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ABSTRACT. We investigate questions involving Aronszajn trees, square princi-
ples, and stationary reflection. We first consider two strengthenings of (J(k) in-
troduced by Brodsky and Rinot for the purpose of constructing x-Souslin trees.
Answering a question of Rinot, we prove that the weaker of these strength-
enings is compatible with stationary reflection at x but the stronger is not.
We then prove that, if u is a singular cardinal, 0, implies the existence of a
special pt-tree with a cf(u)-ascent path, thus answering a question of Liicke.

1. INTRODUCTION

In this paper, we address recent questions of Rinot and Liicke involving trees
and square sequences. We begin by reviewing the cast of characters.

A partial order (T, <) is a tree if, for all t € T, the set pred,(t) := {s € T |
s <7 t} is well-ordered by <. We often abuse notation and refer to such a tree as
T rather than (T, <7). If T is a tree and ¢ € T, then hty(t) = otp(pred(t), <r).
For an ordinal «, T, is the set of ¢ € T such that htr(t) = «, and the height of
the tree, ht(T), is the least a such that T,, = 0. T, T<q, etc. are defined in the
obvious way. A subset b of a tree T is a chain in T if b is linearly ordered by <.
If a chain b in T is downward closed under <rp, it is called a branch through 7. A
branch b through a tree T is a cofinal branch if, for all a < ht(T), bNT, # 0. A
subset of T" is an antichain if its elements are pairwise <p-incomparable. If x is an
infinite, regular cardinal and T is a tree, then T is a x-tree if ht(T') = k and, for all
a < K, |To| < K. If T is a s-tree and T has no cofinal branch, then T is said to be
a k-Aronszajn tree.

We will be interested in two particular types of x-Aronszajn trees: x-Souslin
trees and special x-trees.

Definition 1.1. Let x be an uncountable, regular cardinal. A k-Souslin tree is a
k-Aronszajn tree with no antichains of size k.

The following definition is due to Todorcevi¢. In what follows, if T is a tree of
height k and S C &, then T | S is | J{T» | @ € S}, equipped with the restriction of
<.

Definition 1.2 (Todorcevié, [22]). Suppose & is an uncountable, regular cardinal
and T is a tree of height .

() ISCkrkandr: T[S — T, then r is regressive if, for every non-minimal
teT S, r(t) <rt.
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(2) If S C &, S is non-stationary with respect to T if there is a regressive
r: T [ S — T such that, for every t € T, there is u; < x and a function
¢y : 7 Y(t) — g such that ¢; is injective on chains in 7.

(3) T is special if £ is non-stationary with respect to T.

If k = put for some cardinal u, then it can be shown that this coincides with the
classical definition stating that a tree T of height x is special if there is a function
f T — p that is injective on chains in 7. It is easily seen that a special tree
cannot have a cofinal branch and also cannot be Souslin.

We will be using a variety of square principles. The earliest such principle was
introduced by Jensen [9]; the generalization given here is due to Schimmerling.

Definition 1.3 (Schimmerling, [19]). Suppose p and A are cardinals. A sequence
C=(Cq|a<ph)isal,cr-sequence if:

(1) for all @ < p™, C, is a set of clubs in o with 0 < |Co| < A;
(2) for all @« < B < put and all C € Cg, if a € acc(C), then C N« € Cy;
(3) for all @ < p* and all C € C,, otp(C) < p.

O,,<» is the assertion that there is a [, <x-sequence. [, <5+ is typically denoted
Oux, Op1 is typically denoted O, and is Jensen’s original square principle, and
Uy, also investigated by Jensen, is often denoted L}, and is known as weak square.

An immediate consequence of condition (3) in the definition of 0, < is that, if
Cisa 0., <a-sequence, then C does not have a thread, i.e. a club D C pt such that,
for every a € acc(D), DNa € C,. A weakening of O,,, due to Todorcevié, replaces
this order-type restriction with its anti-thread consequence.

Definition 1.4 (Todorcevi¢). Suppose k is a regular, uncountable cardinal and
A > 1is a cardinal. A sequence C = (C, | @ < k) is a O(k, < A)-sequence if:

(1) for all @ < K, Cy, is a set of clubs in a with 0 < |Cy| < A;
(2) for all @ < < k and all C € Cg, if a € acc(C), then CNa € Cy;
(3) there is no club D C & such that, for all a € acc(D), DN € C,.

O(k, < A) is the assertion that there is a J(k, < \)-sequence. [(x, < AT) is typically
denoted O(k, ), and O(k, 1) is typically denoted O(k).

There are many connections between square principles and higher Aronszajn
trees. Todorcevié¢ (see [23]) proved that, if & is a regular, uncountable cardinal, then
O(k, < k) implies the existence of a k-Aronszajn tree. Earlier results of Jensen,
Solovay, Gregory, and Shelah combine to show that, if p is uncountable, then GCH+
0, implies the existence of a pu-Souslin tree. In addition, L}, is equivalent to the
existence of a special pu™-tree.

The last player in our story is stationary reflection. Recall that, if « is a regular,
uncountable cardinal, S' C k is stationary, and « < k is an ordinal of uncountable
cofinality, then S reflects at o if S N « is stationary in a. S reflects if there is
a < k such that S reflects at o. Refl(S) is the assertion that, whenever T' C S
is stationary, then T reflects. If S is a collection of stationary subsets of x and
a < k has uncountable cofinality, we say S reflects simultaneously at « if, for every
T € S, T reflects at a. We say S reflects simultaneously if there is a < k such
that S reflects simultaneously at «. If A is a cardinal and S C & is stationary, then
Refl(< A, S) is the assertion that, whenever S is a collection of stationary subsets
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of S and [S] < A, S reflects simultaneously. As usual, Refl(< A1, S) will be denoted
by Refl(A, ).

Aronszajn trees and square sequences can be seen as instances of incompact-
ness: k-Aronszajn trees have branches of every length less than x but no branches
of length k, and square sequences of length x cannot be extended to have length
K+ 1. Stationary reflection and strengthenings thereof, on the other hand, are man-
ifestly compactness principles and are therefore at certain odds with the existence
of Aronszajn trees and square sequences. For example, a folklore result states that
0, implies the failure of Refl(S) for every stationary S C p*. Much work has
been done investigating the extent to which certain compactness and incompact-
ness principles can or cannot hold simultaneously; we continue this line of research
here.

Our notation is, for the most part, standard. We use [8] as a reference for all
undefined notions. If A is a set of ordinals, we use acc(A) to refer to {8 € A\ {0} |
sup(A N B) = B} and let nacc(A) = A\ acc(4). If A < k are cardinals and \ is
regular, then S§ = {8 < x| cf(B) = A}. S%,, SE,, etc. are defined in the obvious
way.

1.1. Souslin tree constructions. There have been a vast array of constructions
of k-Souslin trees that have differed based on the identity of x and any additional
properties desired of the constructed tree. In recent work (see [1]), Brodsky and
Rinot unify these constructions under a single framework. In the process, they
isolate certain strengthenings of O(k, < A) that incorporate guessing properties.

Definition 1.5 (Brodsky-Rinot, [1]). Suppose & is a regular, uncountable cardinal,
A, 0 > 1 are cardinals, and S is a non-empty collection of stationary subsets of k.
(Co | @ < k) is a X, (S, < A)-sequence if:

(1) for all @ < K, Cy is a set of clubs in o with 0 < |Cq| < A;

(2) for all @ < k and all C' € C,, otp(C) < 6;

(3) for all @ < B < k and all C € Cg, if o € acc(C), then CNa € Cy;

(4) for every cofinal A C k and every S € S, there is § € S such that, for all

C € Cg, sup(nacc(C)NA) = 6.

X, (S, < A) holds if there is a B, (S, < A)-sequence. If § = k, then 6 is omitted from
the notation. If S C & is stationary, we write i, (S, < ) instead of &, ({S}, < A).
X, (S, ) and X, (S) are defined in analogy with O(k, A) and O(k).

The following is proven in [1].

Proposition 1.6. Suppose k is a regular, uncountable cardinal, X > 1 is a cardinal,
and C' = (Cy, | a < R) is a B~ (k, < A)-sequence. Then C is a O(k, < A)-sequence.

