,co)
satisfying (1) for Ciw—u and the set of Dg’s as witnessed by hy € [[jcxi  Feg1-

5 k/+1

Let (p1,¢1) and hy be Py rr+1-names for (p1,c1) and hq, respectively. Since Py 41
satisfies the ris/q9-c.c., there is a function hj € HleXi Keyq in VEF such that
k/+1

- “hy < h%” and cf(h3(€)) = w for all £ € X}y Find py <p | [k, K + 1) forcing
that (p1, ¢1) satisfies (1) as witnessed by hj. Now form (p*,c*) by letting

(" [k k" + 1), ¢ [ [k, k' + 1)) < (pa,c | [k, k' + 1))
witness (1) for C s and letting
(p* I [K'+1,i+1),c" | [ +1,i+1))=(p1,¢1).

We now deal with the case { > 0. First, suppose ( = (p+1. We may assume that
p [ i7p(i)o"p(i)1 decides whether {y € dom(p(i)2). If it decides (o & dom(p(i)2),
then we are done by the inductive hypothesis applied to (p. Otherwise, find (p’, ') <
(p1i7p() T Co,c) and @ < Ki41 such that cf(o) = w and

(', ¢) Ik “max(p(i)2(Co)) < o and @ € C°.

Form (p*,c*) by letting (p* [ i~ p*(¢) | Co,c¢*) < (p, ) witness (1) for Ci°7 and
letting p*(i)2(p) be a name forced by p’ to be equal to p(i)2(¢o) U {a}. /

Suppose next that ¢ is a limit ordinal. If cf({) > ki1, then, strengthening p if
necessary, we may assume (p,c) € (Cioi for some (y < (, and we are done by the
induction hypothesis. Thus, suppose p := cf({) < k;. Also assume that p < k. If
i > K, the same trick we used in the ¢ = 0 case will work. Let ((, | n < p) be an
increasing, continuous sequence of ordinals, cofinal in ¢, and construct a sequence
((pn,cy) | m < ) such that:

For all n < p1, (py,cy) € Ci’,’i and satisfies (1).

For all n < p, (py,cy) < (p 197 p() [ Gy, 0).

For all n < 77/‘ < (pn’ [y (@) I Coyen) < (pm Cn)-

For all £ € X} and all n < p, p, | £ forces that the sequence (ps(£)o | § < 1)
is a partial run of the game G}, (A,) with Player II playing according to
her winning strategy.

The construction is a straightforward recursion, and, as in the { = 0 case, it is easy
to see that ((py,c,) | 1 < p) gives us a (p*,c*) < (p, ¢) witnessing (1). O
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Note that Cj ; has the following closure property. We omit the proof, which is
straightforward.

Claim 5.3. Suppose w < k < i, with k a successor ordinal and i a limit ordinal.
In VP, suppose A C C; . is a directed set of size < ki. For each { € X!, let

Ye = sup({pee), | (pyc) 76 A}) and suppose that, for all £ € X}, IFp, , “ye is

-

approachable with respect to ay.” Then A has a lower bound in C’;Z
Lemma 5.2 has the following immediate corollary.

Corollary 5.4. Let k < i be ordinals, with k a successor and i a limit.

(1) In VP, ki 18 a dense, strongly ki-strategically closed subset of Cg ;.
(2) In VP P41 is kip1-distributive.

Proof. (1) is immediate. (2) follows from the Lemma 5.2 together with the obser-
vation that, if  is a singular cardinal and a poset P is x-distributive, then it is also
kF-distributive. 0

The fact that, for all i < k, P; is r;-distributive in V¥ means that VF =
Uscon VF' is a model of ZFC. It is also casy to see that, for all i € On, #; = XY .
If i > w is a limit ordinal, then, in V#*4:*5% G, is a stationary subset of Si'** that
does not reflect at any ordinals in Sg,jj Since T; * IE”Z-JrLk is countably-closed for
all k > i+ 1, S; remains stationary in V.

