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ABSTRACT. Building on recent work of Krueger and the second author, we
prove the consistency of the Guessing Model Principle at ws together with
the existence of an almost Kurepa Suslin tree. In particular, it is consistent
that the Guessing Model Principle holds but is destructible by a ccc forcing
of size wi. We also prove the consistency of the existence of a weak Kurepa
tree together with the failure of the Kurepa Hypothesis and a certain guessing
model principle that, for example, implies the tree property at wa.
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1. INTRODUCTION

Compactness principles play a central role in contemporary combinatorial set
theory, particularly around questions concerning large cardinals, forcing, and canon-
ical inner models. A paradigmatic example of a compactness principle at a cardi-
nal k is the tree property at s, denoted TP(x), which asserts the non-existence of
k-Aronszajn trees. Among inaccessible cardinals, compactness principles are fre-
quently used to characterize large cardinals. For example, an inaccessible cardinal
k is weakly compact if and only if TP(x) holds. When they hold at large cardinals,
compactness principles are typically quite robust under forcing extensions. For ex-
ample, if k is weakly compact and P is any forcing notion that has the u-cc for
some p < K, then TP(k) continues to hold in the forcing extension by P.

However, compactness principles used to characterize large cardinals can also
consistently hold at accessible cardinals, such as ws, and here questions of their ro-
bustness are much less clear. For example, by results of Mitchell and Silver (cf. [19]),
TP(ws) is equiconsistent with the existence of a weakly compact cardinal. Very few
definitive answers are known, however, about the (consistent) (in)destructibility
of TP(w2) under ccc forcing extensions. For example, it is unknown whether it is
consistent that TP(ws) holds and is preserved in all ccc forcing extensions, but it
is also unknown whether it is consistent that TP(wq) holds and there exists a ccc
forcing poset P forcing the failure of TP(ws). For the best partial results on these
questions, see [24] and [9)].

In this paper, we focus on an important strengthening of the tree property known
as the guessing model property (denoted GMP(k)). Just as TP(x) characterizes
weakly compact cardinals among inaccessible cardinals, GMP (k) characterizes su-
percompact cardinals among inaccessible cardinals. Also, just as TP(k) at a weakly
compact cardinal is robust under forcings with good chain condition, GMP(x) at
a supercompact cardinal x continues to hold after forcing with any forcing poset
that is p-cc for some p < x. Here we show that this robustness can consistently
fail at wo; in particular, letting the simple GMP denote GMP(ws), we show that it
is consistent that GMP holds but there exists a ccc forcing of size w; forcing the
failure of GMP.

We achieve this task by showing that GMP is compatible with the existence of
a particular combinatorial object of interest in its own right: an almost Kurepa
Suslin tree, i.e., a Suslin tree T" such that after forcing with 7', it becomes a Kurepa
tree (see Section 2 for a precise definition). Since GMP implies that there are no
Kurepa trees, it cannot hold after forcing with 7'

Almost Kurepa Suslin trees were first constructed by Jensen; see [6] for a sketch
of the proof that O implies their existence. Later, Bilaniuk [3] constructed an
almost Kurepa Suslin tree from the assumption that ¢ holds and there exists a
Kurepa tree. In both of these constructions, the resulting Suslin tree is almost
Kurepa because there are at least wo-many automorphisms of the tree which are
pairwise almost disjoint. By applying these automorphisms to a generically added
cofinal branch, this consequently ensures that the tree will have at least ws-many
cofinal branches in the generic extension by itself. In the proof of our theorem,
the property of being almost Kurepa is also ensured by the existence of ws-many
pairwise almost disjoint automorphisms of the Suslin tree.

Theorem A. Suppose that there exists a supercompact cardinal. Then there exists
a forcing extension in which
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(1) there exists an almost Kurepa Suslin tree;
(2) GMP holds.

In particular, it is consistent that GMP holds and yet is destructible by a ccc forcing
of cardinality wy .

GMP implies the failure of the weak Kurepa hypothesis (i.e., there are no weak
Kurepa trees, denoted —-wKH); hence, Theorem A provides a model where there
are no weak Kurepa trees and there is an almost Kurepa Suslin tree. However,
to achieve —wKH, the assumption of an inaccessible cardinal is sufficient. The
following is an immediate corollary of the proof of Theorem A:

Corollary 1.1. Suppose that there exists an inaccessible cardinal. Then there exists
a forcing extension in which

(1) there exists an almost Kurepa Suslin tree;
(2) —wKH holds.

In particular, it is consistent that —wKH holds and yet is destructible by a ccc forcing
of cardinality w.

Let us mention several results from the literature to put Theorem A in context.

e In [8], Honzik and the authors prove that GMP is always indestructible
under adding any number of Cohen reals. This shows that Theorem A is
sharp in the sense that a countable forcing poset can never destroy GMP.

e Relative to the consistency of a supercompact cardinal, it is consistent
that GMP holds and is indestructible under all ccc forcings of cardinality
wi. In particular, this holds in the extension by the classical Mitchell
forcing M(w, k), where k is supercompact in the ground model. For an
argument of this fact, see [24, Theorem 2[; the theorem proven there is
about the tree property rather than GMP, and thus only requires a weakly
compact cardinal rather than a supercompact cardinal, but the proof of the
stronger fact is essentially the same. This fact is additionally relevant to
our main result due to our method of proof: our forcing extension yielding
Theorem A utilizes a variation on the classical Mitchell forcing in which
the forcing iterands adding Cohen subsets to w; are replaced by iterands
adding automorphisms to a distinguished free Suslin tree. This provides an
illustration of the versatility of Mitchell-type forcings, and we expect that
a number of further consistency results can be established by appropriately
varying the iterands in Mitchell-type constructions.

e In [13], Krueger and the second author show that, assuming the consis-
tency of an inaccessible cardinal, it is consistent with CH that the Kurepa
Hypothesis fails and yet there exists an almost Kurepa Suslin tree, in the
process answering long-open questions of Jin and Shelah [12] and of Moore
[20]. Since GMP entails the failure of the weak Kurepa Hypothesis, and
hence of the Kurepa Hypothesis, Theorem A and Corollary 1.1 can be seen
as a strengthening of this result, at the cost of necessarily forgoing CH,
which is incompatible with —wKH. Our proof of Theorem A is in large
part an adaptation of the techniques developed in [13] to the setting of
Mitchell-type forcing extensions.

e The notion of a Suslin tree being almost Kurepa is closely connected to
the non-saturation of Aronszajn trees. By an observation of Moore, if §
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is an almost Kurepa Suslin tree, then S ® S is a non-saturated Aronszajn
tree; for details, see [13]. Therefore, in the extension from Theorem A,
GMP holds and there is a non-saturated Aronszajn tree. In [14], Krueger
and the second author establish a related result: under the assumption of
the existence of a supercompact cardinal, there is a forcing P such that in
the generic extension by P, GMP holds and there exists a strongly non-
saturated Aronszajn tree. Note that in their model, the Aronszajn tree is
strongly non-saturated!, but the forcing PP is designed to add an Aronszajn
tree which is strongly non-saturated rather than an almost Kurepa Suslin
tree, and it is unclear whether an almost Kurepa Suslin tree exists in their
model. On the other hand, the product of the almost Kurepa Suslin tree
from Theorem A with itself is only non-saturated and not strongly non-
saturated.

In the second main theorem of the paper, we separate the weak Kurepa Hypoth-
esis from the Kurepa Hypothesis in the presence of a weakening of GMP (which is
still strong enough to imply TP(ws)), refining a previous result of the authors from
[16]:

Theorem B. Suppose that there is a supercompact cardinal k. Then there is a
forcing extension in which

(1) 2% =wy = K;

(2) GMP“2(ws) holds;

(8) there are no Kurepa tree, but there is a weak Kurepa tree.

In contrast to Theorem A, the proof of this theorem makes use of the classical
Mitchell forcing, together with a natural forcing to add a weak Kurepa tree.

The structure of the remainder of the paper is as follows. In Section 2, we present
some relevant background information concerning trees, guessing models, Mitchell
forcing, and automorphisms. In Section 3, we prove Theorem A and Corollary
1.1, and in Section 4, we prove Theorem B. In Section 5, we fill some gaps in the
literature by surveying known results surrounding the consistent (in)destructibility
of failures of the (weak) Kurepa Hypothesis. We end the section by providing a
direct proof that the failure of the weak Kurepa Hypothesis is always preserved
by o-centered forcings. In Section 6, we present a few remaining open questions.
Finally, Appendix A provides an example, promised in Remark 3.1 below, of a two
step iteration Add(w, 1) #Q such that Q is forced to be totally proper but for which
forcing with the associated term forcing over V' collapses w;.

1.1. Notation and conventions. We let On denote the class of all ordinals. Given
0 € On, let ¥(J) denote the set of successor ordinals less than d.

If Z is a sequence of length 3, then by convention, unless explicitly specified
otherwise, for all o < 3, the o™ element of & will be denoted by .

If k and A are cardinals, with k regular and infinite, then Add(k, A) is the forcing
to add A-many Cohen subsets to x. Concretely, conditions in Add(x, A) are partial
functions of cardinality less than x from A to <®2. If p,q € Add(k, ), then ¢ < p
iff dom(q) 2 dom(p) and ¢(v) 2 p(y) for all v € dom(p).

IFor the definition, see [14].
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2. PRELIMINARIES

In this section, we review some background information on trees, guessing mod-
els, Mitchell forcing, and tree automorphisms.

2.1. Trees and the guessing model property.

Definition 2.1. A tree is a partial order (T, <7) such that, for all t € T, the set
predp(t) = {s € T | s <p t} is well-ordered by <p. If T is a tree and ¢t € T, then
we let htr(t) denote the order type of (pred,(t), <r). For all & € On, we let T,
denote {t € T | htp(t) = a}. Expressions such as T, or T<, are defined in the
obvious way. We let ht(T") = min{a € On | T, = 0}. ht(T) is often referred to as
the height of T.

Given a regular uncountable cardinal k, a tree T' is called a s-tree if ht(T') = &
and |T,| < & for all @ < k. A k-tree T is normal if it satisfies the following two
conditions:

o for all o < 8 <k and all ¢t € T},, there exists s € T such that ¢t <7 s;
e for every limit ordinal oo < x and all s,¢ € Ty, if pred(s) = pred,(t), then
s=t.
If T is a tree and ¢ € T, then we let sucer(t) denote the set of immediate successors
of tin T, i.e., the set {s € T |t <7 s and htr(s) = htr(¢) + 1}. We say that T is
infinitely splitting if sucer(t) is infinite for all ¢t € T

A branch through a tree T is a subset b C T that is <p-downward closed and
linearly ordered by <. We say that a branch b C T is a cofinal branch if, for all
a < ht(T'), we have bNT, # 0. A subset A C T is called an antichain if elements
of A are pairwise incomparable under <. We say that a subset £ C T is dense if,
for all t € T, there is s € E with t <7 s, and open if, for all t € F and all s € T
with t <7 s, we have s € E.

We will mostly be interested in wi-trees in this paper, so much of what follows
will be in the specific context of wi-trees, though it will be clear that essentially
everything can be generalized to the setting of k-trees for other regular uncountable
cardinals k. Given a finite sequence (T'(7) | i < n) of w;-trees, let T(0) ® T(1) ®
-+-®T(n — 1) denote the tree T* defined as follows. The underlying set of T* is

U TI76)a.
a<wiy i<n
If Z,57 € T*, then we set ¥ <7« ¥ if and only if z; <7(;) y; for all i < n. Note that,
for all @ < wy, we have Tj; = [],.,, T(4)a-

If T is an wq-tree and x € T, then we let T, denote the tree {y € T' | z <r y},
with the induced order from T. As long as T is normal, it follows that T, is an
wi-tree for all x € T. We note that there is a slight abuse of notation here, given
our convention that T,, denotes the a' level of the tree T, but in practice there
will never be any risk of confusion: we will always use Roman letter such as “z”
to denote elements of a tree and Greek letters such as “a” to denote levels of the
tree. If @ < wy and 7 is a finite sequence from T, of length n < w, then we let

Ty =Ty, @Tp, @+ RT}

n—1"

Such a tree Tz is called a derived tree of T. Given Z € Tz, we will let htr(Z) denote
the unique 8 < w; such that z; € T for all i < n. Recall that a Suslin tree is
an wi-tree T' with no uncountable branches and no uncountable antichains. It is
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routine to prove that an (infinitely) splitting wi-tree T' is Suslin if and only if, for
every dense, open subset £/ C T, there is § < w; such that T C E.