Proof. Suppose for sake of contradiction that D is a thread through C. Let A =
acc(D). Since C is a K~ (k, < A)-sequence, there is 8 < x such that sup(nacc(C) N
A) = B for all C' € Cg. Fix such an 5. Then § € acc(D), so there is C' € Cg such
that C = DN B. But then nacc(C) N A = g Nnace(D) Nace(D) = ), which is a
contradiction. (]

Brodsky and Rinot also introduce a further strengthening of X, (S, < A). Before
we give its definition, we need some notation.
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Definition 1.7 (Brodsky-Rinot, [1]). Suppose D is a set of ordinals and o is an
ordinal. succ, (D) is, intuitively, the set of the first o “successor elements” of D.
More precisely, succ, (D) = {6 € D | for some j < o,0tp(DNJ) =4+ 1}.

Definition 1.8 (Brodsky-Rinot, [1]). Suppose & is a regular, uncountable cardinal,
A, 0 > 1 are cardinals, and S is a non-empty collection of stationary subsets of k.
(Co | @ < K) is a Ky(S, < A)-sequence if:

(1) for all @ < K, Cy, is a set of clubs in a with 0 < |Cy| < A;

(2) for all @ < k and all C € C,, otp(C) < 6;

(3) for all @ < f < k and all C € Cg, if o € acc(C), then CNa € Cy;

(4) for every sequence (A; | ¢ < k) of cofinal subsets of x and every S € S,
there is 8 € S such that, for all C € Cs and all i < 8, sup({a < 8 |
suce, (C'\ a) C A;}) = 6.

As before, we omit 6 if § = k and write Ky (.S, < A) instead of Mp({S}, < A). K(S, A)
and X(S) are defined in the obvious way.

Remark 1.9. In clause (4) of the definitions of K, (S, < A) and Mg(S, < A), the
existence of a single § € S is easily seen to be equivalent to the existence of
stationarily many such g € S.

Brodsky and Rinot use these principles, together with {(x) (which follows from
GCH for successor cardinals x > wy) to construct s-Souslin trees with various
additional properties.

Theorem 1.10 (Brodsky-Rinot, [2], [1], [3], respectively). Suppose k is a regular,
uncountable cardinal.
(1) X~ (k, < k) + (k) implies the existence of a k-Souslin tree.
(2) R~ (NST) + O(k) implies the existence of a coherent r-Souslin tree (see [1]
for the definition of coherence in this setting).
(3) (k) + O(k) implies the existence of a k-Souslin tree that contains a A-
ascent path for every infinite cardinal A < k (see Definition 1.15 for the
definition of a \-ascent path).

One salient difference between the constructions of Brodsky and Rinot and pre-
vious constructions is that the new constructions make no explicit use of a non-
reflecting stationary subset of k, while all known previous {»-based constructions
do. This led Rinot to ask the following question.

Question 1.11 (Rinot, [15]). Let k be a regular, uncountable cardinal. Is GCH +
X~ (k) + Refl(k) consistent? What about GCH + K(x) + Refl(x) ?

Here, we answer the first question in the affirmative and the second question
in the negative. Upon learning of our affirmative answer, Rinot asked if, in case
k = pT where p is a singular cardinal, we can also arrange for U}, to hold. This is
of interest for two reasons. First, the presence of [}, allows one to draw stronger
consequences from X~ (k) (see [2]). Second, by a result from [17], if p is strong
limit, 2 = ™, and 07, holds, then forcing to add a Cohen subset of T necessarily
adds a non-reflecting stationary set. Therefore, if L1}, were to also hold in a model
of GCH + X~ (k) + Refl(x), the stationary reflection would be quite fragile. We
answer this affirmatively as well. In particular, we prove the following theorems.

Theorem 1.12. Assuming the consistency of certain large cardinals, the following
are consistent:
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(1) GCH+R-(NS{_ )+ 8 ({Sy*" | n < w},w) + Refi(Ryy1);
(2) GCH + K~ (NS{\ ) + Refl(S32);
(3) GCH4+(k)+X~(NSH) +Refl(k), where k is the least inaccessible cardinal.

Remark 1.13. We also get the relevant instance of ¢ in (1) and (2) of Theorem
1.12, as it follows there from GCH. In addition, there is nothing special about R, 1,
No, or the least inaccessible in Theorem 1.12. They are used for concreteness only,
and self-evident modifications of the proof will allow the reader to obtain similar
results for other successors of singular cardinals, successors of regular cardinals,
and inaccessible cardinals, respectively.

In addition, we will obtain similar results about the consistency of wider X se-
quences together with simultaneous stationary reflection, indicating that the exis-
tence of a k-Souslin tree is in general compatible with a high degree of simultaneous
stationary reflection.

Theorem 1.14. Suppose k is a regular, uncountable cardinal and X (k) holds. Then

Refl(S%) fails.

However, we will show that X(x) is consistent with Refl(x \ S) for some non-
reflecting stationary S C SE.

A small note is in order here. Very soon after the author proved Theorem 1.12,
Rinot proved in [16] that, if K > R is a successor cardinal, then GCH+0(k) actually
implies X~ (k), in which case the positive answer to the first part of Question 1.11
follows directly from work of Hayut and the author in [7]. Our results here remain
of interest, though, in that they provide a strengthened version of X~ (k) (namely
X~ (NS)) and also work for inaccessible values of k.

1.2. Ascending paths in trees. The following definition is a generalization of
the notion of a cofinal branch through a tree.

Definition 1.15. Suppose T is a tree and ht(T) = k. Let A > 0 be a cardinal.

(1) A sequence (b, : A = T, | v < k) is an ascending path of width \ through
T if, for all o < B < &, there are 1,£ < X such that b, (1) <7 bs(§).

(2) A sequence (b, : A = T, | v < k) is a A-ascent path through T if, for all
a < B < K, there is 7 < A such that, for all n < & < X, by (§) <r bs(§).

It is clear that a A-ascent path is also an ascending path of width A\. The notion
of a A-ascent path is due to Laver and stems from his work in [12].

One of the reasons special trees are of interest is that they are robustly branchless,
i.e. if Kk is a regular, uncountable cardinal and T is a special tree of height x, then
T fails to have a cofinal branch in any outer model in which k remains a regular
cardinal. Extending this idea, Shelah, building on work of Laver and Todor¢evié,
proved that the existence of certain ascent paths also precludes a tree from being
special.

Theorem 1.16 (Shelah, [21]). Suppose A < u are infinite cardinals such that X is
reqular and cf(u) # X. Suppose T is a tree of height u* and T has a A-ascent path.
Then T is not special.

Todorcevié¢ and Torres Pérez, in [24], prove a stronger result that is further
generalized by Liicke in [13] to show that, in many cases, the weaker requirement
that T not have an ascending path of narrow width is enough to stop 7" from being
special.
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Theorem 1.17 (Liicke, [13]). Suppose A < k are infinite cardinals such that K is
regular and is not the successor of a cardinal p such that cf(u) < X\. Suppose T is a
tree of height k and S C S, is a stationary set that is non-stationary with respect
toT. Then T does not have an ascending path of width .

In particular, if T is a tree of height k, x is not the successor of a cardinal of
cofinality < A, and T has an ascending path of width A, then T is not special.
This leads naturally to the following question.

Question 1.18 (Liicke, [13]). Is it consistent that there is a singular cardinal p
and a cardinal \ such that cf(p) < X < p and there is a special tree T of height p™+
that has an ascending path of width \?

We will answer this question affirmatively, in fact showing that a stronger state-
ment follows from [, but not from [, 5. More precisely, we will prove the following.

Theorem 1.19. Suppose p is a singular cardinal.

(1) If O, holds, then there is a special p*-tree with a cf(u)-ascent path.
(2) It is consistent that O, 2 holds and, for every reqular X < p, if T is a tree
of height u* with a A-ascent path, then T has a cofinal branch.