It remains to show that, if ¢ > w is a limit ordinal, then Refl(x;41) holds in
VF. Thus, fix a limit ordinal i > w. Since, for every k > i + 1, P41 4 adds no
new subsets of ;11 (recall that P;yq ;40 is trivial forcing if ¢ is a limit ordinal), it
suffices to check that Refl(;11) holds in VFi+1,

Let G = Gj41 be P, q1-generic over V. For k < i+ 1, let G be the Py-generic
filter induced by G. If w < k < i+ 1 and k is a limit ordinal, let G} o be the
Py * Ak-generic induced by G, and let Gj 1 be the Py, * Ak * Sk—generic induced by
G. For k < k' <i+1, let G be the Py pr-generic filter over V[Gy] induced by
G. Let T € V[G] be a stationary subset of ;1. By shrinking T if necessary, we
may assume that there is k < i such that T C Sgi*".

We first assume that & < w. Let k* =k + 2. In V[Gj41], ki~ is still supercom-
pact, so fix j : V[Ggy1] = M[Gr41] witnessing that kg« is k;41-supercompact. In
V{Gr+1]s §(Quy1) = Coll(kpt1, < j(Kg+), and Py« ;41 is strongly kj1-strategically
closed, so, by Fact 2.12, 5(Qg+1) = Pry1.i41*R, where R is forced to be 1 1-closed.
Thus, letting H be R-generic over V[G], we can extend j to j : V[Gp«] = M[Gx* H].

To lift j further to have domain V[G], we define a condition p* € j(Pg~ ;+1) such
that p* < j(p) for all p € Gy~ ;+1. We recursively define p*(«) for o € [k*, j(i+1)).
Thus, suppose « € [k*,j(i + 1)) and we have defined p* | [k*,«a). If « = w or « is
the successor of a limit ordinal, then p*(«) is a name for the sole condition in the
trivial forcing. If « is the successor of a successor ordinal, then the a-th iterand in
J(Pi= i1+1) is a Levy collapse that is j(xg~)-directed closed, so we can let p*(a) be
a name forced by p* | [k*, «) to be a lower bound for {j(p)(a) | p € Gk~ it1}-

If « is a limit ordinal, let

Yo =sup({i(9)(a) | g € [[ s V).
i<i
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Let p*(a)o be a name forced by p* | [k*, ) to be equal to

fbu U i@

PEG L™ it1

This will be forced to be a condition provided that ~, is forced to be approachable
with respect to the entry corresponding to « in j({@, | £ € X})). The argument
showing that this is true can be found in Case 1 of the proof of Theorem 3.1 in
[3]. The S and T parts of the a-th iterand in j(Pg-« ;41) are forced to be j(kyt1)-
directed closed, so we can find (p*(«)1, p*(a)2) that is forced by p* [ o™ p*(a)o to
be a lower bound for {(j(p)(a)1,j(p)(®)2) | p € Gi= it1}-

Let I be j(Pg~ ;11)-generic over V|G x H] with p* € I, and lift j to j : V[G] —
MG * H * I]. By familiar arguments, we can now argue that, if 7' does not reflect
in V[G], then T is not stationary in V[G * H x I], so there is a club C in k;;1
with C' € V[G x H * I] such that C N'T = (. But I is generic for j(k*)-distributive
forcing (recall j(k*) > K;41) and thus could not have added C, so C € V[G x H].
H is generic for ky41-closed forcing and, in V|G|, AP,, holds and T is a stationary
subset of S?,jkIH. Thus, by Fact 2.13, T remains stationary in V[G x H]. This is a
contradiction, so T reflects in V[G].

Next, suppose k > w. Let k < ¢* < 4, with ¢* a successor ordinal large enough
so that k;+ > ¢ and it is not the case that Il—vi*ﬂyi “T" is non-stationary.” Let
k* =1* +1, and fix j : V[G+] = M[G;~] witnessing that sy« is k;41-supercompact
in V[G;+]. Recall that Cg«; has a dense, strongly r;--strategically-closed forcing.
Thus, by Fact 2.12,

](Qz*) =~ Qi* * (Ck*,i *R = Pi*,i+l *Vk:*;i *R,

where R is forced to be ki=-closed. Let H be Vi~ ;-generic over V[G] such that T
remains stationary in V|G x H]|, let I be R-generic over V|G x H|, and extend j to
Jj:VI[Gr+] = M|[G x H  I].