We say that a Suslin tree T is a free Suslin tree if, for all & < w; and all finite
injective sequences ¥ from T, the tree T3z is Suslin. A Kurepa tree is an wi-tree
T with at least wo-many cofinal branches. We say that a Suslin tree T is almost
Kurepa if after forcing with T', T is a Kurepa tree. A weak Kurepa tree is a tree T of
height and size w; with at least wo-many cofinal branches. The Kurepa Hypothesis
(KH) is the assertion that there exists a Kurepa tree. The weak Kurepa Hypothesis
(wKH) is the assertion that there exists a weak Kurepa tree.

Given a regular uncountable cardinal k, we say that the tree property holds at
k (denoted TP(k)), if every s-tree has a cofinal branch. The tree property can be
used to characterize weakly compact cardinals: an inaccessible cardinal  is weakly
compact if and only if TP(x) holds, and, by work of Mitchell and Silver [19], TP(w2)
is equiconsistent with the existence of a weakly compact cardinal. Beginning in the
1970s with work of Jech [10] and Magidor [17], and continuing in the 2000s with
work of Weif} [26], two-cardinal analogues of the tree property have been shown to
characterize strongly compact and supercompact cardinals in a similar manner.

Let % be a regular uncountable cardinal, and let X be a set with |X| > k. We
say that a sequence (d, |z € £, X) is a (k, X)-list if d, C x for all x € &, X.

Definition 2.2. Assume that D = (d; |z € 22, X) is a (k, X)-list.

(1) The width of D is the least cardinal A such that |d,| < A for all x € &, X.

(2) We say that D is thin if there is a closed unbounded set C' C £, X such
that [{d; Nyly Cxz e P X}| <k for every y € C.

(3) Let 1 < k be an uncountable cardinal. We say that D is p-slender if for
all sufficiently large 0 there is a club C' C &,,H(0) such that for all M € C
and ally € M N £, X, we have dynx Ny € M.

Definition 2.3. Assume that D = (d, |z € &, X) is a (k, X)-list and d C X.

(1) We say that d is a cofinal branch of D if for all x € 2, X thereis z, Dz
such that dNzx =d,, Nx.

(2) We say that d is an ineffable branch of D if the set {x € . X |dNx =d,}
is stationary.

Definition 2.4. Assume that u < k is regular. We say that

(1) the (k, X)-tree property holds, denoted TP(k, X), if every thin (x, X)-list
has a cofinal branch.

(2) the (k,X)-ineffable tree property holds, denoted ITP(x,X), if every thin
(k, X)-list has an ineffable branch.

(3) the (u,k,X)-slender tree property holds, denoted SP*(k,X), if every u-
slender (k, X)-list has a cofinal branch.

(4) the (u,k, X)-ineffable slender tree property holds, denoted ISP (k, X), if
every p-slender (k, X)-list has an ineffable branch.

In this paper, we will be interested only in the ineffable slender tree property;
for more about two-cardinal tree properties see [26]. We introduce a couple of
conventions. We will use notations such as ISP* (k) to assert that ISP*(k, A) holds
for all A > k. We let ISP denote ISP** (ws).

By [17], it follows that an inaccessible cardinal k is supercompact if and only if
ISP“* (k) holds. Weif proves in [26] that, if one forces with the standard Mitchell
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forcing M(w, k), where & is supercompact, then ISP holds in the extension; similarly,
Viale and Weif} prove in [25] that the Proper Forcing Axiom (PFA) implies ISP. It is
not known whether, in analogy with the tree property, ISP implies the consistency
of the existence of a supercompact cardinal; some partial results in this direction
can be found in [25].

In [25], Viale and WeiB reformulate ineffable slender tree properties in terms of
the existence of combinatorial objects known as guessing models, which we now
recall.

Definition 2.5. Let § > wy be a regular cardinal, and let M < H(f) be an
elementary submodel.

(1) Given a set z € M, a subset d C z, and an uncountable cardinal p, we say
that
(a) dis (p, M)-approzimated if, for every z € MNP, (M), we have dNz €
M;
(b) dis M-guessed if there is e € M such that dNM =enN M.
(2) M is a u-guessing model for x if every (u, M)-approximated subset of x is
M-guessed.
(3) M is a p-guessing model if, for every x € M, it is a u-guessing model for x.
Given uncountable cardinals p < k < 0, with k and 6 regular, we let GMP*(k, 6)
denote the assertion that the set of M € &, (H(0)) such that M is a u-guessing
model is stationary in Z,,(H(0)). Moreover, we let GMP* (k) denote the assertion
that GMP"(k, ) holds for every regular cardinal § > k. We let GMP(x) denote
GMP“* (k) and let GMP denote GMP(w3).

Viale and Weif} prove in [25] that the ineffable slender tree property is equivalent
to the guessing model property. More precisely, they proved the following:

Fact 2.6. Suppose that p < k are reqular uncountable cardinals. Then the following
are equivalent:

(1) ISP*(k);

(2) GMP* (k).
In particular ISP is equivalent to GMP

2.2. Preservation lemmas. In this short subsection we recall some useful preser-
vation lemmas regarding product forcings and adding cofinal branches through
trees. The following fact is due to Baumgartner (see [2]).

Fact 2.7. Let k be a regular cardinal and assume that P is a x-Knaster forcing
notion. If T is a tree of height k, then forcing with P does not add new cofinal
branches to T'.

The following lemma appeared in [7].

Fact 2.8. (Easton) Let k > w be a regular cardinal and assume that P and Q are
forcing notions, where P is k-cc and Q is k-closed. Then the following hold:

(i) P forces that Q is k-distributive.

(i) Q forces that P is k-cc.

The following fact can be found in [5]. The argument is attributed to Magidor.

Fact 2.9. Let k > w be a regular cardinal and assume that P and Q are forcing
notions such that P is k-Knaster and Q is k-cc. Then Q forces that P is k-Knaster.
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The following fact is due to Silver (see [1] for more details).

Fact 2.10. Let k, A be reqular cardinals with 25 > \. Assume that P is a k-
closed forcing notion. If T is a A-tree, then forcing with P does not add new cofinal
branches to T .

These fact can be generalized as follows [24].

Fact 2.11. Let k < X be reqular cardinals and 2% > \. Assume that P and Q are
forcing notions such that P is k™ -cc and Q is k¥ -closed. If T is a A-tree in V[P],
then forcing with Q over V[P] does not add cofinal branches to T.

In [16], we prove an analogue of the previous lemma for more general trees, and
as a corollary we obtain the following fact:

Fact 2.12. Let & be a cardinal and i < k < X be reqular cardinals such that 2* > &
and 2<F < k. Let Q be a u*-closed forcing notion and P be a u*-cc forcing notion.
If T is a PA-tree with width at most & in V[P], then forcing with Q over V[P]
does not add a cofinal branch through T .

2.3. Mitchell forcing. Let « be an ordinal with cf(x) > w. In practice, k will
typically be (at least) an inaccessible cardinal, but we will sometimes need to con-
sider & of the form j(\), where j : V' — M is an elementary embedding with critical
point A, in which case k is inaccessible in M but may not even be a cardinal in V.
For this subsection, let P denote the forcing Add(w, k) for adding x-many Cohen

subsets to w. For v < &, let P, denote the suborder Add(w,~). We can now define
the version of the Mitchell forcing that we will use, M = M(w, k), as follows. First,
let A be some unbounded subset of £ with min(A4) > w. Recall that acc(A), the
set of accumulation points of A, is defined to be {a € A | sup(A N «) = a}, and
nacc(A) := A\ acc(A). Also, acct(A) := {a < sup(A) | sup(ANa) = a}. Though
our definition of M will depend on our choice of A, we suppress mention of A in the
notation; if we need to make the choice of A explicit, we will speak of “the Mitchell
forcing M(w, k) defined using the set A”. Unless otherwise specified, we will always
let A be the set of all inaccessible cardinals in the interval (w, k), but the definition
of M and the properties listed below work for any choice of A. Conditions in M are
all pairs (p, ¢) such that

e peP;

e ¢ is a function and dom(q) € [nacc(A)]

e for all @ € dom(q), p | alFp, “q(e) € Add(wy, Ve,
If (po, qo), (p1,q1) € M, then (p1,q1) <m (o, qo) if and only if

e p1 <p po;

e dom(q:) 2 dom(qo);

e for all a € dom(qo), p1 [ alFp, “@1(a) < go(a)”.

<w.
)

For § < K, we let M denote the suborder of M consisting of all conditions (p, q)
such that the domains of both p and ¢ are contained in 6.

Remark 2.13. The following are some of the key properties of M (cf. [1], [19] for
further details and proofs):
(1) If x is inaccessible, then M is k-Knaster.
(2) M has the wi-covering and wy-approximation properties. Together with the
previous item, this implies that, if s is inaccessible, then forcing with M
preserves wy and all cardinals greater than or equal to k.
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(3) If  is inaccessible, then IFy “2¥ = Kk = wo”.

(4) There is a projection onto M from a forcing of the form Add(w, k) xQ, where
Q is wy-closed (here Q is what is often called the term forcing associated
with M it can be thought of as the set of all pairs (0, q) from M, with the
order inherited from M).

(5) For all inaccessible cardinals § € acc™(A), there is a projection from M
to M and, in V™5, the quotient forcing M/Ms has the w;-approximation
property.

(6) For all inaccessible cardinals 6 € acct(A), let 67 denote min(A\d+1). Then,
in V™5 the quotient forcing M/Mj is of the form Add(w, dT —6) * MO, where,
in VM*Add(@.8'=0) there is a projection onto M® from a forcing of the form

Add(w, k — 6T) x Qf, where Q% is w;-closed.

2.4. Automorphisms of trees. If T is a tree, then an automorphism of T is a
bijective map g : T — T such that g and g~' both preserve the order <7. Note
that an automorphism must be level-preserving, i.e., for all @ < ht(T), g[Tw] = Ta.
We let Aut(T) denote the set of all automorphisms of T'.

Fix for now a normal, infinitely splitting wi-tree T'. If o« < § < wy and = € T},
then = [ o denotes the unique predecessor of z in T,. If X C Tg, then X | «
denotes {z [ @ | x € X}. We say that X has unique drop-downs to « if, for all
distinct z,y € X, we have = [ a # y | a. Notice that, if & < wy, then an element
of Aut(T<,) is uniquely determined by its values on Tj,.

Using the normality of T', the following proposition is immediate.

Proposition 2.14. Suppose that § < wy is a limit ordinal and g € Aut(T<p).
Then there exists at most one g € Aut(T<g) such that ¢’ O g, and the following
are equivalent:

(1) there exists ¢’ € Aut(T<g) such that g’ D g;
(2) for allx € Tg and j € {—1,1}, there exists y € T such that, for all o < 3,
we have ¢’ (z [ a) =y | a.

The straightforward proof of the following proposition, showing that we have
some control over extensions of automorphisms of initial segments of T, is left to
the reader.

Proposition 2.15. Suppose that a < w1 and g € Aut(T<,). Suppose moreover
that
o X C T,y is finite; _
o forallz € X and j € {—1,1}, we are given 2}, € Tyy1 in such a way that
— @@ la) =4 a; o
— ifxg and x1 are distinct elements of X and j € {—1,1}, then 2z, # 21 ;
—ifroe X, je{-1,1}, and 2}, = 21 € X, then 2.7 = x.
Then there exists h € Aut(T<q4+1) such that
e hDyg; and
e for all (x,7) € X x {—1,1}, we have b/ (z) = 2J.