Clause (2) of Theorem 1.19 is due to Shani and is proven in [20]. The proof
there goes through an argument about fresh subsets of ordinals in ultrapowers. We
provide a different proof here, using work of the author from [10]. In the model
we will construct for clause (2) of Theorem 1.19 (as well as in that constructed by
Shani in [20]), we will have 2# = y*. In [1], Brodsky and Rinot show that, if p is
singular, then 00, 4+ 2# = p* implies X(u™) + O(ut). Therefore, by clause (3) of
Theorem 1.10, O, + 2# = p* implies the existence of a p-Souslin tree that has
a A-ascent path for every infinite cardinal A < u. This shows that Brodsky and
Rinot’s result is optimal in the sense that the existence of such a Souslin tree does
not follow from O, 5 + 2+ = pt.

Versions of clause (2) of Theorem 1.19 also hold for successors of regular car-
dinals and inaccessible cardinals. This provides an example of a case in which
0,2 is compatible with a compactness principle that is denied by 0,. As an-
other example of such a result, Sakai shows in [18] that, if u is a regular, un-
countable cardinal, then [, » is compatible with the Chang’s Conjecture variation
(ut, 1) - (wi,w), whereas results of Todorcevié (see [23]) imply that, for any
cardinal v < p, (u*,u) - (v*,v) implies the failure of OJ,,.

2. FORCING PRELIMINARIES

In this section, we introduce some forcing posets that will be useful for us. We
start by looking at an indexed strengthening of 0, +¢(,,, studied in [4] and [5].

Definition 2.1 (Cummings, Foreman, and Magidor [4]). Suppose p is a singular
cardinal. A sequence (Co; | oo < p, i) < i < cf(p)) is a Di:,‘gf(#)—sequence if the
following conditions hold:

(1) for every oo < ™, i(ar) < ef(p);

(2) for every o < put and i(a) < i < cf(p), Cq,i is club in o

(3) there is an increasing sequence of regular cardinals, {u; | ¢ < cf(u)), cofinal

in p, such that, for all @ < p* and i(a) < i < cf(u), otp(Ca.i) < pi;
(4) for all @ < pt and () <i < j < cf(p), Cayi C Coys
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(5) for all @ < B < pt and i(B) < i < cf(p), if @ € ace(Cp,), then i(a) < i
and Cg; Na = Cy;

(6) for all limit @ < B < p™, there is ¢ < cf(p) such that i(a),i(8) < i and
a € acc(Cp ).

Diz‘if(m holds if there is a Dizcclf(m—sequence.

Dif(cif(u) can be introduced by a natural forcing poset.

Definition 2.2. Suppose p is a singular cardinal and i = (u; | ¢ < cf(p)) is an
increasing sequence of regular cardinals, cofinal in g. Then Sgld is the forcing poset
whose conditions are all s = (C] ; | @ <v*%,i(a)® <i < cf(u)) such that:

(1) v* < p*y
2) for all @ <%, i(a)® < cf(p);
) for all & <+* and i(a)® < i < cf(p), Cf ; is club in @ and otp(Cy, ;) < ps;
)
)

w

for all @ <+ and i(a)® <i<j<cf(n), C;, CC;

for all a < B < ~* and i(B)* < i < cf(p), if a € acc(C,), then i(a)® < i
and CF, Na=Cg
(6) for all limit o < 8 < ~°, there is ¢ < cf(u) such that i(«)®,i(5)® < i and
a € ace(Cf ).

(
(
(4
(5

Si{‘d is ordered by end-extension.
The following lemma is proven in Section 9 of [4].

Lemma 2.3. Suppose p and (i are as in the previous definition.
(1) Sg‘d is cf(u)-directed closed.
(2) Sg‘d is < p-strategically closed.
(3) If G is Sg‘d—generic over V, then, in V|G|, UG is a Diﬁ‘clf(u)—sequence.

There is also a natural forcing notion to add a O(k)-sequence.

Definition 2.4. Suppose « is a regular, uncountable cardinal. S(k) is the forcing
poset whose conditions are all s = (D2 | « < ) such that:

(1) ¥° < kK;

(2) for all @ < 4%, D? is club in «;

(3) for all @ < 8 <~°, if @ € acc(Dg), then DgNa = Dy,.

S(A) is ordered by end-extension.
The following lemma is standard. A proof can be found in [11].

Lemma 2.5. Suppose k is a reqular, uncountable cardinal.
(1) S(k) is countably closed.
(2) S(k) is k-strategically closed.
(3) If G is S(k)-generic over V, then, in V[G], UG is a O(k)-sequence.

We now introduce posets designed to add threads to these square sequences.

Definition 2.6. Suppose p is a singular cardinal and C = (Co; | o < pt,i() <

i < cf(p)) is a 0%, -sequence. Let i < cf(n). Ty.:(C) is the forcing poset whose

conditions are all C,; such that o < p™ is a limit ordinal and i(a) < 1. To.:(C) is
ordered by end-extension, i.e. Cp; < Cy ; iff o € acc(Cg ).
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Definition 2.7. Suppose & is a regular, uncountable cardinal and D = (D, | a <

k) is a O(k)-sequence. Ty(D) is the forcing poset whose conditions are all D,, such
that o < k is a limit ordinal. Ty (D) is ordered by end-extension.

Lemma 2.8. Let p be a singular cardinal, let k = u™, and let i = (u; | i < cf(p))
be an increasing sequence of regular cardinals, cofinal in p. Let Sy = Si;d and

S1 = S(k). Let C be a name for the Dif‘gf(“)—sequence added by So, and let D be

a name for the O(k)-sequence added by Sy. Let i < cf(u), let To; be a name for
T07i(@), and let Ty be a name for Tl(ﬁ). InV, (S x S1) ("]'I‘O),» X Tl) has a dense
wi-directed closed subset.

Proof. Let U be the set of ((sq,51), (fo,11)) € (So X S1) * (To,i X Tl) such that:

YO =t =y

i) < s

S0 I “t.o = C:;?i”;

sy Ik “iy = D37,

The verification that U is dense and p;-directed closed is a straightforward combi-
nation of the proofs of Lemma 9.6 from [4] and Proposition 3.11 from [11]. O

We will also need some basic facts about the approachability ideal I[x] for regular,
uncountable . The reader is referred to [6] for a wealth of information about I[x].
Relevant to us is the fact that I[k] is a normal ideal on k extending the non-
stationary ideal and the following fact, due to Shelah.

Fact 2.9. Suppose A < k are regular cardinals, and suppose S C ST, is stationary
and S € I[k]. Suppose moreover that P is a A-closed forcing notion. Then S

remains stationary in VF.

If 41 is an uncountable cardinal, then AP, is the assertion that p* € I[u™].

3. SOUSLIN TREES WITH STATIONARY REFLECTION

In this section, we prove Theorem 1.12. We prove (1) in detail and indicate how
to modify the argument for (2) and (3).

Suppose that, in a model V; of ZFC, (A, | n < w) is an increasing sequence of
cardinals such that A\g = Ny and, for all 0 < n < w, A, is supercompact. Assume
GCH holds. Let p = sup({#,, | n < w}), and let £ = p*. Define a forcing iteration
(]P’m,Qn | m < w,n < w), taken with full supports, by letting, for all n < w, Qn
be a P,-name for Coll(\,, < A\,+1). Let P = P, let G be P-generic over V;, and
let V= V[G]. For n < w, let P" be such that P = P,, « P" and let G,, and G™
be the generic filters induced by G on P, and P", respectively. In V', we have the
following situation:

A =R, for all n < w;
H= Nw;

K= Nyp1;

GCH holds;

AP;qW holds.

The first four items follow from standard arguments. For the proof of APy, see
[14].
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Lemma 3.1. Suppose n < w and, in V, U is an R, 1-directed closed forcing poset.
Then, in VY, Refl(SZy ) holds. In fact, for every stationary S C STy , S reflects
at an ordinal 8 € S .