We again define a condition p* € j(Pg« ;+1) such that p* < j(p) for all p €
G~ i+1. Since i < kg, the domain of conditions in j(Pg« ;1) is [k*, i+ 1). If
e [k*,i+ 1) is a limit ordinal, let 7, = sup(j“k¢+1). Note that

ve =sup({Vp(0), | (P, ¢) € (G H)NCy. ;})

and that, as in the previous case and proven in [3], 7, is forced to be approachable
with respect to j(d@z). Thus, by Claim 5.3, {j(p,¢) | (p,c) € (G H) N Civ i} has a
lower bound. Let (p*, c¢*) be such a lower bound and note that, since Cj. ; is dense
in Cg= 4, p* < j(p) for all p € Gg» j11.

As in the previous case, let J be j(Pg~ i4+1)-generic with p* € J and lift j to
Jj: VIG] = M[|G + H = I x J]. As before, we argue that, if T does not reflect in
V[G], then it is non-stationary in V[G * H * I x J|. As before, we can pull the non-
stationarity back to V|G x H|. However, we chose H so that T remains stationary
in V[G * H]. This is a contradiction, so T reflects in V[G]. O

6. BOUNDED STATIONARY REFLECTION WITHOUT APPROACHABILITY

In the previous results, in order to obtain a model in which p is a singular cardinal
and bRefl(¢t) holds, we forced AP,. In the final two sections of this paper, we
produce models in which bRefl(1) holds and AP, fails. We first find such a model
in which p is a limit of large cardinals.
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Let (k0 | n < w) and (k! | n < w) be increasing sequences of supercompact
cardinals such that, letting ¢, = sup({x’, | n < w}) for i € {0,1}, we have k¥ < .
For i € {0,1}, let \; = ().

Theorem 6.1. Assume GCH. There is a cardinal-preserving forcing extension in
which:

(1) Refl(A1) holds.
(2) There is a stationary S C S)\ that does not reflect at any ordinals in Sglko'
(3) AP, fails.

Proof. By first forcing with Laver’s preparatory forcing [8], we may assume that,
for all i € {0,1} and n < w, s’ remains supercompact in any forcing extension
by a ! -directed closed forcing poset. Let S = S::‘/\O, and let S be a name for the
stationary subset of S3t added by S. In VS, let T = CU(S).

In V5, define a forcing iteration (P¢, Q¢ | € < A, ¢ < AT), taken with supports
of size K}, as follows. If ¢ < )\f and P¢ has been defined, choose a Ps-name T for
a subset of S;)\O such that: H_PC*T “T¢ is not stationary,” and let Q¢ be a P¢-name
forced to be equal to CU(T¢). Let P = P)\T' By standard bookkeeping arguments,
we can arrange so that, in VS"‘H.]’7 if X C 5230 is such that IFp “X is nonstationary,”

then X is already nonstationary in VS*F,

Let G be S-generic over V, and let H be P-generic over V[G]. We claim that
V|G % H] is the desired model. By Lemma 3.1, S P % T has a Aj-closed dense
subset (in fact, an examination of the proof shows that it actually has a A;-directed
closed dense subset). Thus, S«P is Aj-distributive. Also, SxIP is easily seen to have
the A -c.c., so forcing with it preserves cardinals. Let S be the set enumerated by
UG. In V]G], S is a stationary subset of S} that does not reflect at any ordinal
in Séi\o. Note that P is Ag-directed closed, so S remains stationary in V|G * H]

and still does not reflect at any ordinals in Sél)\o.

We now verify that Refl(A;) holds in V[G % H]. To this end, let T' be a stationary
subset of A\;. Without loss of generality, by shrinking T if necessary, we can assume
that there is u < x1 such that T C Sﬁl. First, suppose p < k2. Let n* < w be such
that g < k%.. Since S * P is Ao-directed closed in V, kY. remains supercompact
in V|G x H]. Let j : V[G % H] — M witness that 2. is A;-supercompact. Let
d = sup(j“\1). As in earlier arguments, j(T) reflects at § in M. By elementarity,
T reflects at some ordinal o < Ay in V[G * H].

Next, suppose A\g < 1 < k. Let n* < w be such that y < xL.. As T C Sil)\o is
stationary in V[G x H], it is not the case that IFp “T" is non-stationary.” Thus, let
I be T-generic over V|G % H] such that T remains stationary in V|G % H % I]. Since
S«PxT has a \;-directed closed dense subset, kL. is supercompact in V[GxH=I]. Let
j: V[GxH=1I) — M witness that k). is A\;-supercompact. By the same arguments
as in the previous case, T reflects at some ordinal o« < Ay in V[G % H * I]. Since
this statement is obviously downward absolute, it reflects in V[G * H].