We now recall some notions and basic results from [13]. Some definitions and
lemmas are given descriptive names for ease of later referral; these names also come
from [13].
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Definition 2.16 (Consistency). Suppose that a < o/ < 8 < wy and g € Aut(T<g).
Suppose moreover that X C T,/ has unique drop-downs to a. We say that X | «
and X are g-consistent if, for all z,y € X, we have g(z) =y iff g(z | @) = g(y | ).
Similarly, if n < w and & is an injective n-tuple from T,/, we say that ¥ | @ and &
are g-consistent if, for all ¢, j < n, we have g(z;) = z; iff g(z; [ @) = z; | .

Proposition 2.17. Suppose that o < wi, g € Aut(T<qo), X C Toy1 is a finite set
with unique drop-downs to «, and Y C Ty is a finite set disjoint from X. Then
there is ' € Aut(T<q41) such that

g 2y;

e X [« and X are g'-consistent;

e J[YIN(XUY)=0.

Proof. For each x € T, let (x,, | n < w) be an injective enumeration of succr(x).
Let Xo := {z € T, | X Nsucer(z)} # 0. Note that, since X has unique drop-downs
to «, for each = € X, there is a unique n < w such that x,, € X; denote this n
by nx(z). Similarly, let Yy = {z € T,, | Y Nsuccr(x)} # 0 and, for all z € Yy, let
Ay(z) ={n <w |z, € Y}. Then each Ay (z) is a finite subset of w and does not
contain nx (z) if the latter is defined. If = ¢ Yy, let Ay (x) = (.
Now, for each x € T,, fix a permutation 7, of w with the following properties:
o if z,g(x) € Xo, then m,(nx(x)) =nx(g9(z));
o if x € Y}, then m,[Ay (x)] is disjoint from Ay (g(x)) and does not contain
nx(g(x)) if the latter is defined.
Now define ¢’ € Aut(T<q41) by setting g'(zn) = 9(2)x, (n) for all (z,n) € To X w.
It is easily verified that ¢’ is as desired. O

Definition 2.18 (Separation). Suppose that « < 8 < wy, G ={g, | 7 € I} is an
indexed family from Aut(T<g), n < w and & is an injective n-tuple from T,. We
say that G is separated on 7 if, for all m < n, the following statements hold:

(1) for all T € I, gr(zm) # Tm;

(2) there exists at most one triple (k, j,7) such that k <m, j € {-1,1}, 7 € I,

and ¢ (x,,) = z.

If X C T, is finite, then we say that G is separated on X if there is some injective
enumeration & of X such that G is separated on . We say that G is separated if it
is separated on X for every finite X C Tj.

The next five technical results are proved in [13]; we direct the reader there for
the proofs.

Proposition 2.19 (Persistence). [13, Lemma 5.7] Suppose that o < f < w1, G is
an indexed family from Aut(T<g), and X C T3 is a finite set with unique drop-
downs to a. If G is separated on X | «, then G is separated on X.

Lemma 2.20 (Key Property). [13, Proposition 5.11] Suppose that o < 8 < wy,
n < w, T is an injective n-tuple from T, and G = {g, | 7 € I} is a finite indexed
set from Aut(T<g) that is separated on Z. Let t C T be finite. Then there is an
n-tuple § from Tz \ t such that

e for alli < n, we have x; <7 yi;
o forallT €I, & and y are g--consistent.
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Lemma 2.21 (1-Key Property). [13, Proposition 5.12] Suppose that o < 8 < wy,
n < w, T is an injective n-tuple from T, and G = {g, | T € I} is a finite indexed set
from Aut(T<g) that is separated on Z. Let m < n, and fix y* € Tg with x,, <7 y*.
Then there is an n-tuple § from T such that

® Ym = y*;

e for alli < n, we have x; <7 y;;

o forallT €I, & and y are g-consistent.

Lemma 2.22 (Extension). [13, Proposition 5.15] Suppose that « < 8 < wy, X C
T3 is a finite set with unique drop-downs to «, {f; | 7 € I} is a countable indexed
set from Aut(T<,), and A C I is finite. Then there exists a collection {g, | T € I}
from Aut(T<g) such that

o for all T € I, we have fr C g,;
o forallT€ A, X | a and X are g,-consistent;
o if {f, | T € A} is separated on X | a, then {g. | 7 € I} is separated.

We will also need the following slight variation of the preceding lemma; it is a
special case of [13, Lemma 5.39], so we refer the reader there for a proof.

Lemma 2.23. Suppose that a < w1, Xo and X1 are finite subsets of Ty11 with
unique drop-downs to o and XoN Xy =0 (though possibly (Xo | a)N(X1 [ ) #0),
and g € Aut(T<,). Then there is ¢ € Aut(T<o+1) such that ¢’ D g and, for each
1< 2, X; | a and X; are g'-consistent.

We now recall the forcing poset designed to add a generic automorphism to a
fixed wy-tree by initial segments of successor height. This poset will be a building
block in the generalized Mitchell forcing used to prove Theorem A in the next
section.

Definition 2.24. Given an w;-tree T, let A(T) be the forcing poset whose under-
lying set is [J{Aut(T<q) | @ < w1}, ordered by reverse inclusion. Given g € A(T),
let top(g) be the unique oo < wy such that g € Aut(T<,). We will sometimes refer
to top(g) as the top level of g.

Remark 2.25. If T is a normal, infinitely splitting wi-tree and G is an A(T)-
generic filter over V', then, by Lemma 2.22 and a standard genericity argument,
g* :=JG is an automorphism of T'. Note that, in general, forcing with A(T") may
collapse w1, but under certain assumptions on 7, for instance, if 7" is a free Suslin
tree, A(T) will be totally proper and hence will preserve wy (cf. [13, Theorem 5.34]).

Although A(T) may preserve wi, the next proposition shows that, if CH fails,
then it always collapses the continuum.

Proposition 2.26. Suppose that T is an infinitely splitting, normal wy-tree. Then
IFacry “12%)7] = o]

Proof. In V, fix, for each x € T, an enumeration (z,, | n < w) of succr(x). Recall
that S, denotes the group of permutations of w. If A is an automorphism of T,
then A induces a map pp : T — S as follows: for each x € T and each n < w,
let pp(2z)(n) be the unique m < w such that h(z,) = h(z)m,. A standard genericity
argument shows that, if G is A(T)-generic over V and g* = |JG, then, in V]G],
pg is a surjection from T to (Sa)Y. Since |T| = w} and |(Soo)V| = [(2¢)Y], the
desired conclusion follows.
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3. GUESSING MODELS WITH AN ALMOST KUREPA SUSLIN TREE

In this section, we present our proof of Theorem A, constructing a model of ZFC
in which GMP holds and there exists an almost Kurepa Suslin tree. In order to
motivate the construction, let us first recall the construction from [13] of a model in
which there exists an almost Kurepa Suslin tree but there does not exist a Kurepa
tree. There, the authors begin in a model of ZFC with an inaccessible cardinal
k. They then force with the product Coll(w;, <k) X P, where P is a countable
support product of k-many copies of A(T'), where T is a fixed free Suslin tree in V.
We note that collapsing an inaccessible cardinal is necessary here: if there are no
Kurepa trees in a model W of ZFC, then (ws)" is inaccessible in L. Note that the
model V[Coll(wy, <k) x P] satisfies CH; and therefore contains weak Kurepa trees.
If we want to arrange a model of GMP, or even of its consequence —wKH, then we
must simultaneously increase the value of the continuum as we are collapsing the
large cardinal k. This requirement leads us naturally to consider Mitchell forcing.
Since we also want our final model to contain an almost Suslin Kurepa tree, we
will work with a variation of the classical Mitchell forcing obtained by replacing
Add(ws,1) from the classical Mitchell forcing with the forcing A(T') from the end
of the previous section.

3.1. A Mitchell variation. Fix for this section an wi-tree T and a cardinal k.
Let P = P, = Add(w, k); for v < &, let P, = Add(w, ). Define a forcing poset
M = M as follows, recalling that ¥(k) denotes the set of successor ordinals less
than «:

e Conditions of M are all pairs (p, ¢) such that
—peDP
— ¢ is a function whose domain is a countable subset of X(k);
— for all a € dom(q), g(«) is a P,-name for an element of A(T)
e Given (po,qo), (p1,q1) € M, we set (p1,q1) <m (o, qo) if and only if
— p1 <p Po;
— dom(q1) 2 dom(qo);
— for all a € dom(qo), p1 [ alkp, “qi(a) <a(r) qo()”.
For § < k, let My denote the set of (p,q) € M such that p € Ps and dom(q) C 4.
Note that M is a regular suborder of M. Given (p,q) € M, we let (p,q) | § denote
(p|d,q10) € Ms. It is easily verified that the map (p, q) — (p,q) | 0 is a projection
from M to M.
We let Q denote the term forcing associated with M. More precisely, conditions
in Q are all functions ¢ such that (1p,q) € M. If ¢,¢’ € Q, then we let ¢’ <g ¢ if
and only if (1p,q") <u (1p,q).

VIEa],

Remark 3.1. As with the classical Mitchell forcing (recall Subsection 2.3), there is
a natural projection from P x Q to M. Many arguments involving Mitchell forcing,
including those in Section 4 below, proceed via considerations of this product P x Q,
which is nicely behaved due to the fact that in the classical setting Q is wi-closed.
In the setting of this section, though, Q is certainly not w;-closed, and even though
we will see that M is nicely behaved, it is not even clear to us whether forcing with
Q over V preserves w;. (For an example of a natural two-step iteration Add(w,1)*Q
such that Q is forced to be w-distributive (and even totally proper) and yet forcing
with the associated term forcing over V' collapses w1, see Appendix A below.) For
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this reason, the arguments in this section do not proceed via the familiar product
analysis of Mitchell-type forcings.

Lemma 3.2. Let Q' = {¢ € Q | 3a < w1Vy € dom(q) IFp, “top(q(7y)) = a”}.
Then Q' is dense in Q.

Proof. Fix qp € Q. For each v € dom(qp), let

oy =sup{B <wi | Ip € P, [pl-top(qo(7)) = A},

and let a = sup{a, | v € dom(qo)}. Since each P, has the ccc and dom(qp) is
countable, it follows that a < w; and, for all v € dom(qo), IFp, “top(qo(7)) < a”.
Let ¢ be a function such that dom(q) = dom(qp) and, for all v € dom(q), ¢(v) is a
P,-name such that

IFe, “g(7) < qo(7) and top(gq(7)) = a.”

(To see that such a name can be found, repeatedly apply instances of Lemma 2.22.)
Then ¢ € Q" and ¢ <g go. O

Going forward, we will typically assume without comment that the conditions
in Q that we are considering come from Q', and, if ¢ € Q’, then we will let top(q)
denote the unique o < w; witnessing that ¢ € Q'. Similarly, we will typically
assume without comment that all conditions (p, q¢) € M that we are considering are
such that ¢ € Q'.

We now introduce some definitions and lemmas to connect this modified Mitchell
forcing with some of the concepts and results from the end of the previous section.

Definition 3.3 (Mitchellized consistency). Suppose that (p,q) € M, A C dom(q)
is finite, 8 = top(q), a < ¢’ < B, and X C T, has unique drop-downs to a. We
say that X [ a and X are ((p, q), A)-consistent if, for all v € A,

plylke, “X [ @ and X are g(y)-consistent”.

We simply say that X | a and X are (g, A)-consistent if they are ((1p,q), A)-
consistent.

As in Definition 2.16, we similarly define the notion of ((p, ¢), A)-consistency for
Z | @ and &, where Z is an injective tuple from T, with unique drop-downs to «.