Proof. Let j : Vo — M witness that A, is [P * U|-supercompact. Since |P,| <
Ant1, we can lift j to j : VO[Gn] — M[Gn] J(Qn) = COH()‘7L7< j()‘n+1)) By
standard arguments, a lemma from [14] implies that j(Q,) = P« U xR, where R is
a name for a A,-closed forcing poset. Thus, letting H be U-generic over V,[G] and
I be R-generic over Vy[G x H], we can lift j further to j : Vy[Gpy1] = MG * H xI].
Since j(P"! % U) is j(ky1)-directed closed in M[G * H  I], we can find a lower
bound (¢*,u*) € j(P" 1) to {j((¢,u)) | (¢,u) € G x H}. Then, letting G« H™T
be j(P"*1 % U)-generic over Vo[G * H * I] with (¢*,u*) € GT + H*, we can extend
j once more to j : Vo[G* H| — M[G * H * [ x Gt x HT].

Suppose for sake of contradiction that, in Vo[G * H], S is a stationary subset of
S%y, that does not reflect at any ordinal in S§ . Then, in M[G+ H + I «G* x H"],

j(9) is a stationary subset of j(x) that does not reflect at any ordinal in ng(m)
In particular, if n = sup(j“k), then, in M[G x H x I x GT x HY], cf(n) = R,, so
j(S) N n is non-stationary in n. Let D be club in n such that otp(D) = A, and
DNj(S) =90. Let E = {a < | j(o) € D}. Then ENS = 0 and, since j is
continuous at points of cofinality < A,, E is club in k. Thus, S is non-stationary
in Vo[G + H*I+Gt x HY]. In Vo[G * H]|, S is a stationary subset of S%, . In
VolG], SEy, € I[k]. Since H does not change any cofinalities below 8,,, we still have
S§. € I[x] in Vo[GxH]. In particular, S € I[x]. Moreover, [ xG**H™" is generic for
An-closed forcing, so, by Fact 2.9, S remains stationary in Vo[G* H x [ x GT x HT),
which is a contradiction. (]

Work now in V. Let i = (Nj41 | 1 < w), let Sp = Si;d, and let S; = S(k). Let
S = So X Sl.

In VS, let C = (Cayi | @ < kyi(a) <i < w) be the generic (' -sequence intro-
duced by Sy, and let D = (D, | a < &) be the generic O(k)-sequence introduced
by S;. For i < w, let To; = To;(C), let T, = Ty (D), and let T(i) = To; x Ty. By
Lemma 2.8, S * T(z) has a dense N;;-directed closed subset.

The proof of the following lemma is as in Lemma 9.8 of [4].

Lemma 3.2. Leti < j <w. In VS, define a map m;; : T(i) — T(j) by letting, for
all (Cayi, Dg) € T(i), mij((Cayi, D)) = (Ca,j, Dg). Then m;; is a projection.

Definition 3.3. In VS or any forcing extension thereof, we say that a subset S C &
is fragile if, for all i < w, IFp;) “S is non-stationary in x.”

Remark 3.4. If i < j <w, S Ck, t € T(i), and t Iy “S is stationary.”, then,
as m;; is a projection, m;;(t) IFp(;) “S is stationary.” Thus, if S is not fragile, then,
for all sufficiently large i < w, there is ¢ € T(i) such that ¢ l-p;) “S is stationary.”

In VS, recursively define posets (R, | n < x*) and names (S, | n < xT) such
that:
(1) for all n < x*, S, is an R,-name for a fragile subset of x;
(2) for all n < k™, conditions of R,, are all functions 7 such that:
(a) dom(r) C n;
(b) [dom(r)| < p;
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(c) for all £ € dom(r), r(&) is a closed, bounded subset of k£ and r | £ IFg,
“r(€) N S = 07;
(3) for all n < k™, if rg, 71 € Ry, then rq < 1 if:
(a) dom(rg) C dom(ry);
(b) for all £ € dom(rg), r1(§) end-extends ro(&).

Let R = R,+. We will show that each R, is x-distributive and, therefore, for
all n < kt, Ryy1 = R, x CU(k \ S,), where CU(T) is the standard forcing poset
for shooting a club through T'. Also, standard arguments show that R has the
kT-c.c. Therefore, by employing a sufficient bookkeeping apparatus in our choice
of (S,, | n < k), we may arrange so that, in VS*R for all T' C &, if T is fragile,
then T is non-stationary.

Moving back to V, for each ) < k* and i < w, let E, ; be an S % R,, * T(i)-name
for a club in k disjoint from Sn. If i < j < w, then, since m;; is a projection from
T(i) to T(j) in VS, we may also consider £, ; as an S * R, * T(i)-name and assume
that ”_S*R,,*T(i) “Emi < En,j~”

Lemma 3.5. For all i < w and n < kt, Sx R, + T(i) has a dense N, -directed
closed subset.

Proof. The ideas of this proof are largely derived from the ideas in Section 10 of
[4]. For sake of completeness and because we have simplified some aspects of the
arguments in [4], we present the proof in some detail.

For i < w, let Up; be the dense N;; -directed closed subset of S x* T(z) given in
the proof of Lemma 2.8. For n < £t and i < w, let U,; be the set of (s,7,1) €
S % R,, * T(i) such that:

o (s,1) € Ug;
e s decides the value of 7, i.e. there is a function 7 € V' such that s - “7 = 77;
e for all ¢ € dom(r), (s,7 [ &,1) Fsurein) max(r(§)) € Ee;.”

The verification that U, ; is N;;i-directed closed is straightforward. It is thus
sufficient to show that it is dense. We do this by induction on 7, simultaneously
for all 4.

If n = 0, this follows from Lemma 2.8. Suppose 0 < 1 < AT, i < w, and we
have proven that, for all £ < n and all j < w, Ug; is dense in S * Rg « T(j). Fix
(s0,70,t0) € S * Rn * T(z) We may assume that (sp,%p) € Up; and, since S is
k-distributive, that sg decides the value of 7y to be some rg € V. We will find
(s,7,t) < (s0,70,10) With (s,7,£) € U, ;.

Case 1: 7 = ¢ + 1. By the inductive hypothesis, we can find (s1,71,%;) <
(s0,70 | & %o) such that (s1,71,f1) € Ug,; and there is o > max(ro(£)) such that
(s1,71,t1) IF “a € E, ;. Now form (s, ) by letting (s,t) = (s1,f1) and letting 7
be such that s I- “¢ | € =7 and 7(€) = ro(€) U{a}.” (s,7,f) is easily seen to be in
U,

]Case 2: cf(n) > k. In this case, dom(r) is bounded below 7, so there is some
¢ < 1 such that (sg, 7o, o) € S * Rg * T(z), and we may simply invoke the inductive
hypothesis for &.

Case 3: Ny < cf(n) < p. Let j < w be such that ¢ < j and cf(n) < N;. Let
70 = 7°°, and note that sqg IF “fg = C’ig,i.” Let £ be such that s IF “£% = C’f/&j
and note that (so,70,15) € S * R, * T(j). Let (& | k < cf(n)) be an increasing,
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continuous sequence of ordinals, cofinal in 7. Recursively construct a sequence of
conditions ((s*,7* %) | k < cf(n)) such that:

e for all k < cf(n), (s*,7F, %) € Ug, ;

e for all k < cf(n), (s, 7% %) < (so,70 | &k, t5);

o for all ko < ky < cf(n), (skr, 7k #k1) < (sko ho fho),
The construction is straightforward by the inductive hypothesis and the closure of
the relevant posets. Now ((s*, 7, %) | k < cf(n)) is a decreasing sequence in U, ;,
so, by the closure of U, j, we may find a lower bound, (s*,7,t*) € U,,;. Now,
using the fact that 7;; is a projection in VS, we may find (s,f) € Up,; such that
(5,1) < (s0,t0) and (s,m;;(t)) < (s*,£*). Now, using the fact that, for all £ < 7,

Fsupewiy “Fei € Ee,j,” we have that (s,7,1) € Uy, and (s,7,1) < (so,70,%0). O

Let H be S-generic over V, and let I be R-generic over V[H]. We now argue
that V[H x I] satisfies the requirements of (1) in Theorem 1.12. It is easily seen
that, as GCH holds in V, it holds in V[H * I| as well. We must therefore verify
Refl(R,41), M~ (NSE ), and X, ({S§, [ n <w}w).