It remains to show that AP, fails in V[G * H]. However, this follows from the
fact that s is supercompact in V|G * H] and the fact that, by a result of Shelah,
if ef(u) < k < p and & is supercompact, then AP, fails (see [2, Theorem 18.1] for
a proof). O
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7. DOWN TO SMALLER CARDINALS

We would like to bring the results of the previous section down to smaller car-
dinals. By the following result of Chayut [1], assuming some cardinal arithmetic,
N2, is the smallest we can hope for.

Theorem 7.1. Supposen < w, Ry, is strong limit, 2% = R, 1, and Refl(Ry,.,41)
holds. Then APy, holds.

We do not succeed in bringing the result from Section 6 down to N2, but we
can attain it at N 2.047. In this section we adopt the convention, for notational
simplicity, that if we are working in a forcing extension V¥ of V, then G(P) denotes
the P-generic filter over V' used to define the extension.

Theorem 7.2. Suppose there is an increasing sequence of supercompact cardinals
of order type w - 2. Then there is a forcing extension in which Refl(R 2.011) holds,

N
APy, , fails, and there is a stationary subset of S,@% 2 that does not reflect at
. . Ro2.54
any ordinals in SNU.;2+1 .

Proof. We follow, to a large extent, Section 3 of [10], and all references to [10] are
to Section 3, specifically. Assume GCH. Let (k¥ | n < w) and (k} | n < w) be two
increasing sequences of supercompact cardinals such that, for all n < w, k9 < K.
Assume that the supercompactness of each xf, is indestructible under ! -directed
closed forcing. For i < 2, let s, = sup({s}, | n < w}), and let \; = (). For
notational simplicity, let %, = w; and k'; = X\g. For i < 2 and n < w, let
Ch =TI,,5, Coll((x,_1)*T, < ki,), where the product is taken with full support.
Define an equivalence relation on C}§ by declaring that ¢y = c¢;, where ¢; =
(ci(n) | n < w), if co(n) = c1(n) for all but finitely many n < w. Let C* be
the forcing notion whose conditions are equivalence classes from C} and such that
[c1] < [eo] if, for all but finitely many n < w, ¢1(n) < co(n). The following is proven
in [10, Lemma 7].
Proposition 7.3. For all n < w, there is a projection from C. onto C*. Hence,

C* is A\p-distributive. Moreover, if G is C*-generic over V and n < w, then CL /G
has the \i-c.c.

InVE letS= Si\;le' Let S be an S-name for the stationary subset of S}t added
by S and, in V™5 let T = CU(S). Also in VC™*5, let Q = Q,+ be an iteration of
length A\ with supports of size ., of forcings to destroy certain stationary subsets
of Sél/\o. As in Section 3, we can arrange so that, in VC, S« Q % T has a dense
A1-closed subset and if, in VE™*5*Q T C Sﬁl)\o and IFp “T" is non-stationary,” then
T is already non-stationary in VC*_*S.‘*Q. Since T is weakly homogeneous, we in fact
get that, for all T' C Sél)\o in VC*5+Q if T is stationary, then IFp “T is stationary.”

For n < w, note that C%,; x (C} xS Q) is (x%)**-directed closed. Let E?
denote a name for a fine, normal ultrafilter on Pyo (A1) in VCnaX(CoxS+Q) | Tt U?
be its projection to a normal ultrafilter on 0. Note that U? € V and, by the
homogeneity of the forcing, we may assume that the trivial condition forces U? to
be the projection of a fine, normal ultrafilter on Pyo (A1). Similarly, define a normal

ultrafilter U} on ) such that the trivial condition in C}_; * S+ Q T forces U} to

be the projection of a fine, normal ultrafilter on Py (A1)
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For i < 2 and n < w, let M denote the transitive collapse of Ult(V,U}), and
let ji : V — M} be the associated embedding. Let TO denote Coll((x))+w 22 <
j2(k2)) as defined in M?. M = “there are jO (k%) maximal antichains of T2.” Since
179(k2)] = (k2)* and TY is (k¥)*-closed, we can build in V a T?-generic filter over
M. Let G2 be such a filter. Similarly, let T} denote Coll((k})T+2 < jl(kl)) as
defined in M}, and fix G}, a T}-generic filter over M.