Definition 3.4 (Mitchellized separation). Suppose that (p,q) € M, A C dom(q) is
finite, a < 8 =top(q), 0 < n < w, and & is an injective n-tuple from T,.
e We say that p decides g on (A, Z) if, for all v € A and m < n, p | v decides
the value of ¢(v)(zm) and q(v) ™" (), say as g, (zy) and g5 (x,).
e We say that (p, q) is A-separated on & if
— p decides q on (A, &), with g (z,,) and g ' (2,,) for vy € A and m <n
as in the previous point;
— for all v € A and m < n, g,(zm) # Tm; and
— for all m < n, there exists at most triple (k,j,v) such that k < m,
J€ {_L 1}a v € A, and gij(xm) = Tk-
e We say that ¢ is A-separated on T below p if, for all p’ < p, if p’ decides
q on (A, Z), then (p,q) is A-separated on . We will simply say that g is
A-separated on T if it is A-separated on & below 1p.
If X is a finite subset of T,, we say that p decides q on (A, X) if for some (equiv-

alently, any) enumeration & of X, p decides ¢ on (A, ¥), and we say that (p,q) is
A-separated on X if there is an enumeration & of X such that (p, q) is A-separated
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on #. We say that ¢ is A-separated on X below p if, for all p’ < p, if p’ decides ¢
on (A, X), then (p/,q) is A-separated on X.

Note that, if (p’, ¢") <m (p,q) and (p, q) is A-separated on Z for some appropriate
choice of A and Z, then (p’, ¢’) is also A-separated on #. Similarly, if ¢ is A-separated
on T below p, then ¢’ is A-separated on & below p’. The following proposition is an
immediate consequence of the definitions and Proposition 2.19.

Proposition 3.5 (Mitchellized persistence). Suppose that
e (p,q) € M with top(q) = B;
e a<a <8;
o A€ [dom(q)]<¥ and X € [To/]<¥ has unique dropdowns to «.
If q is A-separated on X | a below p, then q is also A-separated on X below p. O

3.2. Technical lemmas. In this subsection, we present some technical lemmas
concerning the construction of conditions in M having certain desired properties.
Since these lemmas are motivated primarily by their eventual deployment in the
proof of Theorem A, the reader may wish to skip this subsection on first read and
return to it when the relevant lemmas are invoked in later subsections.

Lemma 3.6. Suppose that

q € Q, with top(q) = «;

X is a finite subset of Ty+1 with unique drop-downs to oy
A € [dom(q)]<¥ and § € K\ A;

e ¢ is A-separated on X | a.

Then there is ¢’ <g g such that
(1) top(¢’) = a+1;
(2) 0 € dom(q');
(8) X | a and X are (¢', A)-consistent;
(4) ¢ is (AU{d})-separated on X.

Proof. First note that we can assume that 0 € dom(q), as otherwise we first extend

g to the condition ¢* <g ¢ defined by setting dom(g*) = dom(q) U {6} and ¢* |

dom(gq) = ¢, and letting ¢*(0) be an arbitrary Ps-name for an element of Aut(T<,).
Now let ¢’ <g ¢ be such that

dom(q’) = dom(q);

for all v € A, ¢'(7) is a P,-name for an element of Aut(T<,+1) extending

q(7) such that

IFp. “X | @ and X are ¢'(7)-consistent”

(this is possible by Lemma 2.22 applied in V[P, ]);
q'(0) is a P,-name for an element of Aut(T<q+1) extending ¢(d) such that,
for all x € X, we have

IFe; “q'(6)(x) ¢ X7
(this is possible by Proposition 2.17);
for v € dom(q) \ (AU {d}), ¢’(7) is an arbitrary P.,-name for an element of
Aut(T<q41) extending g(7).

Then ¢’ is as desired, with requirement (4) following from a combination of Propo-
sition 3.5 and the choice of ¢’(9). O
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Lemma 3.7 (Mitchellized Key Property). Suppose that
e (p,q) € M with top(q) = «;
0 <n<wandZ is an injective n-tuple from T ;
A € [dom(q)]<%;
(p,q) is A-separated on Z;
(', q') < (p,q) with top(q') = B;
te[Tp]<v.
Then there are p” <p p’ and an n-tuple § from Tg \ t such that § € Ty and such
that Z and § are ((p”,q’), A)-consistent.

Proof. If B = «, then there is nothing to prove, so assume that § > «. Let G be
P-generic over V with p’ € G. For all v € A, let g, be the evaluation of ¢'(7) in
V[G]. Then G = {g, | v € A} is a finite indexed set of automorphisms of T<g44
and G is separated on Z. By Lemma 2.20, we can find an n-tuple ¢ from T3 \ ¢ such
that § € Tz and, for all v € A, & and ¢ are g,-consistent. We can then find p” € G
such that p” <p p’ and, for all v € A,

p" 1y lkp, “Z and § are ¢'()-consistent” .
Now p” and ¢ are as desired. O

Lemma 3.8 (Mitchellized 1-Key Property). Suppose that

(p,q) € M with top(q) = «;

0 <n<w and & is an injective n-tuple from Ty;
A € [dom(q)]=¥;

(p,q) is A-separated on Z;

(', q") < (p. q) with top(q') = B;

o m<n,y* €ly, and T, <7 Y*.

Then there are p” <p p’ and an n-tuple § from T such that ym, = y* and § € T,
and such that & and i are ((p”,q’), A)-consistent.

Proof. This is proven in exactly the same way as Lemma 3.7, using Lemma 2.21 in
place of Lemma 2.20. O

Lemma 3.9. Suppose that

e d <k and a < wy;
® (po,q0), (p1,q1) € M are such that
— top(qo) = top(q1) = «;
— dom(qo) = dom(q1);
- (POJJO) r 0= (plaql) F 6;
X € [To41]<¥ and y € Ty11 are such that X U{y} has unique drop-downs
to a;
o A€ [dom(qp)]<¥, and (po,qo) and (p1,q1) are both A-separated on X | .
Then there exist (Po, Go), (P1,¢1) € M and Y € [T 41]<% such that
e XU{y}CY;
e for each i < 2, we have
- (ﬁmgz) S (p'hqi)z'
— top(;) = a+1;
— dom(¢g;) = dom(g;);
— (pi, q;) is A-separated on'Y;
- X la and X are ((pi, §;), A)-consistent;
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— forally e A, x € X U{y}, and j € {-1,1},
i [y IFe, “Gi(7)’ () € Y7
® (Po,do) | 6= (P1,G1) I 9.

Proof. By extending py if necessary (and correspondingly extending p; [ 4 to main-
tain the fact that po | § = p1 | 0), we can assume that py decides go on (A, {y | a}).
Similarly, we can assume that p; decides g1 on (A4,{y [ a}). For each i <2, v € 4,
r € X U{y}, and j € {~1,1}, let 2/ € T, be such that

pi [vIFe, “ai(y) (z ] @) = sz,’y,:v”'

Note that, if v € ANd, x € X U{y}, and j € {—1,1}, then zgw = Z{,Ym Let
Wy be the set of all (i,7,z,j) € 2x Ax X x {—1,1} such that 2/  , € X [ @, and
let Wi =(2xAx (XU{y}) x{-1,1}) \ Wy. For each (i,7,z,j) € Wi, choose

1 vz € T, +1 in such a way that

5] _J .
® Zina [a= Ziy

o 2 ¢ XU{yk 4 4

o if (0,7,,5) € Wi and vy <0, then Z5 |, = 2] , (note that the hypothesis
implies that (1,v,z,5) € Wi as well);

o if (i,v,2z,7) and (¢',+',2’, j') are distinct elements of W7 such that (v, z, j) #
(v,2',4") or v > 4, (i.e., the pair does not fall into the scope of the previous

bullet point), then 23,” # éf,/’v,’m,.
LetY = XU{y}U{zm 2| @y, 2,5) € Wi}t Foreachy € Aand i < 2, let ¢;(y) bea

P,-name for an element of Aut(T<,+1) that is forced by p; [ v to have the following
properties, with the additional requirement that §o(v) = ¢1(y) if y € ANé:

* Gi(7) 2 a(v);
e X | o and X are §;(y)-consistent;
o for all (z,j5) € (X U{y}) x {—1,1} such that (i,7,,j) € Wi, we have

— () (z) = z’ym7
(v

)
— GO(E L) Y
e forall (¢,7,2/,5) € W1 such that (i,7") # (i,) and it is not the case that

v =y€And (ie., Zj/%x,
bullet point), and for all j € {—1,1}, we have ¢;(v)’ (2

does not fall within the scope of the previous
¢v.

It is possible to find such a §;(y) by Proposition 2.15. For all i < 2 and v € dom(g;)\
A, let §;(7y) be an arbitrary P,-name for an element of Aut(T<q+1) extending ¢;(7),
again subject to the requirement that go(v) = ¢1(y) for all v € dom(g;)Nd. Finally,
for each ¢ < 2, find p; <p p; such that

e p; decides §; on (A,Y);

® pold=p1l0d.
Then (po, do),(P1,G1), and Y are as desired. For instance, to see that (pg,do) is
A-separated on Y, first let & be an injective enumeration of X such that @ | «
witnesses that (pg,qo) is A-separated on X [ «, let Z be an arbitrary injective
enumeration of Y\ (X U{y}), and let §¥ = & ~(y)™ 2. The construction and choice
of & then easily yield the conclusion that (pg, o) is A-separated on . O

z'y:c)
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3.3. Dense subsets of derived trees. This subsection contains two crucial lem-
mas proving that certain subsets of derived trees of T' are dense. The first plays a
key role in the eventual proof that M and its quotients have the w-approximation
property, which will later lead to the fact that, if x is supercompact, then GMP
holds in V[M]. The second plays a similar role in the proof that, if T is a free Suslin
tree, then it remains a Suslin tree in VM.

Lemma 3.10. Suppose that

* (p,q) € M and a = top(q);

® 0 < K;

e A is a finite subset of dom(q), & is a finite sequence from Ty, and (p,q) is
A-separated on T;
X is a cardinal and b is an M-name for a subset of A such that Iy b ¢
V[Ms].
Let D be the set of all Z € Tz for which there exist (po,qo), (p1,q1) € M and € < A
such that

e fori <2, we have:

- (piyqi) < (p,q);

— top(g;) = htr(2);

— Z and Z are ((pi, ¢i), A)-consistent;
L4 (p07QO) [5:(]?1’%) [5; i
® (po,qo) IF “e ¢ " and (p1,q1) IF “e € 0".

Then D is a dense open subset of Tg.

Proof. The fact that D is open follows easily from its definition. To show that D
is dense, fix § € Tz, and let o = htp (7). We will find 2 € D N Tj. By repeatedly
applying Extension (Lemma 2.22), we can find ¢’ such that

e (p.q) <um (p,q);
e top(¢') = o/;
e 7 and ¥ are ((p,q'), A)-consistent.
Since Iy “b ¢ V[Ms]”, we can find (pg, qf), (91,497) <m (p,¢’) and e < X such that

(1) (Ph90) 16 = (p1,q1) T 6;
(2) (Po: q0) Ihm e & b7
(3) (Ph,q1) IFu “e €07
By extending the conditions if necessary, we may assume that there is a countable
ordinal 8 > o such that top(q)) = top(¢}) = 8. By extending pj if necessary (and
also correspondingly extending p) | ¢ to ensure item (1) above) and applying the
Mitchellized Key Property (Lemma 3.7), we can fix gy € Ty such that htr (%) = 8
and such that § and o are ((pj,q(), A)-consistent. Let oo = %o [ (¢ + 1). By
extending p} (and pj | ¢ if necessary) and applying the Mitchellized Key Property,
we can fix 19 € Ty such that
[ ] htT(?le) = Oé/ + 1,
e oo and 19 have no entries in common;
e ¢ and 7y are ((p),q}), A)-consistent.
By the same reasoning as above, we can fix ¢, € Ty,, such that htp(¢;) = § and
such that 710 and 7 are ((p},q}), A)-consistent.
Now repeatedly apply Lemma 2.23 followed by Extension (Lemma 2.22) to find

(Ph, q%) <m (p,¢') such that
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o ht(g}) = f;

e (ph,q3) [ 6= (5, q0) | 3

e for each i < 2, § and ¢; are ((pj, ¢5), A)-consistent.
Now find (pa, g2) <m (1, ¢b) deciding the truth value of “c € b” For concreteness,
suppose that (pa,g2) kv “e € b”; the other case is symmetric, with (p},q)) playing
the role of (pf,q}) in the following argument. Let /* = top(gz). By applying
the Mitchellized Key Property and extending p, if necessary, we can fix 2 € Tj,
such that htr(Z) = 8* and such that gy and Z are ((p2, g2), A)-consistent. Finally,
repeatedly apply Extension to find (po, go) <m (P}, ¢}) such that

* top(qo) = %

® (po,q0) | 6= (p2,42) | 5

e 4o and Z are ((po, qo), A)-consistent.
Then Z € D, as witnessed by (po, qo), (p2,¢2), and ¢. O

Lemma 3.11. Suppose that
e (p,q) €M and a = top(q);
e A is a finite subset of dom(q), & is an injective n-tuple from T, for some
0 <n<uw, and (p,q) is A-separated on Z;
o m < n and E is an M-name for a dense open subset of T

Let D be the set of all Z € Tz for which there exists (p*,q*) <m (p,q) such that
o top(q") = htr(2);
° (p*7q*) ”_M “Zm E E” ;
e & and Z are ((p*, q*), A)-consistent.