N1

Lemma 3.6. Refl(k) holds in V[H = I|. In fact, for every i < j < w and every

stationary S C STy , S reflects at an ordinal in SQJ_.

Proof. Since, for every stationary S C k, there is i < w such that SN S%y is
stationary, it suffices to prove the second statement. Thus, fix i < j < w and a
stationary S C S%, . By the construction of R, since S is stationary in V[H % I], S
is not fragile. Therefore, we may find £ > max(i, ) and ¢t € T(¢) such that ¢ IF S
is stationary.” Let J be T(¢)-generic over V[H  I] with ¢ € J. S is thus stationary
in V[H %I« J]. By Lemma 3.5, V[H I x J] can be viewed as a forcing extension of
V by an Ny ;-directed closed forcing notion. Therefore, by Lemma 3.1, since £ > j,
S reflects in V[H I+ J] at an ordinal in S . Since V[H I} and V[H % I x J] have
the same ordinals of cofinality X;, this holds in V[H * I] as well. O

Recall that D = (D, | a < &) is the generic [(k)-sequence introduced by S. An
easy genericity argument, which we omit, yields the following proposition.

Proposition 3.7. Suppose v < § < k, with vy a limit ordinal. Then there is f < K
such that v € acc(Dg) and 6 € nacc(Dg).

Lemma 3.8. In V[H I, D is a X~ (NS;")-sequence.

Proof. Suppose not. This means that there is a cofinal A C k and a stationary
S C k such that, for all & € S, sup(nacc(D,) N A) < a. By Fodor’s Lemma,
we can find a fixed g < k and a stationary Sy C S such that, for all a € S,
sup(nacc(Dgy) N A) = a. Sp is not fragile, so we can find i < w and ¢ € T(¢) such
that ¢ I “Sp is stationary in .” Let v < k be such that, letting ¢t = (¢o,t1), we
have t; = D,. Let § = min(A \ (y + 1)). By Proposition 3.7, there is § < & such
that v € acc(Dg) and ¢ € nacc(Dg). Let tf = Dg, and let t* = (t,t]) < t. Let J
be T(i)-generic with t* € J. Let T' = m(fg,t‘l)eJt_l' T is a thread through D and
B € acc(T'). Therefore, for every a € acc(T)\ 3, § € nacc(Dy)NA, so, in particular,
a & Sp. Thus, acc(T) \ B witnesses that Sy is non-stationary in &, contradicting
the fact that ¢ IF “Sy is stationary in k.” and t € J. O

Lemma 3.9. In V[H 1], C is a X, ({98, | n <w},w)-sequence.
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Proof. We first deal with S§ . Work in V. Let A be an S¥R-name for an unbounded
subset of x, and let (s,7) € SxR, with s = (s(0),s(1)). We will find (s8%,7%) < (s,7)
and 3 € S such that (s*,7*) IFg,z “for all i(3) < i < w, sup(nacc(C’B l) ﬁA) B.”

Let U = U+ o, the countably closed dense subset of S * R % ’]I‘(O) isolated in the
proof of Lemma 3.5. We will recursively define a decreasing sequence ((s,,7n,n) |
n < w) from U and an increasing sequence of ordinals (v, | n < w).

To start, fix (50,70,%0) € U such that (sg,70) < (s,7). Next, suppose n < w and
(SnyTn, tn) has been defined and r,, is the function in V' such that s, Iks “7, = 7.7
Assume we have arranged that, for all m < n, a,, has also been defined and Qm, <

757 0). Find (s%,7%) < (8n,7n) and a, > 75"(0) such that (s}, 7)) IFq,p “an € c A
Let v* =450 and let v = v* +w. We now define 3, (0) < s%(0) with 450 = ~,
To do this, we only need to specify i(7)**(*) and C’,i:”i(o) for all i(y)*» () < i < w. We
let i()*"(®) = 0. Let m < w be least such that m > n and v*»(®) ¢ acc(C’S;(O)) If
i < m, then let C’ n(0) = C’S’jﬂ(?o) ZU{fygn(o) antU{v*+l ]l <w} Ifm <i<w,let

C’jz(o) = C’S"(O)U{v +) 0 < w} The point is that, for alli < n, o, € nacc(C’S"(O)).

Let 4,(1) = s%(1), and let %, be such that 3, IFs “t (0) = Cg"(o) and t,(1) =

tn(1).” Then (§n,rn,tn) < (Sn, Py tn). Find (Spet1, Pnitstns1) < (sn,rn,fn) such
that (sp+1, 7 n+1, in+1) € U and continue the construction.

At the end of the construction, let (s*,7*) be a lower bound for (s,,7, | n < w).
In particular, we can assume that, letting B = sup({y*»® | n < w}), we have
i(8)°" () =0 and, for all i < w, Cs, © = =Un<w C’j"rf?g” Also, (s*,7%) kg5 “{an |
n < w}t C A” and, for all i < w, {an |i <n<w}C nacc(C';;(O)). Therefore,
(5%,7%) kg, “ for all i < w, sup(nacc(Cp ;) N A) = B,” as desired.

Now suppose 0 < n < w. In V[H « I], let A be an unbounded subset of «.
Let Sq = {8 € S& | for all i(8) < i < w,sup(nacc(Cp,;) N A) = }. By the case
n =0, S4 is stationary, so, by Lemma 3.6, there is v € S§ such that Sy reflects
at . For every i(y) < i < w, there are unboundedly many 3 € acc(C, ;) NS4, so
sup(nacc(Cy; N A) = v. Therefore, Cis a 0% ({S “t | n < w},w)-sequence. O

This completes the proof of (1) of Theorem 1.12. We next quickly sketch the
proofs of (2) and (3). Suppose that, in V', GCH holds,  is a regular, uncountable
cardinal, T is a stationary subset of k, and Refl(T") holds in any forcing extension
by a k-directed closed forcing poset of size < k. By arguments from [7], this can be
forced with Kk = Ny and T' = S§§ from a weakly compact cardinal and with & being
the least inacessible cardinal and T = x from an inaccessible limit of supercompact
cardinals.

Let S = S(k). In VS, let D be the generically-added O(k)-sequence, and let
T =T, (D). In V&, define a poset R exactly as in the proof of (1) of Theorem 1.12.
In particular, in VS*R', if S C k and IFp “S is non-stationary,” then S is already
non-stationary in V"R, We will also have the following Lemma, proven in the same
way as Lemma 3.5.

Lemma 3.10. InV, S« R «T has a dense x-directed closed subset.

Let G be S-generic over V', and let H be R-generic over V[H]. The proof that, in
V|G = H], Refl(T) holds is similar to the proof in (1) and can be found in [7]. The
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proof that D is a K~ (NS} )-sequence in V[G « H] is exactly as in the proof of (1).
Thus, by either letting x = Ry and T = S§§ or letting x be the least inaccessible

cardinal and T = k, the following lemma will complete the proofs of (2) and (3) of
Theorem 1.12.

Lemma 3.11. {$(k) holds in V|G * H].

Proof. In V|G H], for every 8 < k, we define Ag C f3 as follows. For alla < 8 < &,
let v € Ag iff B+ a+1 € Dgy. We claim that, in V[Gx H], A= (Az | S < k) is a
O(k)-sequence.

Work in V' and, for all 8 < &, let Ag be a canonical name for Ag. Let (s,7) € S*]R,
let A be an SxR-name for an unbounded subset of %, and let C be an S*R-name for
a club in k. We will find (s*,7*) < (s,7) and B < & such that (s*,7*) IFg,5 “8 € C
and ANpB=Ag”

Let U be the s-directed closed dense subset of S % R « T. Define a decreasing
sequence {(Sy,,7n,tn) | n < w) of conditions from U and an increasing sequence of
ordinals (o, | n < w) below k satisfying the following requirements.