We now define diagonal Prikry forcing notions Py and P;, which are slightly
modified versions of the forcing in [10]. Elements of Py are of the form p =
(s oy (AL | 1S k< )y Gheeor G e Py (B | 0 < K < ), (g
n < k < w)), where

For all i < n, of is inaccessible and x9_; < of < k.

For all n <k <w, AL € U and, for all a € AY, « is inaccessible.
For all i < n, g7 € Coll((k)_;)*T, < al) and f7 € Coll((al)T*2+2 < kJ).
For all n < k < w, g} € Coll((k)_;)*", < k) is such that, for all « € A},
g7 € Coll(n,,) ™, < a).
e For all n < k < w, F} is a function with domain A% such that, for all
a€ AV, FP(a) € Coll(a™ 22 < k) and j2(FP)(xY) € GY.
n is the length of p and is denoted ¢(p). If ¢, p € Py, then ¢ < p if:

Uq) = €(p).

For all i < {(p), a = af and f{ < fP.

For all i < w, g < g7.

For all £(q) < k < w, A} C A% and, for all a € A}, Fl(a) < Ff(w).
For all 4(p) < k < {(q), af € A} and f < FF(a}).

P, is defined in the same way, with the following changes:

e For all -1 < i < w, every occurrence of k! in the definition of Py is replaced
by k! in the definition of P; and every occurrence of U} is replaced by U}.

e If p € Py and i < {(p), then fF € Coll((ad)T* 2 < kl). If l(p) <k < w
and « € A}, then F{(a) € Coll(a™*? < k}) and j, (F{)(k}) € G

Following [10], if p € P;, we call (of, | k < £(p)) its a-part, (A} | £(p) < k < w)
its A-part, (f} | k < {(p)) its f-part, (g}, | k < £(p)) its g-part, (F} | {(p) < k < w)
its F-part, and (g}, | (p) < k < w) its C-part. The a-part, g-part, and f-part
together comprise the lower part of p, denoted a(p). If k < ¢(p), let p | k denote
((af, [ m < k), (gp, | m < k), (ff, | m <k)). Note that p [ £(p) = a(p).

If ¢,p € P;, then we say ¢ is a length-preserving extension of p if ¢ < p and
L(q) = L(p). If k < 4(p), then ¢ is a k-length-preserving extension of p if ¢ is a
length-preserving extension of p and ¢ [ kK = p | k. We say ¢ is a trivial extension
of p if it is an #(p)-length-preserving extension of p.

P; satisfies a form of the Prikry lemma. A proof can be found in [10, Lemma 3].

Lemma 7.4. Letp € P;, let k < {(p), and let D be a dense open subset of P;. Then
there is a k-length-preserving extension g < p such that, if ¢* < q and ¢* € D, then,
if g™ < q, U(q™) = q"), and ¢ [k =q" [ k, then ¢** € D.

The Prikry lemma can be applied to see that the only cardinals below \; that are
collapsed by forcing with PP; are those explicitly in the scope of the Levy collapses
interleaved into the forcing notion. In particular, the following claim immediately
follows.
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Claim 7.5. Let k < w. In VFo, if cf(a) = (o)t (equivalently, cf¥ (a) =
()T 2HL) for some p € G(Py) and A is an unbounded subset of v, then there is
an unbounded B C A such that B € V. Similarly, in V1, if cf(a) = (o) <+ for
some p € G(P1) and A is an unbounded subset of «, then there is an unbounded
B C A such that BeV.

Other arguments, found in [10, Lemma 5], imply that all cardinals > \; are
preserved as well. Note that, by the Prikry lemma, forcing with P; does not add
any new bounded subsets of )\(J{Jr, so Py has the same basic properties in VT as it
has in V.

The following is proven in [10], in Lemma 7 and the discussion following it.

Proposition 7.6. There is a projection from Py onto C* such that the quotient
forcing has the Ai-c.c.