Then D is a dense open subset of Tz.

Proof. The fact that D is open follows easily from the definition. To show that
D is dense, fix § € Tz, and let o/ = htr(7). Fix ¢ exactly as in the proof of
Lemma 3.10. Find p’ <p p such that p’ decides ¢’ on (A,y). Note that, since
(p, q) is A-separated on Z, it follows from Mitchellized Persistence (Proposition 3.5)
that (p',¢’) is A-separated on §. Now find (p”,¢") <m (p/,¢') and t € T such that
Ym <r tand (p,q") IFy “t € E”. By strengthening ¢” if necessary, we may assume
that top(¢”") > ht(t), and since E is forced to be open, we can extend ¢ to assume
that we in fact have top(q¢”) = ht(¢); let S denote this height. Now apply the
Mitchellized 1-Key Property (Lemma 3.8) to find p* <p p” and an n-tuple 2" from
T} such that z,, =t and 2 € Ty, and such that ¢ and 2" are ((p*, ¢"), A)-consistent.
Then Z € D, as witnessed by (p*,q”). O

3.4. Approximation and the proof of Theorem A. This subsection finally
contains the proof of Theorem A. We first recall what it means for a forcing poset
to satisfy the p-approzimation property.

Definition 3.12. Let u be an uncountable cardinal, and let V' C W be two models
of ZFC. We say that (V, W) has the u-approzimation property if, whenever x € W
is a set of ordinals such that x Nz € V for all z € ([On]<#)V it follows that
x € V. Working in a model V' of ZFC, we say that a forcing poset R has the p-
approximation property if it is forced by 1g that (V, V[R]) has the p-approximation
property.

We begin with the following preliminary result, establishing the crucial properties
of the forcing extension by M. In what follows, we let G be the canonical M-name
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for the generic filter. For all § < &, let G5 be the canonical name for the generic
filter over M induced by G. Let M ,, be the canonical Ms-name for the quotient
forcing M/Gs.

Theorem 3.13. Suppose that T is a free Suslin tree in V. Then
(1) for all limit ordinals § < k (including 6 =0),

Fue, “Ms . has the wy-approzimation property’;
(2) Iy “T is Suslin”.

Proof. We will work towards proving both statements simultaneously. Fix a con-
dition (p,¢) € M, a limit ordinal § < &, a cardinal A, an M-name b such that

(P,q) Ik “b S AND ¢ V[Gs]”,
and an M-name F such that
(p,q) IFm “E is a dense open subset of T7.

For notational simplicity, assume without loss of generality that p = 1p (for the
general case, simply work below p in P). Fix a sufficiently large regular cardinal 6,
a well-ordering <1 of H(6), and a countable elementary submodel N < (H(0), €, <)
containing everything relevant (including g, b, and E) Let 8 = NNw;. We will
find ¢* <g ¢ such that

o (Ip,q*) Ik “bN N ¢ V[Gs]";

[ ] (l]p,q*) |FM “T@ g E”.
This will clearly suffice to prove the theorem.

Let Py denote PON. Let (z,, | n < w) enumerate T3, let (7, | n < w) enumerate
kNN, let (8, | n < w) be an increasing sequence of ordinals cofinal in £, and let
(pn | n < w) enumerate Py so that every element of Py equals p,, for infinitely
many n < w. For all n < w, let A, = {7y, | m <n}.

We will now recursively build objects (gn,Pn,0;Pn,1, Xn,en | 7 < w) satistying
the following requirements:

(1) (gn | n < w) is a <g-decreasing sequence of conditions from Q N N with
90 <Q ¢

(2) for all n < w, we have A,, C dom(q,,) and top(gn) > Bn;

(3) for all n < w, Ppo and py1 are elements of Py such that py, 0, Pn1 <p Pn
and ﬁn,O f 0= ﬁn,l F 6;

(4) forallm <n <w and i < 2,

(i @) P “Ton, | top(gn) € E7;

(5) for all n < w, &, is an element of N N A such that (pn0,qn) IFm “en ¢ b
and (Pn,1,qn) IFu “en € b

(6) for all n < w, X, is a finite subset of T3 such that
(@) {zm [m <n} C X, C Xpya;

(b) X, has unique drop-downs to top(gy);

(c) for each ¢ < 2, py,; decides ¢, on (A,, X, | top(gn));

(d) for each i < 2, v € A,, m <n, and j € {—1,1}, there is y € X,, such
that

” .,

i IFe “0n(7) (xm | top(gn)) =y | top(gn)”;
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(7) for all n < w, gy, is A,-separated on X,, | top(gy);

(8) for all n < w, X,, | top(¢n) and X,, | top(¢n+1) are (gn+1, Ay )-consistent.
For ease of notation, let ¢_1 = ¢ and X _; = (. Fix —1 < n < w and suppose
that we have constructed g, and X,. First, apply Lemma 3.6 inside N to find
Gh+1 <Q qn such that
Unt1 € N;
top(gy, 1) = top(qn) + 1;

Ant1 C dom(gyy1);
@y 11 is Apy1-separated on X, [ top(qy,1);
for all v € A, X,, | top(g,) and X, [ top(q;;, ;) are (g;,,,, Ay)-consistent.

Fix p}, 1 <p pny1 with pj,,; € N and an injective enumeration x™ of X,, such that
(Phy1,49541) is Ay yr1-separated on 2™ [ top(g; ).

Claim 3.14. Fiz 0 < m < n and (p,q) <m (Py41,qh41) Such that ( g €N, p

decides g on (Apq1,2™ | top(q)), and such that z™ | top(q}, 1) and ™ | top(q) are
((,q), Aps1)-consistent. Then there is (p,q) <m (D, q) such that

* (p,q) € N; _

* (P,q) I “zm [ top(q) € £

[top( q) and Z | top(q) are ((p,q), An+1)-consistent.

Proof. Fix m* < w such that z,, = z],,.. Let D be the set of all Z € T, Itop(q) for
which there exists (p, ) <m (P, q) such that
e top(q) = htr(2);
. ( D,q) kv “zms € B
Z | top(q) and Z are ((p, q), An+1)-consistent.
By Lemma 3.11, D is a dense open subset of T 7 ht ()" Since T is a free Suslin tree,

there is 7 < w; such that every Z € T, " 1ht(q) of height at least 7 is in D. Since
D € N, the least such n is in N, and hence is less than 8. In particular, there
is some n* € [top(q), 8) such that z | n* € D. Then any condition (p,q) € N
witnessing that 27 | n* € D witnesses the conclusion of the claim. (I

By repeatedly applying Claim 3.14, fix a condition (Pp1, Gnt1) <m (Pj41>@hs1)
such that

(Pn+1,@n+1) € N;

]jn-‘rl decides (jn-‘rl on (An+17 ftOP(Qn-H))

@ | top(gy1) and ™ | t0p(Gny1) are ((Pny1, Gni1), Any1)-consistent;
for all m < n, we have (Bny1, Gni1) Ft “Tm | top(Gni1) € E7.

Now let D' be the set of all 2 € Ty op(g,. ) for which there exist (Pn+1,0,Gn+1,0)

and (Pn+1,1, Gn+1,1) in M and € < A such that
e for each i < 2, we have (Pn11,i, @ni1,i) < (Pnt1, Gnr1);
tOp((jn+1$o) = top(@n+1,1) = htT(Z);
(Pn+1,00Gn+1,0) [ 0 = (Pnt1,15Gnt1,1) | 05
for each i < 2, ™ [ top(Gn+1) and 2 are ((Pn+1,i5 Gn+1,i), Ant1)-consistent;
(Pn+1,00Gnt1,0) kv “e € 07 and (Prt1,15 Gnt1,1) IFm “e € 7.
By Lemma 3.10, D’ is a dense open subset of Tz, top(@na1)? and D’ € N. Therefore,
as in the proof of Claim 3.14, we can find «, 11 < 3 such that

o ap 1 > max{B,y1,t0p(Gnt1)};
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e X, U{z,4+1} has unique drop-downs to ay,41;

o 2" [y €D,
Since D’ and @™ | a4 are in N, we can fix (Pn41,0,Gn+1,0)s (Pn+1,1,Gns1,1), and
€nt1 in N witnessing that 2 | a,,; is in D’. By extending the conditions if
necessary, we can assume that

e dom(Gnt1,0) = dom(Gnt1,1);

e § € dom(Ppt1,0) Ndom(Pp41,1) and Pry1,0(6) L Prg1,1(0);

o for each i < 2, Ppy1,; decides Gnt1, on (Apt1, Xpn U{xni1}).
By Lemma 3.9 applied in N, we can find (Pn+1,0,Gn+1,0), (Pnt1,1,dn+1,1) € M and
a finite set Y, all in N, such that, letting o , | = 41 + 1, the following hold:

e for each ¢ < 2, we have dom(g,+1,;) = dom(Gn+1,:) and (Pr+1,i, Gnti1i) <m

(Pn+1,is Gnt1,i);

e for each i < 2, we have top(Gn+1,i) = 0,1 1;

® (Pn+1,00Gnt1,0) [0 = (Pnt1,15Gnt1,1) | 6;

o (XnU{zpt1}) laj CY C TOéerlv

o for each i < 2, (Pp+1,i,Gn+1,:) IS Apt1-separated on Y

o for each i <2, X, [ apy1 and X, [ oy are (Pri1,is Gn1,4)-consistent on
An+1;

o foralli <2, v€ Ay, m<n+1,and j € {—1,1}, there is y € Y such
that

Py |V IFE, “Gug1i(V) (@ [ agyy) =47
For each y € Y\ (X, U{@n4+1}) | @fiyq), choose a z, € Tg such that z, [ oy =y,
and set

Xny1 = Xp U{zns1} U {Zy | yey\ ((Xn U{Zns1}) | O‘;-H)} .

Next, working in N, fix » € Q with top(r) = o}, and dom(r) = dom(Gn+1,0)
such that r» <q ¢, 7 is Apqi-separated on X, 1 [ o}, and such that X, |
top(¢; 1) and X, [ aj, ., are (1, A, )-consistent. To see that such an r can be found,
first repeatedly apply Proposition 2.17 to find ro <q ¢;,,; such that top(rg) =
Qpy1, dom(rg) = dom(gny1,0) and such that X, | top(qy ;) and X, | a1 are
(ro, Apt1)-consistent. Then again apply Proposition 2.17 to find r <g ro such that
top(r) = aj, 1, dom(r) = dom(rg) and, for all v € A, 4, we have:

o lFp, “Xy [ any1 and X, [ @y, are r(7y)-consistent”;
e forally € (Xnq1\Xn) | afiyy and all j € {—1,1}, we have lFp. “r(v)7(y) ¢
Xnt1 fafz+1~
Then, recalling that g}, , was chosen to be A, i-separated on X, [ top(q};, ), it
is readily seen that this r is as desired.