(1) (s0,70) < (s,7). '
(2) For all n < w, (Sp41,7n+1) decides the value of A N~*n.
(3) For all n < w, v°" < a,, < ¥+ and (Sp41,Tnt1) IF “a, € C7

The construction is straightforward. Let § = sup({ay | n < w}) = sup({y* | n <
w}), and use the closure of U to find a lower bound (s, 7) for ((sn, ) | n < w)
with y® = 3. Then (s, ) decides the value of AN to be some B C B and forces
B to be in C. Tt is now easy to build a condition s* < s,, such that v** = -2 and
DZ:Q is the ordinal closure of {f+a+1 | « € B}. Let 7* = 7. Then (s*,7*) < (s,7)
and (s*,7%) kg, “B € C and ANp = Ag.” O

We can also get the consistency of certain instances of X~ (k,A) with some
amount of simultaneous stationary reflection. In [7], Hayut and the author prove
the consistency, from large cardinals, of an indexed version of O(k, A) together with
simultaneous stationary reflection. In particular, in all of these models in which &
is either a successor of a singular cardinal or inaccessible, an examination of the
proofs in [7], together with the arguments of Lemma 3.6, implies that, for all car-
dinals p < v < k with v regular, if S C SZ, is stationary, then S reflects at an
ordinal in S¥. A straightforward modification of the proofs of Lemma 3.9 (where
the length of the recursive construction in the proof is equal to A, the width of
the square sequence) and Lemma 3.11 then shows that, in the models from [7], the
indexed O(k, A)-sequence is in fact a X~ ({S! | v regular, A < v < Kk}, A)-sequence.
In all cases, GCH can easily be arranged in the final model, so we can thus obtain,
for example, the following results (the reader is referred to [7] for details).

Corollary 3.12. Suppose there is a weakly compact cardinal. For i < 2, there is
a forcing extension in which GCH, &‘({Sgi i <k <2},%;), and Refl(< N;, Sgi)
hold.

Corollary 3.13. Suppose there are infinitely many supercompact cardinals, and let
m < w. There is a forcing extension in which GCH and &*({Sif’l |m<n<

w}, Np,) hold and Refl(< Ry, Si‘g:l) holds for all n < w.
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Corollary 3.14. Suppose k is an inaccessible limit of supercompact cardinals, with
(i | © < K) an increasing sequence of supercompact cardinals below k. For £ < Kk,
there is a forcing extension in which k is the least inacessible cardinal, \; remains a
reqular cardinal for alli < k, and GCH, $(k), B~ ({S§ | 0 reqular, \p < 6 < K}, \¢),
and Refl(< Mg, k) hold.

In light of item (1) from Theorem 1.10, these corollaries show that, for regular,
uncountable k > wi, the existence of a k-Souslin tree is compatible with a high
degree of simultaneous stationary reflection at k. In addition, in [2], Brodsky and
Rinot show that, if s is < d-inaccessible, i.e. A < & for all A < k and & < 6, then
K~ (S%s, < k) + $(k) implies the existence of a d-complete k-Souslin tree. In the
presence of appropriate cardinal arithmetic, then, our corollaries can yield highly
complete Souslin trees.

4. STRONGER GUESSING PRINCIPLES

In this section, we look at the relationship between X(x) and stationary reflec-
tion. We start by proving Theorem 1.14. We actually prove the following slightly
stronger result.

Theorem 4.1. Suppose k is a regular, uncountable cardinal, Refl(S) holds, and
C = (Cy | a < k) is a O(k)-sequence. Then there is a club E C k such that, for
every 5 € k, {a < | succ,(Cs \ @) C E} = 0. In particular, X(k) fails.

Proof. Let T = {a € Sf | acc(Cy,) is bounded below a}.
Claim 4.2. T is non-stationary.

Proof. Fix g € S%,, let Dy = acc(Cp), and let Dy = acc(Dy). Dy is club in 3
and, for every € D;, we have Cg Na = C, and sup(acc(Cz Na)) = o. In
particular, D1 N'T = (). Therefore, T' does not reflect and, since Refl(S%) holds, T'
is non-stationary. (I

Thus, there is a club E C « such that ENT = . Let 8 < k, and suppose that
there is a < 8 such that succ,(Cp \ @) € E. Let § = sup(succ,(Cs \ «)). Then
Cs N = Cy, so max(acc(Cs)) < a < §, and therefore § € T. But 0 is also a limit
point of E and hence in E, contradicting the fact that £ NT = (). Thus, F is as
specified in the statement of the theorem. ([l

However, this is in some sense the only obstacle to the consistency of GCH +
X(x) 4+ Refl(x). For example, we can prove the following theorem.

Theorem 4.3. Suppose there are infinitely many supercompact cardinals. Then
there is a forcing extension in which GCH holds and there is a non-reflecting sta-
tionary setT' C SRt such that, letting S := R, 11\ T, we have both @(NS;;H IS)
and Refl(S).

Proof. The proof is similar to those in Section 3, so we will omit some repeated
arguments. Let V be the model from the beginning of Section 3 obtained by
collapsing infinitely many supercompact cardinals to be the X,’s for 0 < n < w.
Let p = N, and k = N, 1. By standard arguments, Refl(x) holds in any forcing
extension of V' by a k-directed closed forcing poset.

Let S = S(k). Let G be S-generic over V. In V[G], let C = (Cy | a < ) be the

—

generically-added O(x)-sequence, and let T = T1(C). Let T = {a < & | acc(Cy)
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is bounded below a}. By an easy genericity argument, T is a stationary subset of
S and, by the arguments in the proof of Theorem 4.1, T' does not reflect. In V[G]
and any forcing extension thereof, we say a stationary subset S C k\ T is fragile if
IFr “S is non-stationary.” In V| let T be a canonical S-name for 7'

As in Section 3, define in V[G] a poset R so that, in the extension by R, any
fragile subset of # \ T is non-stationary. Let (R, | n < xT), (S, | n < xT), and
(E, | n < %) be as defined in Section 3, so that, for all n < x*, S, is an R,-name
for a fragile subset of x\ T and En is an R,, x T-name for a club in x disjoint from
Sn- As in Section 3, we have that, in V, S x R « T has a dense s-directed closed
subset, U, consisting of all (s, 7,) such that:

e there are r, t € V such that s+ “¢ =7 and ¢ = {”;
e 7° = sup(t);
e for all £ € dom(r), (p,7 | &) IF “max(r(€)) € E,.

Let H be R-generic over V[G]. V|G * H| will be our desired model. Let S =
k\T. GCH easily holds in V|G * HJ, and arguments exactly as in Section 3 show
that Refl(S) holds. To finish the proof, it will thus suffice to show that C is a
X(NS; | S)-sequence. To this end, the following lemma will be useful.

Lemma 4.4. In V|G * H|, suppose v < k is a limit ordinal and A is an unbounded
subset of k. Then there is a limit ordinal § < k such that~y € acc(Cs) and succ, (Cs\
(y+1) CA

Proof. Work in V. Let A be an S * R-name for A, and let (s,7) € S R. We will
find (s*,7*) < (s,7) forcing the conclusion of the lemma.

Without loss of generality, assume that v* > . Recursively construct a decreas-
ing sequence ((sy,7n,tn) | 7 < w) from U together with an increasing sequence of
ordinals below &, (n, | n < w), satisfying the following conditions.

(1) (s0,70) < (s,7);

(2) for all n < w, letting 7, and ¢, be the elements of V specified in the
definition of U, we have that sup({v*~} U {max(r,(§)) | £ € dom(r,)}) <
i < in({y% 1 } U {max(r41(€)) | € € dom(ry1)});

(3) for all n < w, (Spy1,7nt1) IF “np € A7

The construction is straightforward. Let 6 = sup({n, | n < w}), and define
(5*,7*) as follows. First, let s* = (C% | a < 6), where, for a < §, C5 = Cs» for
some n < w such that a < 4*» and C§ = Ci* U{v}U{n, |n <w}. Then s* €S
and s* < s, for all n < w.