Our final model will be VPoX®1$+Q) Let § be the subset of S2t added by S. In
VC**S, S is stationary and does not reflect at any ordinals in SQI/\O. In V(C**S7 Qis
Xo-closed, so S remains stationary in VC**C¢ In VC' P, /G(C*) has the Ai-c.c.
and S*Q is the projection of a forcing poset with a dense \;-closed subset (namely
S % Q * T), so, by Easton’s Lemma, P;/G(C*) has the A\j-c.c. in VEQ 50 S is
stationary in VF1*$*Q_ Finally, IPo| = Ao, so S remains stationary in VFox(® 148:Q)

We now verify that every stationary subset of A; reflects in VFPox®18+Q) Thys,
let T € VPoxPrs$Q) he 5 stationary subset of A\;, and let T be a name for it.
Let (i,m) be the lexicographically least pair such that TN .S 2{, is stationary. By
shrinking 7' if necessary, we may assume that, for some (po, (zn)l,é,q')) € G(Py x
(P %S *Q)), (po, (p1, 5, q)) forces that T is a stationary subset of Silni . Moreover,

n

if ¢ = 1, we may assume that (po, (p1,$,q)) forces T to be a stationary subset of
Sil,\o as well.

For each a € T, let (pg, (¥, $%,¢)) € G(IPOX(Pl*S*Q)), with (pg, (pg, 8%, ¢%)) <
(po, (p1,$,q)), force that v € T'. Since [Py| = Ao and there are only ., lower parts in
P;, we may assume there are pj € Py and a*, a lower part for P;, such that, for every
a €T, py =p§ and a(py) = a*. We may also assume that py = pf, a(p1) = a*, and
(po, (p1,5,q)) forces that T* := {a | for some (ph, (p},5',d")) € G(Py x (P; S xQ))
such that pj, = po, p} is a trivial extension of p1, and pj I+ “(¢',¢") < ($,9)”,
(py, (P, 8',4")) forces that a € T} is stationary. Let 7* be a name for T*. Finally,
we may assume that £(p;) > n. We will find an extension of (po, (p1,$, ¢)) forcing
that 7" reflects. There are two cases to consider. o

Case 1: i = 0. Let n* = {(pg). Move to V(C?L*Jrlx(cé*g*@, requiring that the
C-part of pg is in G(C2. ) and

(gt |k <w),s,q) € G(C} *S*Q)

For n*+1 < m < w, let G(CY,) be the generic filter induced by G(CY._ ). Similarly,
for m < w, let G(CL,) be the generic filter induced by G(C}). Let P* be the set of
(ro,m1) € Py x Py such that (rg,r1) < (po,p1), the C-part of 7y is in G((Cg(ro)ﬂ),
and the C-part of 1 is in G(C%(TI)H). The proof of Lemma 6 from Section 3 of [10]
shows that forcing with P* over Vo +1%(Cox5+Q) 3445 a V-generic filter for Py x P;.
In VC?L*HX(C(I)*S*Q), let 7" be the set of a < \; such that, for some r; such that rq
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is a trivial extension of p; and (pg,r1) € P*, and, for some (72, 73) such that
(po,m1) = “(72,73) € G(S* Q) and (i2,73) < (5,4)",

we have (po, (71,79,73)) IF “a € T*”

Lemma 7.7. T is stationary.

Proof. Suppose not. Then, in VCQL*HX(C%’*S*Q), there is a club C' in Ay such that
CNT = 0. Force with P*. In V(X (Cox& Q)" 5 e Thys, 0 N T* = 0.
V1 X(CoxSQ) g 5 forcing extension of V(€ +8+Q) by a Aj-c.c. forcing poset, so
there is a club D C C such that D € V(€ 8:Q) Byt V(€ #5+Q) - VPox(PiS+Q) oy
T* is stationary in VPox(Pr$+Q)  This contradicts the fact that D € VFPox(P1+$+Q)
is club in A; and disjoint from 7. O

In V1 X(Cox$+Q) 0 remains supercompact, and A = (k0.)*“ 24! Fix a
fine, normal measure U* on P.o_(A;) such that U* projects to US.. Let 6 be a
sufficiently large regular cardinai and let 2 denote an expansion of (H(#), €) by a
well-ordering of H(#) and constants for all relevant sets. The following are standard
applications of supercompactness.

Lemma 7.8. Let Ey = {X € Pyo_(\1) | for some B < A, we have X =B N Ay,
| X| =[B], and X € cy-np A} Then Ey € U*.
Lemma 7.9. Let By = {X € Po_(\1) | X N &Y. is inaccessible, otp(X) = (X N

KONT 2t and T N X is stationary in sup(X)}. Then E; € U*.

The next lemma follows from the proof of Lemma 13 in [10].

Lemma 7.10. Let X € EgN E; such that X NkY. € A%, Let B < 2 witness that
X € Ey. Then there is (p§,p7) € P* such that:

) (P65, p1) < (po,p1)-

(Po) =n*+1 and pj is a trivial extension of p.