Finally, define ¢,41 € Q with top(¢nt+1) = o},,; and dom(gn4+1) = dom(gn+1,0)

by letting, for all v € dom(Gn+1,0); gn+1(7) be a P,-name such that
® P10 [V IF “Gui1(y) = dnt1,0(7)"s
® Pnt11 | Y IF “gni1(y) = Gny1,1(7y) (note that this is not in conflict with
the previous point since, if Gn4+1,0(Y) # Gnt+1,1(7), then v > §, and hence
Prt1,0 Y L Prng11 [7)s
o if p* € P, is incompatible with both p,410 [ v and ppy11 [ 7, then
prIE Sgnyr(y) = (7).
It is readily verified that ¢n+41, Pn+1,0, Pnt1,1, Xn+1, and €,41 satisfy the require-
ments of the construction.
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Claim 3.15. (g, | n < w) has a lower bound in Q.

Proof. Recall that o = top(gy) for all n < w, and that (a | n < w) is cofinal in
B. Note also that | J{dom(g,) | n < w} = N N k. For each v € N Nk, let n, be the
least n < w such that v € dom(g,). For each v € NNk, let ¢~ () be a Py-name
forced to be equal to U{gn(7) | ny < n < w}. In particular, ¢~ () is forced to be
an automorphism of T 4.

Subclaim 3.16. For each v € N Nk, each x € T, and each j € {—1,1},
Fe, “Jy € Tova < B [a~ (1) (z [ a) =y [ a].

Proof. Suppose for the sake of contradiction that there exists v € N Nk, n* < w,
j € {-1,1}, and p* € P, such that

p" ke, “=(Fy € TpVa < B [¢~ (7)! (zn- @) =y [ a])”.
Find n < w such that p* NN = p,, n > n*, and v € A,,. Recall, then, that there

is y € X, such that p,o [ v IFp, “Go(Y) (xp+ | o) =y | a!”. Moreover, for all
n’ > n, we have

IFp, “Xy [ a;, and X, [ oy, are g/ (7y)-consistent”.

It follows that, for all n’ > n, we have

* 9

Pno [ I, “Gu (V) (20 [ apy) =y [ g7,
and hence A
Pno [y, Va<B g () (xn- [ @) =y [ o]
But ppo v € N and ppo [ v < p*NN. Thus, p,o | v and p* are compatible in
P.,, contradicting the fact that they force contradictory statements. O

We now define a lower bound ¢* for {g,, | n < w) with top(¢*) = 5 and dom(g*) =
N Nk by letting, for each v € N Nk, ¢*(v) be a P,-name for the unique element
of Aut(T<g) extending ¢ (y). Such a name must exist by Subclaim 3.16 and
Proposition 2.14. It is readily verified that ¢* thus defined is indeed a lower bound
for {(gn | n < w). O

Fix a lower bound ¢* for (g, | n < w) in Q. We first verify that (1p,¢*) IFm
“bN N ¢ V[G(;}”. To this end, let w = N N A, and suppose for the sake of
contradiction that there are (p**,¢**) <y (1lp,¢*) and an Ms-name ¢ such that
(p*™*, q**) IFm “bNw = ¢”. Fix n < w such that p** NN = p,,. Note that both D0
and pp 1 are compatible with p**, and recall that P, [ 6 = pp1 [ 6. Let ro denote
(p** Abno) 19, ie., 1o is the greatest common lower bound of p** [ § and ppo [ &
in Ps. Find (r1,s1) <m; (r0,¢™* [ ) deciding the truth value of the statement
“en € ¢’. Suppose without loss of generality that (r1,s1) lFy, “e, € ¢ (the other
case is symmetric). Define (p, §) € M by setting

® (p,q) [0=(r1,s1);

o (5,4) [[0,5) = (V™ APno, ") I [0,5).
Then (p,q) Fv “en € ¢7, since (11, s1) forces the same. We also have (p,q) <m
(p**,¢**), so (p,4) IFm “bNw = ¢, and hence (p, §) Fm “en € b”. On the
other hand, we have (p,q) <m (Pn.0,qn), and hence (p,§) Iy “c, ¢ b”. This is a
contradiction, completing the verification that (1p,¢*) by “bN N ¢ V[Gs]”.

We finally verify that (1p,¢*) IFm “Is C E”. Suppose for the sake of contra-
diction that there are (p**,¢**) <m (lp,q*) and m < w such that (p**,¢**) IFm
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T, ¢ E”. Fix n < w such that m < n and p** NN = p,. By construction, we
know that (Pn,0,¢n) IFym “zm | ht(g,) € E”, and hence (B0, qn) Fm “zm € E”.
Let r = pPpo A p**. Then (r,¢**) forces both “z,, € E” and “z,, ¢ E”. This
contradiction concludes the proof of the theorem. (I

Theorem 3.17. Suppose that T is a free Suslin tree and k is supercompact. Then,
in V[M], the following statements hold:

(1) k =ws;

(2) T is an almost Kurepa Suslin tree;

(3) GMP.

Proof. Given the previous results from this section, proofs of all three assertions
follow standard paths; we provide details for completeness.

Let G be M-generic over V. By a standard counting argument using the inacces-
sibility of x, M has the x-cc in V, and hence k remains a cardinal in V[G]. More-
over, by Theorem 3.13, M has the wj-approximation property in V', and therefore
(w1)V = (w1)VIC. Thus, to prove (1), it suffices to prove that V[G] = “|y| = w,”
for all uncountable v < k.

To this end, fix an uncountable v < k. By increasing it if necessary, assume that
v € B(k). Tt is readily shown that the map 7., : M — P,  A(T) defined by setting
7 (p,q) = (p | 7,q()) for all (p,q) € M is a projection.? Therefore, G induces a
P, + A(T)-generic filter Go ., *G1 -, over V. In V[Gy ,], we have 2* > |vy|. Therefore,
by Proposition 2.26 applied in V[Go ], we have |y| = wy in V[Go, * G1,] and
hence in V[G] as well.

To prove (2), first apply Theorem 3.13 to conclude that T remains a Suslin tree
in V[G]. For each (p,q) € G and v € dom(g), let ¢(7)a denote the interpretation of
q() in V[G]. For each v € X(k), let gy = (H{e¢(v)c | (p,q) € G and v € dom(q)}.
Then g, is an automorphism of T'. Moreover, a routine density argument shows
that the sequence of automorphisms (g, | v € X(k)) is pairwise almost disjoint, i.e.,
for all distinct 7, € X(x) and all t € T, there is t’ € T} such that g, (') # gs(t').

If we now force with T over V[G], we add a generic cofinal branch b through T
In V[G][b], for all v € X(k) let by = {g4(t) | t € b}. Then each b, is a cofinal branch
through 7" and, by the fact that (g, | v € 3(k)) is pairwise almost disjoint and a
routine density argument, we have b, # bs for all distinct 7,8 € ¥(k). Since T has
the ccc in V[G], and therefore k = w;/ [G][b], it follows that T is a Kurepa tree in
V[G][b] and is therefore an almost Kurepa Suslin tree in V[G].

It remains to verify that GMP holds in V[G]. To this end, working in V[G], fix
a regular uncountable cardinal § > k and a club C in &, H (). We must find an
wi-guessing model in C. Recall that, given a function f : [H(0)]?> — 2, H(0), we
let Cy denote the set

(X € 2. H(0) |Yue[X]? flu) C X}.

Using Menas’s characterization of two-cardinal club filters [18], we can fix a function
[ [H(0))? = 2.H () such that Cy C C.

Back in V, fix an elementary embedding j : V' — M witnessing that « is |H(6)]-
supercompact. Note that, in M, j(M) is defined in the same way that M is defined in
V', but with length j(x), and that j(M), = M. Moreover, j | M is the identity map

2Here we are adopting the convention that g(v) = 1A(T) if v ¢ dom(g).



24 CHRIS LAMBIE-HANSON AND SARKA STEJSKALOVA

and, by Theorem 3.13, in M[G], j(M)/G = j(M), ;) has the wi-approximation
property. Let H be j(M)/G-generic over V[G]. Then, in V[G % H|, we can lift j to
J: VIG] = MG = H]. Note that, in M[G * H], j(C) is a club in &) H(j(f)) and
Cjp) = 3(Cy) € 3(C).

Let N = j“H(A)VIC]. By the closure of M and the fact that N is definable
from j“H(0)V and G * H, it follows that N € M|G % H]. Moreover, M[G x H| =
N € 2j)H(j(0)). We claim that N € Cj). To this end, fix u € [N]?, and
find a,b € H(0)"[ such that u = j({a,b}). Then j(f)(u) = j(f({a,b})). Since
f({a,b}) € Z.H(0)V[G] and crit(j) = &, we have j(f({a,b})) = j“f({a,b}) C N.
Thus, N € Cjs), and hence N € j(C).

We next argue that, in M[G x H], N is an w;i-guessing model. To this end, fix in
M|G+H]az e N and ad C z such that, for every x € £, 2NN, we have dNz € N.
Let 2/ € H(A)VIC] be such that j(2') = z, and let ¢/ = {a € H(9)VIE | j(a) € d}.
Then ¢’ C 2/, and ¢/ € M[G x H].

Claim 3.18. For all ' € (2,,2")VI], we have ¢’ N2’ € M[G].

Proof. Fix 2’ € (2,,2)VI). Let = j(2') = j“¢’ € N. By the choice of d, we
know that 2 N'd € N. We can therefore find v/ € H(0)V[C] such that 2 Nd =
.

Jj(y') = j“y’. But then, unraveling the definitions, we have ¢’ N2’ =y € V[G].
Since H(A)MIE = H(9)VIE the desired conclusion follows. O

Since j(M)/G has the wi-approximation property in M[G], it follows that e’ €
M][G]; in particular, ¢/ € H()VICl. Let e = j(¢/). Thene € N and eN N =
j“’ =dnNN. Thus, N € j(C) is indeed an w;-guessing model in M[G x H]. By
elementarity, in V[G] there exists an w;-guessing model in C, and hence GMP holds
in V[G]. O

The following corollary will now complete the proof of Theorem A.

Corollary 3.19. Assume Con(ZFC + there exists a supercompact cardinal). Then
it is consistent that GMP holds but is destructible by a ccc forcing of cardinality w1 .

Proof. Start with a model V' of ZFC containing a supercompact cardinal . Since,
for example, the classical construction of a Suslin tree from ¢ yields a free Suslin
tree, we may assume that there exists a free Suslin tree T in V. Then, by Theorem
3.17, in V[M], GMP holds and T is an almost Kurepa Suslin tree. In particular,
T is a ccc forcing of cardinality wy such that, after forcing with 7', there exists a
Kurepa tree. Since GMP implies the failure of the Kurepa Hypothesis, it follows
that I ~GMP. O

We end this section with a sketch of the proof of Corollary 1.1.

Sketch of proof of Corollary 1.1. Suppose that k is an inaccessible cardinal. As in
the proof of Corollary 3.19, we can fix a free Suslin tree T in V, and let M = ML,
We argue that V[M] satisfies the conclusion of the corollary. Given the proof of
Theorem A above, it suffices to show that —wKH holds in V[M]. To this end, let G
be M-generic over V, and let S € V[G] be a tree of height and size w;. We must
show that, in V[G], S has at most wi-many cofinal branches.