Let X = {J,,.,, dom(ry,), and let r* be a function such that dom(r*) = X and,
forall € € X, r*(¢) = {0}UU{rn(§) | £ € dom(r,)}. Let 7#* be an S-name such that
(p*) Ik “7* = r*.” Tt is straightforward to verify, by induction on £ € X U{x™}, that
(s%,7* | €) € S*Re and (s*,7* | €) < (sn,7n | €) for all n < w. This verification
uses the fact that, since max(acc(C§')) = v < &, we have s* IF “5 € T,” and,
therefore, for all £ € dom(r*), (s*,7* | €) IF “§ & S¢.” But now (s*,7*) < (s,7) and
forces that J is as desired in the statement of the lemma. O

Towards a contradiction, suppose that, in V[G x H|, Sp C S is stationary, A=
(A; | i < k) is a sequence of unbounded subsets of k, and Sy and A witness
that C is not a X(NSI | S)-sequence. By two applications of Fodor’s Lemma,
we can find a stationary S’ C Sp, and fixed i*,(* < x such that, for all 8 € ',
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sup({a < B | suce,(Cp \ o) € A;+) = ¢*. Since S’ is not fragile, there is tg € T
such that ¢y IFp “S’ is stationary.” Let v < & be such that t = C,. Without loss
of generality, v > ¢*. Use Lemma 4.4 to find a limit ordinal § < & such that
v € acc(Cys) and succ, (Cs \ (v + 1)) C Aj«. Let t* = Cs. Then ¢* < t. Let I be
T-generic over V[G * H] with t* € I. Let D = JI. D is a club in x and, for all
B € acc(D) \ 6, sup({a < B | suce,(Cp \ o) C Aj+) > v+ 1 > ¢*. In particular,
(acc(D)\§)NS" =0, so S’ is non-stationary in V|G * H x I], contradicting the fact
that t* € I, t* <t, and ¢ I “S’ is stationary.” O

5. TREES WITH NARROW ASCENT PATHS

In this section, we prove Theorem 1.19. We first show that 0’4, = suffices to
obtain a special u™-tree with a narrow ascent path.

Theorem 5.1. Suppose i is a singular cardinal and Dglgf(u) holds. Then there is

a special p-tree with a cf(p)-ascent path.

Proof. Let (Ca,; | o < p,i(e) < < cf(u)) be a Te;-sequence. If f =a+1<
pt is a successor ordinal, we may assume that i(8) = 0 and Cs,; = {a} for all
i < cf(p). We will define a special pt-tree using Todoréevié’s method of minimal
walks.

Suppose a < B < pt and i(B) < i < cf(u). Then the i** minimal walk from 3
to « is a finite sequence of pairs (B, im) | m < n;(a, B)), decreasing in the first
coordinate, satisfying a < 8, < 8 and i(8,) < iy < cf(p) for all m < n; (o, 8),
constructed by recursion on m as follows:

e o= and ip = 1;
o if (B, im) is defined and o € Cg,, ;,., then let n;(e, 8) = m + 1 and stop
the construction;
o if (Bm,im) is defined and o & Cg,, ;,,, then let S41 = min(Cg,, 4, \ @)
and let 4,41 = 1(Bmt1)-
Define the projection of this walk, pr;(c, ), to be the sequence (Cj,, 4, N« |
m < n;(a,B)), and define the trace of the walk, tr;(c, 3), to be the sequence
(otp(Ca,, i,, N@) | m < n;(a, B)). For convenience, define pr;(a, @) = 0 = tr;(«, a)
for all a < pt and i < cf(p).

We now prove some basic facts about these sequences. Recall first the Kleene-
Brouwer ordering <gp on <“p, the set of finite sequences from p. If o and 7 are
distinct elements of <“p, then o <kp 7 iff either o end-extends 7 or o(m) < 7(m),
where m is the least natural number such that o(m) # 7(m).

Lemma 5.2. Suppose ap < a1 < < pt and i(8) < i < cf(u).
(1) tri(ao, B) <xs tri(oa, B).
(2) If oy and B are limit ordinals and oy € acc(Cg;), then pr;(ag,o1) =
pri(a(%ﬁ)'

Proof. We show (1). For k < 2, let {(8%,i¥) | m < ni(ax, B)) be the i*" minimal
walk from S to ay.
Case 1: For all m < n;(a1, ), Cgr i N[ag,ar) = 0. In this case, (8),,45,) =

(B i) for allm < ni(an, B), B), (4, 5 = 1, and therefore tr;(ag, §) end-extends

tri(abﬂ)'
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Case 2: Otherwise. Let m be least such that Cgi ;1 N [ag, 1) # 0. Then
(B,i9) = (B, i}) for all £ < m, Cpoo Nar = Cpo o Nag for all £ < m, and
otp(Cgo o Mag) < otp(Cgo o Nai), so, again, tr;i(ao, ) <ks tri(ai, B).

(2) follows directly from the definitions. O

Lemma 5.3. Suppose ag < a3 < o < B1 < pt and i(Bo),i(B1) < i < cf(p).
Suppose also that pr;(aq, Bo) = pr;(a1, 81). Then pr;(ao, Bo) = pr;(co, B1).

Proof. Let n = n;(ay, o) = ni(a1,B1). For k < 2, let ((B%,,ik) | m < n) be the it
minimal walk from B to a;. Let (D,, | m < n) = pr;(a1,5o) = pr;(aq, B1).
Suppose first that, for all m < n, D,, N [ap,a1) = 0. In this case, we have
pr;(@0, B80) = pr;(@1,80) " Pri(a,) (@0, 1) = pr;(ao, B1), and we are done. Oth-
erwise, let m < n be least such that D,, N [ag,a1) # 0. Let v = min(D,, \ o).

Then pr;(ao, o) = pri(a1, Bo) [ m™ (D N o)™ pry( (a0, 7) = pr; (o, £1)- O

Lemma 5.4. Fiz o < p*, and let D, = {Cs;Na | B < uT,i(B) <i < cf(p)}.
Then | Dy < p.

Proof. Suppose D € D,,. If a is limit and sup(D) = «, then D = C,; for some
i(a) < i < cf(p). Otherwise, let v = max(acc(D)). Then D is the union of C., ; for
some i(y) <4 < cf(p) and a finite subset of o. In either case, there are at most u
choices for D. O

We are now ready to define our desired put-tree, 7. Elements of T will be all
sequences of the form (tr;(c, 8) | a < a*), where o* < 8 < pu™ and i(8) < i < cf(u).
If s,t € T, then s <r t iff t end-extends s. T is thus manifestly a tree of height pu*
and, for all a* < pt*, T, is precisely the set of sequences in T of length a* + 1.

Claim 5.5. T is a ut-tree, i.e. [To+| < p for all o < ™.

Proof. Fix o* < p*. By Lemma 5.3, for all o* < 8 < p and all i(8) <i < pt,
(tr; (o, B) | @ < a*) is determined by pr;(a*, §). Since pr,(a*, 8) is a finite sequence
from D+, Lemma 5.4 implies that |T,-| < p. (I

Claim 5.6. T is special.

Proof. Let f be a bijection from u<* to u. By (1) of Lemma 5.2, each element
of T is a <kgp-increasing sequence from <. In particular, each element of T is
an injective sequence, so the function ¢t — f(¢(max(dom(t))) witnesses that T is
special. 0

Claim 5.7. T has a cf(u)-ascent path.

Proof. For a* < u™, let Bo = a* + w. Define (by« : cf(p) = Tor | @* < u™) as
follows. If a* < ut and i < i(Ba~), let by« (i) be an arbitrary element of Tp«. If
i(Bar) < < cf(p), then let o« (7) = (tr;(a, Box) | @ < a*).

Fix ap < ay < pt. Let i* < cf(p) be least such that B, € acc(Cp,, ) (if
Bay = Bays ©* is simply i(Ba,)). By (2) of Lemma 5.2, for all o < ap and all i* <
i < cf(p), tri(e, Bay) = tri(a@, Ba, ). Thus, for all i* < i < cf(u), bay (i) <7 ba, (4),
50 (b~ | @* < pt) is a cf (u)-ascent path. O

Clause (1) of Theorem 1.19 now follows from the following result.