(1

(2)
(3)
(4)

akl =X Nk
If (po,pl) € IP’* NB and p} is a trivial extension of p1, then (p§,pi) <
(po, q1)-

Let X,%, and (pg,p}) be as given in Lemma 7.10. For every v € TN X,
there is p,y, a trivial extension of pi, and (3,¢/) such that (po,p,ly) forces that
(85, 4,) € G(S* Q) and (po, (py, 8, q.)) forces that v € T*. By elementarity of B,
such a pw exists in 9B, and hence, for all v € TN X, (p, (p}, §,40)) IF “y € T+,
Since T'N X € VCn+1X(©*5+Q) anqd has size less than K9, we have {(3/,q) |~y €
TNnX}eV.

In VE, S« Q is kY .-directed closed. Thus, we can find names § and ¢’ such
that, for all vyeTNX, (5, (0. 5.4)) < (05, (0%, 8, d,)). Thus, (p5, (p},§,d)) IF
“T'MX DT NX”. Since no cardinals between X N 2. and (X N £2.)T¥ 22 are
collapsed, an application of Claim 7.5 yields that 7NX remains stationary in sup(X)
after forcing over V1 X (Cox8Q) with P* below (s, py). Hence, TNX is stationary
in sup(X) in VPox BrsSQ) afper forcing below (qo, (q1, 5, d)), s0 (qo, (q1, 8, ¢)) I+ “T
reflects.”
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Case 2: i = 1. Let n* = {(p;). Move to V(Cwll*ﬂ*g*(@, requiring that the
C-part of p; is in G(CL. 41)- Let P* be the set of (rg,71) € Py x Py such that

(ro,m1) < (po,p1) and the C-part of r; is in G((C%(TI)H). As before, forcing with

P* over VCn+1*8*Q adds a V-generic filter for Py x Py. Let T be the set of a < M\
such that, for some 7 such that r is a trivial extension of p; and (pg,r1) € P*,
and for some (73, 73) such that

(po,m1) IF “(F2,7°3) € G(S % Q) and (2,73) < (5,9)",

we have (po, (r1,72,73)) IF “a € T+”. As in Case 1, T' is stationary in V¥4 Q

Lemma 7.11. T is stationary in Y Cnr g QT

Proof. Suppose not, and let D € VST o (lub in A1 such that DNT = 0.
Since VCn+15 QT jg 5 forcing extension of V¢ *S QT by a Aj-c.c. forcing, there is
aclub D' C D, D' € VT guch that ki ee “P'AD = 7. In VC=5+Q,
n 1/ G(CT)
let . .
T ={a <) | forsomeceCh . /G(C"),clk “aecT"}

. Then, in VE*$@T by o “T CT7, and TN D' = 0. Thus, T is a subset

n*4+1
of SQI)\O that is non-stationary in V€ *$*QT

YE A, Byp YCEQ C VPox (Prx&xQ) and, in VPOx(Pl*S*Q), f DO T, contradicting
the fact that T is stationary in VFox(P1+5+Q), O

and is thus already non-stationary in

The rest of the proof is much as in Case 1. We provide some details for complete-
h B

ness. In VS QT 0l g supercompact and A = (x1.)**+!. Fix a fine, normal

measure U* on P,1_(A1) such that U* projects to U... Let 6 be a sufficiently large,

regular cardinal, and let 2 be an expansion of (H(0),€) by a well-ordering and
constants for all relevant sets. The next lemmas are as before.

Lemma 7.12. Let Ey = {X € P, (A1) | for some B <A, we have X =B N Ay,
| X| =B, and X € pcyrnn A} Then Eq € U*.

Lemma 7.13. Let E1 = {X € P _(A) | X N &Y. is inaccessible, otp(X) =
(X Nk and TN X s stationary in sup(X)}. Then By € U*.