Since £ is inaccessible, we know that M has the k-cc in V, and k = we in V[G].
We can therefore find a limit ordinal § < & such that S € V[Gs]. Recall that, given
a tree R, [R] denotes the set of cofinal branches through R. Since (2¢1)VICs] < g,
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we have ([S])VI%] < k. By Theorem 3.13, M . has the w;-approximation property
in V[G5], and hence [S]"[¢] = [S]VIGs]. Since k = wo in V]G], it follows that S has
at most wi-many cofinal branches in V[G], as desired. O

4. WEAK KUREPA TREES

In [4], Cox and Krueger show that GMP implies that there are no weak Kurepa
trees at wi. In contrast to their result, we show in [16] that GMP*“?(ws) does not
imply that there are no weak Kurepa trees at wi. In fact, we construct a model
in which GMP“?(w3) holds and yet there exists not only a weak Kurepa tree, but
even a Kurepa tree at wy. In this section we refine our result and show that the
existence of a weak Kurepa tree at w; is consistent with -KH and GMP*?(ws), thus
proving Theorem B.

4.1. Forcing for adding a weak Kurepa tree. We begin this section by intro-
ducing a forcing notion to add a weak Kurepa tree, which is a variation on the
standard forcing for adding a Kurepa tree due to Stewart [21].

Definition 4.1. Let A be an uncountable ordinal.> We define a poset Ky which
adds a tree with size and height w; with |A]-many cofinal branches. Conditions
q € K, are pairs (Ty, f,) such that

e there is 7, < w; such that Tj is a normal, infinitely splitting subtree of

<Mat1y of size at most wy;

e f, is a countable partial function from A to T N "w;.
If qo, g1 € Ky, then g1 < qq if and only if

® Mg, Z Nqo>

o T, N<Motly, =T,

b dom(flh) 2 dom(fqo);

o for all a € dom(fy,), fou (@) 2D fq ().
We also include the pair (,0) in Ky as 1k, .

It is easy to verify that K, is separative, and the proof of Lemma 4.8 below will
show that it adds a tree of height and size w; with |A]-many branches. Note that
K is not wo-cc: in fact, it collapses 2“! to wy since we can code subsets of wy in the
ground model into the levels of the generic tree added by K. Therefore if A < 241,
then the generic tree added by K will not be a weak Kurepa tree.

Lemma 4.2. Let A be an uncountable ordinal and p be a reqular cardinal such that
B> 29 and p > 4 for all v < p. Then Ky is p-Knaster. In particular Ky is
(2¥1)*-Knaster.

Proof. Let a set of conditions {q, = (T, fa) € Ky|a < p} be given. Since
@ > 2%t is regular and there are only 2*'-many possibilities for T, there is a tree
T C <"1y of countable height and I C p of size p such that T,, = T for all o € I.

Since v* < p for all v < p, there is I’ C I of size p such that the set
{dom(fa) | @ € I'} forms a A-system with root a C A. Since a is at most countable,
there are at most 2 < p many functions from a to T}, and therefore there is a

3Tn practice, A will typically be a cardinal, but we will sometimes need to consider A of the
form j(k), where j : V — M is an elementary embedding with critical point &, in which case X is
a cardinal in M but may not be a cardinal in V.
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countable f from a to T;, and J C I’ of size p such f = f, N fg for all @ # B € J.
Then all conditions in {g, | € J} are compatible. O

Lemma 4.3. Let \ be an uncountable ordinal. Then K, is wy-closed.

Proof. Let (g, | n < w) be a decreasing sequence from K,. To avoid trivialities,
assume that the sequence (n,, | n < w) is strictly increasing. Let n := sup{n,,
n < w}. We will construct a lower bound ¢ for (g, | n < w) such that n, = 7. Let
T = U,<, Ty, Note that T is a normal tree of height n. To define Tj, first note
that there are countably many branches through 7' that we are obliged to extend
because of the functions {f,, | n < w}. Namely, let a = {J,,_, dom(f,,) and, for
each a € a, let

n<w

ba = U{fqn(a) |n <wAaedom(f,)}

Then each b, is a cofinal branch through 7', and we are obliged to put b, in 7.

Then we need to ensure that 7; will be a normal, infinitely splitting subtree of
<n+1y; namely for every node in T we need to add a node above it on level 7.
For every t € T let C; be a cofinal branch in T such that ¢ € C;. Note that such a
cofinal branch exists since T is a normal tree of countable height. Let ¢; = |JC,
then ¢; € "w; and extends t.

At the end, set Ty, := T U{by | « € a} U {c; | t € T}. Let f; be such that
dom(f,;) = a and, for all & € a, fy(a) = ba. O

Lemma 4.4. Let A < Kk be uncountable ordinals. Then there is a projection from
KK to KA.

Proof. We define 7 from K to Ky by letting 7(Ty, f,) = (Ty, fy [ A) for all ¢ € K.
It is routine to verify that m is order-preserving and that m(1x, ) = 1k, .

Let ¢ € K, and r € K, be such that » < w(q) = (Ty, f; [ A). Define r' < ¢
by first letting T,» = T, (note that T} is an end-extension of 7). Let dom(f,/) =
dom(f,) Udom(f,) and define

— fr(@) = fr(a) for every a € dom(f,) and
~ fr(a) = 7, where 7 € (T}),, with 7 2 f(a), for every o € dom(fy) \
dom(f;.).

It is easy to check that 7(r') = r. Therefore 7 is a projection. (I

Assume that A < k are uncountable ordinals. Let H be a Kjy-generic filter,
Ty = U{T,|q € H}, and let K,/H = {r € K, |n(r) € H} be the quotient given
by H and the projection w. Then K, is forcing equivalent to a two step iteration
Ky * K,/H. Tt is easy to see that in V[H|, K,/H is forcing equivalent to the
forcing notion K} ,, where conditions in K} . are pairs r = (7., f,) such that f, is
a countable partial function from x \ A to (Tg),, and r < ¢ if and only if n, > n,,
dom(f,;) € dom(f,), and fy(c) C f, () for all a € dom(fy).

Lemma 4.5. Let A < k be uncountable ordinals and p be a reqular cardinal such
that p > 2“* and p > ~* for all v < p. Let H be a Ky-generic filter. Then K, /H
is p-Knaster in V[H].

Proof. Since p > 2“! is regular and p > v for all v < pu, then K, is y-Knaster and
hence p is still a regular cardinal in V[H]. Moreover since K is wy-closed, p > %
still holds for all v < p in V[H].
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Work in V[H], where K,/H is forcing equivalent to the forcing notion Ky .
isolated above. Let a set of conditions {¢ga = (Ma, fa) € Kix|a < p} be given.
Since p > 2¥t in V, p > wy in V[H]| and there are only w;-many possibilities for
7a; therefore there is an 1 and an I C p of size pu such that n, =7 for all a € I.

Since v < p for all v < p, there is I' C I of size pu such that the set
{dom(f,)|a € I'} forms a A-system with root @ C A. Since a is at most countable,
there are at most w{ < p many functions from a to 7; and therefore there is a
countable f from a to T;, and J C I’ of size pu such f = fo N fg for all a # f € J.
Then all conditions in {g, | € J} are compatible. O

Lemma 4.6. Let A\ < K be uncountable ordinals and H be a Ky-generic filter.
Then Ky /H is wy-distributive in V[H].

Proof. The forcing K, is forcing equivalent to a two step iteration Ky * K, /H .
Since K, is wi-closed by Lemma 4.3, K,;/H cannot add new countable sequences
of ordinals over V[H], hence it is w;-distributive in V[H]. O

We fix the following notation: for r € K, and A < &, let r | A denote (T, f [ A),
ie. r [ A =7(r) for the projection 7 defined in Lemma 4.4.

Lemma 4.7. Let A < k be uncountable ordinals and H be a canonical Ky-name for
the Ky-generic filter. Let ¢ € Ky and r € K;. Then the following are equivalent.
(i) q\Fr€K,/H;
(i) g <7 A

Proof. To see that (i) implies (ii), note that if ¢ € r | A, then by the separativity
of Ky there is ¢’ < ¢ which is incompatible with r | A, and hence g does not force r
into K, /H. The other direction is clear, since ¢ < r | A means that ¢ < 7(r). O

Lemma 4.8. Assume GCH and let A > wo be a cardinal. Let H be a Ky-generic
filter over V. Then the generic tree Ty = |J{Ty | q € H} is a weak Kurepa tree with
A-many cofinal branches.

Proof. Since K is wi-closed, w; is preserved by K, and the generic tree Ty =
U{Ty ¢ € H} is thus a tree with height and size wy;. By a standard density
argument, Ty has A-many cofinal branches in V[H]. Since GCH holds in the ground
model, K is ws-Knaster by Lemma 4.2, hence all cardinals greater than ws are
preserved (recall that 2¢! is always collapsed); in particular A is preserved. Since
A > wy in the ground model, A > wy in V[H]; therefore the generic tree Ty is a
weak Kurepa tree in V[H]. O

4.2. The consistency of wKH with =KH and GMP“?(w,;). Before proving the
main theorem of this section, we show that no Kurepa trees exist in the generic
extension by the product of the Mitchell forcing (as defined in Subsection 2.3) and
the forcing for adding a weak Kurepa tree.

Theorem 4.9. Suppose that k is an inaccessible cardinal. Then, in the generic
extension by M(w, k) X K, there are no Kurepa trees.

Proof. Let k be an inaccessible cardinal, and assume that GCH holds.

First note that it is enough to show that there are no Kurepa trees in the generic
extension by Add(w, k) X Q x K, where Q is the term forcing of the Mitchell forcing
M(w, &) (see Remark 2.13 for more details; formally, Q is the set of all conditions
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(0,q) € M(w, ), with the order inherited from M(w, k)). To see this, first observe
that Add(w, k) x Q x K, is forcing equivalent to (M(w, x) *S) x K,; for some quotient
forcing S by Remark 2.13(4). This in turn is forcing equivalent to (M(w, k) x K, ) *S.
Moreover, S does not collapse any cardinals over V[M(w, k) x K], since it is easily
checked that the cardinals are the same in both extensions; i.e. wy and all cardinals
greater or equal to x are preserved in both extensions and cardinals between w;
and « are collapsed in both extensions. Hence, any Kurepa tree in V[M(w, k) x K]
remains a Kurepa tree in V[Add(w, k) x Q x K,].

Let FF x G x H be P x Q x K,-generic over V, where P denotes Add(w, ).
Assume that S is an wi-tree in V[F][G][H]. Since S has size w; and P x Q x K, is
k-Knaster, there is a nice P x Q x K,-name S of size less than « for S. Since S has
size less than k, S is a Py x Qp x Kg-name for some regular cardinal 6 < k, where
Py = Add(w,8) and Qg = {(0,q | 0)](0,q) € Q}. Let Fy denote the Py-generic
over V determined by F; i.e. Fy = {p | 8|p € F}, Gy denote the Qg-generic over
V[Fy] determined by G; ie. Go = {(0,q | 0)|(0,q) € G}, and let Hy denote the
Kg-generic filter over V[Fy|[Gp| determined by H and 7, where 7 is the projection
from K, to Ky from Lemma 4.4. The wi-tree S is an element of V[Fy][Ge][Hp]
and has at most (2+1)V[FellGellHol_many cofinal branches here, which is less than
K, since £ is still inaccessible in V[Fp][Go][Hyp]. We show that the quotient forcing
P? x Q% x K, /Hy cannot add a cofinal branch to S over V[Fy|[Gg][Hp]. Here P?
denotes Add(w, [0, %)) and QY denotes the quotient forcing Q/Gy. It will follow
that S has <k = wa-many cofinal branches in V[F|[G][H], i.e. it is not a Kurepa
tree. Since S was an arbitrary wi-tree, this will conclude the proof of Theorem 4.9.
The proof that there are no Kurepa trees in V[F][G][H] is relatively long; for easier
reading, it is divided into several claims (Claims 4.11 to 4.14).