Theorem 5.8. Suppose i is a singular cardinal and O,, holds. Then Diﬁ‘éf(#) holds.
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Proof. Suppose D = (Do | a < pt) is a O,-sequence. Since p is singular, we may
assume that otp(D,) < p for all a < p*. Let (u; | i < cf(p)) be an increasing
sequence of regular, uncountable cardinals, cofinal in p. We will define a Di;‘gf( W

sequence C' = (Coy | @ < pt,i(e) < i < cf(u)) such that, for all a < pt and
all i(a) < i < cf(u), otp(Cy,i) < pi. The construction is by induction on «,
maintaining the following inductive hypotheses:

e for all & < T, i(a) is the least 4 < cf(u) such that otp(Dg) < ui;

o for all a < pt, acc(Dy) € ace(Cyi(a))-
Thus, suppose § < pt is a limit ordinal and we have defined (C,; | @ < B,i(a) <
i < cf(w)). i(B) is the least ¢ < cf(u) such that otp(Dg) < p;. We now consider
three separate cases.

Case 1: sup(acc(Dg)) = S. In this case, note that, for all o € acc(Dg), we
have otp(Dqs) < otp(Dg) < pi(g), so we have i(a) <i(B3). For all i(3) <i < cf(u),
let Cg,; = UaeaCC(DB) Cl,i- To see that otp(Cs ;) < u;, note that, by the inductive
hypothesis, we have that otp(Cy,;) < p; for all a € acc(Dg). Also by the inductive
hypothesis, if oy < @1 are both in acc(Dpg), then, since ap € acc(Dy, ), we have
CoyiNag = Coy,; for all i(8) < i < cf(p). Therefore, every initial segment of Cg;
has order type < p;. Since acc(Dg) is a cofinal subset of Cg; and otp(Dg) < wi,
this implies that otp(Cs;) < ;. All of the other requirements in the definition of
Diigf( ) and the inductive hypotheses are straightforward to verify.

Case 2: f§ is a limit of limit ordinals and sup(acc(Dg)) < . In this case,
cf(8) = w. Let (o, | n < w) be an increasing sequence of limit ordinals, cofinal
in B, such that, if otp(Dg) # w, then ag = sup(acc(Dg)). Let (i, | n < w) be
a strictly increasing sequence of ordinals below cf(u) such that ig = 4(8) and, for
0 < n <w, we have {a,, | m < n} Cacc(Ca, ,) Fix i such that i(8) <1i < cf(u),
and let us define Cg;. If there is n < w such that i € [iy,541), then let Cg,; =
Co, i U{ay |n <l <w} Ifi >sup({in | n <w}), then let Cs,; =, ., Ca,,i- It
is straightforward to verify that this satisfies our requirements.

Case 3: § = a +w for some limit ordinal a. Let oy = sup(acc(Dg)) (if
otp(Dg) = w, let oy = w). Let i* < cf(u) be the least ¢ such that i(8) < ¢
and ag € acc(Cy,;) (f ap = a, let i* = i(B)). For i(8) < i < i*, let Cg,; =
Copi U{aotU{a+n | n <w}. Fori* <i<cf(p),let Cs; =CoiU{a+n|n<w}
It is again straightforward to verify that this satisfies all of our requirements and

thus completes the construction of our Dz‘gf(u)—sequence. (]

nvl'

n<w

For our proof of clause (2) of Theorem 1.19, the following definitions will be
useful.

Definition 5.9. Suppose A < k are regular cardinals and ¢ : [k]? — .
(1) cis subadditive if, for all a < 8 < v < k:
(a) c(a,7) < max(c(a, B),¢(B,7));
(b) ¢(a, B) < max(c(a,7),c(B,7)).

(2) cis unbounded if, for all unbounded A C k, c“[A]? is unbounded in A.

Suppose A < k are regular cardinals, T" is a tree of height x with no cofinal
branch, and (b, : A = T, | v < k) is a A-ascent path through 7'. Define a function
¢ [k]> = X by letting, for all @ < 8 < k, c(a, 3) be the least n < X such that, for all
n<E&<A ba(§) <r bg(§). Then c is easily seen to be an unbounded subadditive
function. Therefore, the non-existence of unbounded subadditive functions from
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[k]? to A will suffice to prove that all trees of height x with a A-ascent path must
have a cofinal branch.
Recall next the following definition.

Definition 5.10. Let A < k be regular cardinals. D = (D(i,8) | i < A\, < k) is a
A-covering matrixz for k if the following hold:

(1) for all 8 < w, ;. D(3,8) = B

(2) forall 8 <k and i <j <A D(i,8) C D(j,8);

(3) for all 8 <y < Kk and ¢ < A, there is j < A such that D(i, 8) C D(j,7)-
If D is a A-covering matrix for &, D is called locally downward coherent if, for all
X € [k]=*, there is vx <  such that, for all 8 < k and i < ), there is j < A such

The following covering property was introduced by Viale in his proof that the
Singular Cardinals Hypothesis follows from the Proper Forcing Axiom (see [25]).

Definition 5.11. Let A < x be regular cardinals, and let D be a A-covering matrix
for k. CP(D) holds if there is an unbounded A C & such that, for all X € [A]=*,
there are ¢ < A and 8 < k such that X C D(i, ).

CP(k, A) is the assertion that CP(D) holds whenever D is a locally downward
coherent A-covering matrix for k. CP*(k) is the assertion that CP(k, ) holds for
every regular 6 with 07 < &.

Lemma 5.12. Suppose A < k are reqular cardinals, CP(r,\) holds, and c : []* —
A is subadditive. Then c is not unbounded.

Proof. Define D = (D(i,0) | i < A\, < k) by letting, for all i < A and 8 < &,
D(i,8) = {a < 8| c(a, B) < i}. We claim that D is a locally downward coherent
A-covering matrix for k. Items (1) and (2) in the definition of a covering matrix
are immediate. To show (3), fix 8 < v < k and i < . Let j = max(¢(8,7),7). By
subadditiviy of ¢, D(i, 8) C D(j,7). To show that D is locally downward coherent,
fix X € [k]*. We claim that yx = sup{a+1| @ € X} is as desired in the definition.
We thus fix f < k and ¢ < A and find j < A such that D(i,5) N X C D(j,vx)-
If 3 < vx, then we are done by (3) in the definition of a covering matrix. Thus,
suppose 8 > vx. Let j = max(c(yx, 8),1). By subadditivity of ¢, if « € D(i, 5)NX,
then c(a,vx) < j, s0 D(i, ) N X C D(j,vx)-

By CP(k, \), there is an unbounded A C & such that, for all X € [A]S?, there
are ¢ < A and 8 < k such that X C D(i, 5). We claim there is i < A such that
c“[A]? C 4, which will show that ¢ is not unbounded.

Suppose this is not the case. Then, for every ¢ < A, there are «o; < f; in A
such that c(a;, ;) > i. Let X = {a;, B | i < A\}. X € [A]S?, so there are
i* < X and 8* < k such that X C D(i*,8*). This means that, for all i < A,
we have c(ay, 8%),c(B;, B*) < i*. By subadditivity, ¢(cy, 8;) < ¢*. In particular,
c(ay+, Bix) < i*, which is a contradiction. [l

In [10], we prove that, assuming the consistency of large cardinals, CP*(u™) is
compatible with 0J,, » for uncountable p and, for inaccessible x, CP*(k) is compati-
ble with [J(k,2). We therefore obtain the following corollaries, the second of which
yields clause (2) of Theorem 1.19 (again, X1 is used just for concreteness; similar
results can be obtained at other successors of singular cardinals). In all cases, we
can easily arrange for GCH to hold in the forcing extension.



20 CHRIS LAMBIE-HANSON

Corollary 5.13. Suppose u < k are regular, uncountable cardinals, with k measur-
able. There is a forcing extension, preserving all cardinals < u, in which k = p*,
Oy2 holds, and, for all regular A < p, there is no unbounded subadditive function
c: [ — A\

Corollary 5.14. Suppose there are infinitely many supercompact cardinals. There

1s a forcing extension in which Oy o holds and, for alln < w, there is no unbounded
subadditive function c: [N, y1]% — N,.

Corollary 5.15. Suppose k is an inaccessible limit of supercompact cardinals.
There is a cardinal-preserving forcing extension in which k remains inaccessible,
O(k, 2) holds, and, for all reqular A\ < kK, there is no unbounded subadditive func-
tion c : [K]? — \.
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