Lemma 7.14. Let X € EgNE; such that X Nkl € APL. Let B < 2 witness that
X € Ey. Then there is (po,p}) € P* such that:
) (Po,p7) < (po,p1)-

( N=n*+1.
a =XNkY

If (po,pl) € ]P’* NB and p} is a trivial extension of p1, then (po,p}) <
(o, P1)-

Let X, B, and (pg, p}) be as given in Lemma 7.14. As in Case 1, we get that, for
every v € T'N X, there is (3, q,) such that (pg,p}) forces that (s,,4d,) € G(S* Q)
and (po, (P}, 8+, qv)) forces that v € T*. Moreover, we may assume that, for every
such v, there is £, such that (po,pl) forces ($,dy,ty) is in the dense \;-directed
closed subset of S*Q*’]I‘ and in G(S*Q*T) We can thus find names ¢’ and ¢’ such
that, for all y € TN X, (po, (p7,4",4")) < (po, (P}, 5+, ¢y)). Since, when forcing with

(1

(2)
(3)
(4)
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P* below (po, q1), no cardinals between X N k1. and (X NkL.)T*T! are collapsed,
another application of Claim 7.5 yields that (po, (q1,§,¢’)) forces that T reflects at
sup(X).
It remains to show that AP, fails in VPox(Pr$+Q) | We will use an equivalent
alternative formulation of approachability, due to Shelah.

Definition 7.15. Suppose « is a singular cardinal of countable cofinality, and let
d:[kt]? — w.
(1) dis normal if, for all B < k* and all n < w, |[{a < B d(a, B) < n}| < k.
(2) d is subadditive if, for all a < 8 < v <k, d(a,v) < max(d(a, B),d(B,7)).
(3) So(d) is the set of v < kT such that, for some unbounded sets A4, B C 7,
for every S € B, there is ng < w such that, for all « € AN g, d(a, f) < ng.

Lemma 7.16. (Shelah) Suppose k is a singular, strong limit cardinal of countable
cofinality.
(1) There is a normal, subadditive function d : [kT]? — w.
(2) Ifd, d’ : [s*]? — w are two normal, subadditive functions, then So(d)/ASo(d')
1§ non-stationary.
(3) AP, is equivalent to the existence of a normal, subadditive d : [k+]?> — w
such that So(d) contains a club.

In V, fix a normal, subadditive d : [A\] — w. Note that d remains normal

and subadditive in VPox (P1x8+Q) - Tt (po, (p1,$,¢)) € Py x (P1 %S % Q). Move to
V‘C%HHI*S*Q*T7 requiring that, letting ¢ be the C-part of p1, (¢, $,¢) € G((Cl}(pl)Jr1 *

. ) L
S*Q). H%(pl) remains supercompact in VCer+5* 8T "4 q a standard application

of supercompactness yields that, if A = {a < H%(pl) | Silwﬂ \ So(d) is stationary},

then A € Uél(p).

V' as well. Moreover, by previous arguments, for any club D in A; in V]PUX(Pl*S*Q),
1 o
there must be a club C C D in VCewn+*$@T,
Putting this together, working in V', there are Uél(pl)—many a < Ap such that

(S(’:iu+1 \ So(d))V is stationary in VPox(®1x5+Q)  Find o € AN AIZ(IPI),

extension ¢; < p; such that ¢(¢1) = ¢(p1) + 1 and az(lpl) = «. It suffices to show

. N
Note that, since this is true in VEeo+1*5* T it must be true in

and find an

that, forcing below (po, (q1, 5, q)),

Vo X (B1 %5xQ)

(Siiwl \SO(d)) = (Si}kuﬂrl \So(d))v~

To this end, let 8 € (Sgiwﬂ N S’O(d))VPOX(Pl*S*Q). Let A, B be unbounded in S
witnessing 3 € So(d). Since all cardinals in the interval (o, a ™ 72) are preserved by
the forcing, Claim 7.5 yields unbounded A’ C A and B’ C B such that A", B’ € V.
But then A’, B’ witness that 8 € Sp(d) in V. Thus,

Pq X (P *$+Q)
(Sj;#w‘i»l \SO(d))V ’ = (Siiuﬂrl \So(d))v,
so AP, fails in VFox(Frs$:Q), O
8. QUESTIONS

Many questions remain about the possible patterns of stationary reflection at
the successor of a singular cardinal. We ask only a few of them here.
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Question 8.1. Is it consistent that bRefl(N,211) and =APy_, hold simultaneously?

Question 8.2. Is it consistent that Refl(N 241) holds and, for every stationary
S C W21, there is a stationary T C S that does not reflect at arbitrarily high
cofinalities?

Question 8.3. Is it consistent that Refl(R,.011) holds and there is a stationary
S C S5t that does not reflect at any ordinal in Si‘gf“ 2
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