First we observe that we can express the generic extension V[F][G][H] as a
forcing extension by (Pp x Qg x Kp) = (K./Hg x Q% x P?): Since P is forcing
equivalent to Py x P?, we can view F as a filter Fy x f which is Py x P?-generic
over V. Similarly, since Q is forcing equivalent to Qg xQ?, we can view G as a filter
Gy * g which is generic over V[Fy][f] and lastly since K, is forcing equivalent to
Ko * K, /Hg, we can view H as a filter Hy * h which is generic over V[Fy][f][Gé][g].
Therefore V[F][G][H] is equal to the generic extension V[Fy|[f][Gollg][Ho][h]-

Moreover, since P? and Qg * Q7 are both in V[Fy] and Gy * g is generic over
V][], we have VIELfIIGollgl[Hollh] = VIF)IGollgl[f)[Ho][]. Similaly, we
can swap g x f and Hy * h since both QY x P? and Ky * K,./Hyg are in V[Fy][G]
and Hy * h is generic over V[Fy|[Hy][g][f]- Tt follows that

VIEy][Gollgl[f1[Ho][h] = V[Fb][Ge][Ho][R][g][f]-

Since P! = Add(w, [0, k)), it is wi-Knaster in V[Fy][Gy][Hp][h][g] and hence it
cannot add new cofinal branches to an w;-tree by Fact 2.7. Therefore, any cofinal
branch through S is already in V[Fy|[Go|[Ho][h]]g]-

Now, note that Qf is w;-closed in V[Gy] and also K, is w;-closed in V[Gy] since
Qg and K, are both w;-closed in V; therefore QY is w;-closed in V[Gg][Hpg][Rh]. The
forcing Py is ccc in V[Gy][Hp][h] since it is just Cohen forcing for adding subsets of
w. Therefore we can apply Fact 2.11 to Py and QY over V[Gy][Hp|[h] to show that
Q? cannot add new cofinal branches to an wi-tree over V[Fy][Gy][Hp][h] and hence
any cofinal branch through S is already in V[Fy|[Gg|[Hp][h]
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To show that K,/Hy cannot add a cofinal branch to S over V[Fy|[Gy][Hy],
we will work in V[Gy]. Note that K,/Hp is only wi-distributive in V[Gy][Hy]
and therefore we cannot use Fact 2.11. Instead, we will show that if there is a
Py x Ky * (K, /Hp)-name b and a condition (p*,¢*,7*) € Py x Ky * (K,./Hy) which
forces that b is a cofinal branch through S that is not in V[Gy][Fy][Hp], then there
is a condition ¢ < ¢* such that (p*,q) forces that S has an uncountable level. This
is a contradiction, since we can assume that (p*,¢*,7*) is in Fyp x Hy * h and that
(p*, q*) forces that S is an w;-tree.

The proof is similar to the argument that an w;-closed forcing over a ccc forcing
does not add cofinal branches to wi-trees: we will build a tree T of conditions in
K, labeled by <“2 and we will diagonalize over antichains in Py, but since we are
working with the quotient K, /Hy and we work in V[Gy] and not in V[Gy][Hy], we
will guide this construction by a decreasing sequence of length w of conditions in
Ky, which will force conditions from 7T into the quotient K,/ H,.

We make a natural identification and view (S,<g) as a name for a tree with
underlying set wy X w, assuming that, for each § < wy, the 6 level of S is forced to
be equal to {6} X w. Hence the domain of the tree exists in V[Gy|, with the forcing
deciding the ordering <¢ on the tree. Going forward, for 6 < wy, we let S5 denote
{6} X w.

Work in V[Gg]. Assume that b is a Py x Ko (K, /Hg)-name and (p*, ¢*,7*) € Py x
Kg*(K,/Hpg) forces that b is a cofinal branch through $ that is not in V[Gy][Fy][Hp].
By our assumption about S, we can think of b as a name for an element of “w.
We can also assume that there is r* € K, such that ¢* IF 7* = r*. We will build by
induction on w the following objects:

e a decreasing sequence (g, | n < w) of conditions in Ky with gy < ¢*;
e a labeled tree T = {rs|s € <“2} of conditions in K, with r; < r* for all
5 € <w2;
e a maximal antichain A in Py below p* for all s € <*2;
e a strictly increasing sequence (7, | n < w) of ordinals below wy;
such that the following hold for all n and all s € <2 of length n:
(a) gn =rs | 0; in particular g, IF rg € KK/HQ;
(b) for all p € A, the conditions (p, gnt1,7s~¢) and (p, gnt1,7s~1) decide b up
to vn41 differently; i.e. there are 6 < v,,41 and T4~¢ # T4~1 in Ss such that
(Ps @n, ms~0) I 0(6) = T4~o and (p, gn,75~1) IF b(0) = Ty~1;
(¢) (qu),7e) < (qps|s7s) for all s C ¢ in <¥2.

Definition 4.10. Let us call a system as above, satisfying conditions (a)—(c), a
labeled system for b. We say just a labeled system if b is clear from the context.

A labeled system will be constructed below, using Claims 4.11, 4.12, and 4.13.

Claim 4.11. For every (p,q,7°), (p,q,7") < (p*,q*,7*) in Py x Ky * (K. /Hp) and
v < wy there arey’ <y < w1, (¢, u’) < (p,q,7°) and (p', ¢’ ,u') < (p,q,rt) such
that (p',q',u®) and (p',q',u') decide b(v) differently and the condition ¢ extends
both u® | 6 and u' | 6. Moreover we can ensure that Ty = Tyo = Ty1.

Proof. Let (p,q,7°),(p,q,7') < (p*,q*,r*) and v < w; be given. Fix for the
moment a Py x Kp-generic Gp X GK. over V[Gy] such that (p,q) € Gp x Gk,
and work in V[Gy|[Gp x Gk|. Since b is forced by (p*,¢*,7*) to be a new cofinal
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branch through S and (p*,¢*) € Gp x Gk, there are 7 < r%, 71 < 7! and v > ~/
such that 7 and 7' decide b(’y) differently; i.e. there are 70 # 71 in SW such that
O IF b(y) = 7° and 7 IF b(y) = 7.

Since 7 and 7! are in K, /Gx, 7 | 6 and 7! | § are in Gx and hence they are
compatible. Let ¢/ be a common extension of 70 | 6, 7' | § and ¢ such that, for
each i < 2, we have (¢/,7) I b(y) = 7% in V[Gg][Gp]. Since Gp is Pg-generic over
V[G], there is a condition p’ € Gp which forces this, and therefore (p’,q’,7°) and
(p',q',7') decide b(v) differently over V[Gy]. Since we assume that p € Gp we can
take p’ such that it extends p.

Since ¢’ extends both #° | § and 7! | 6, T} is an end-extension of both Tro and
Tri. Let us define u® = (Tyi, fui) < (Tri, fri) = 7 for i < 2 as follows: set T,: = Ty
and dom(f,:) = dom(f, ) Udom(fz ), and define

— fui(8) = fy(8) for every 6 € dom(f,) and
— fui(6) = 7, where 7 € (Ty)y,, with 7 2 fri(8), for every § € dom(fr) \
dom(fy').

It is easy to see that ¢’ still extends u’ | @ for i < 2 and therefore it forces u’
into KN/HQ. Moreover, by the definition of u® for i < 2, (¢’,u*) extends (¢’,7*) and
therefore (p/, ¢, u®) and (p/, ¢, u') decide b(v) differently. O

Claim 4.12. For every (q,7°), (¢,7') < (¢*,7*) € Ko * (K. /Hp) and v' < w; there
are v < v < wy, a mazimal antichain A in Py below p*, (¢',7°) < (q,7°), and
(¢',7') < (q,7') such that for everyp € A, (p,q,7°) and (p,q’,7*) decide b up to
differently and the condition ¢' extends both ¥° | 0 and ¥' | 0.

Proof. Let (q,79), (q,7") < (¢*,r*) € Kg % (K./Hy) and v/ < w; be given. We
proceed by induction of length « for some « less than w; that will be determined
during the construction, and we construct ¢/, ¥ and 7! such that (¢, 7°) is a lower
bound of a decreasing sequence ((gj,7%) < (¢,7°) |8 < @) and (¢/,7") is a lower
bound of a decreasing sequence ((gj,75) < (¢,7') |8 < a). In the process, we also
construct a maximal antichain A = {ps| 8 < a} in Py, and 7 will be a supremum
of increasing sequence of ordinals (s < wi | < ).

To begin, let p be an arbitrary condition below p*. By Claim 4.11, there are
po < p, gy < g, g < r0rg < r!and o > 9 such that (po,qp,70), (Posdp,70)
decide I}('yo) differently, gj extends both conditions 7J | # and 7{ | 6, and moreover
Ty =T =T,.

Let o < w; and assume that for all 8 < a, we have constructed pg, vz, q'B, 7"?3,
and ré. If there is a condition p below p* which is incompatible with all conditions
in {ps| B < a}, we fix such a p and proceed as follows.

If « = 8+ 1, by Claim 4.11, there are p, < p, ¢, < q,’B, rd < rg, rl < 7‘[13 and
Yo > g such that (pa, ¢, 72), (Pa, @, 75) decide b(v,) differently, g/, extends both
conditions 70 [ § and 7} | 6, and moreover Ty, =Tw =Ta.

If « is limit, we begin by constructing appropriate lower bounds of ((q’ﬁ,rg) <
(¢,7°)| B < a) and ((gj,75) < (¢,r") | B < a) such that the lower bounds will have
the same first coordinate.* Let a5 = (T, fs), % = (S8,93), and 75 = (S}, 95)

4Note that Kg * (K, /Hg) is w1 -closed, therefore the lower bounds of (g5 r%) < (g, |8 < )
and (g, 'ré) < (¢,')| B < a) always exist; however, for our construction we need to ensure that

the lower bounds have the same first coordinate.
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for all 8 < a. Note that at each step 8 < a of the construction we ensured that
Ty =S =Sk hence T'= Uy, Ts = Upo S5 = Uscn Sh

If ht(T) is a limit ordinal n < w; we define an end extension 7" of T by one
level. To define T”, first note that there are countably many branches through T
that we are obliged to extend because of the functions {fs |8 < a}, {93 |8 < o},

and {gj | 8 < a}. Namely, let a = {J4_,, dom(fs) and, for each § € a, let

= J{f3(0) | B < and e dom(fs)}.

Then each bs is a cofinal branch through T, and we are obliged to put bs in T".
Similarly for functions {g} |8 < a} for i < 2, let ¢; = Uz, dom(g}) and, for
each J € ¢, let

= J{g5(8)| B < a A d € dom(g)}.

Then each d is a cofinal branch through T, and we are obliged to put d§ in 7.
As in the proof of Lemma 4.3, for each t € T, let E; be a cofinal branch in T
containing ¢, and let e; = |J E;. Then set

T =T U{bs|6€atU{dd|d€co}U{d:|d€ei}UfeteT).

Now let us define § = (Tg, f7) as follows: T; = T’, dom(f;) = a and, for all
§ € a, f;(0) = bs. Similarly define u® = (Ty:, fyi) for i < 2 as follows: T,; = T,
dom(f,:) = ¢' and, for all § € ¢’, f,:(d) = d5.

If ht(T') is a successor ordinal n+1 < wy, then there is f* < « such thet for all
between * and «, Tg = T =T and hence 5’2 S1 Tg« =T for all B between
B* and a. Now, T is a normal tree and we can easﬂy define lower bounds using T'.
Let us define ¢ = (T4, f;) as follows: T; = T', dom(fz) = Uz, dom(fs) and, for all
0 € dom(fz), f7(0) = fg(d), where 8 > * is such that § € dom(fsz). Analogously,
we define u? = (Ty:, f,:) for i < 2 as follows: T, = T, dom(f,:) = Us<a dom(gfg)
and, for all § € dom(fy:), fui(d) = g5(), where 8 > B* is such that & € dom(g).

This finishes the construction of appropriate lower bounds (g, u%) of ((q’ﬂ, rzﬂ) <
(q,7%)| B < a) for i < 2. Now let v be the supremum of {y5|8 < a}. By Claim
4.11, there are p, < p, ¢/, < q, % <u° r! <wu! and 7, > 7 such that (po,q,,r%),
(po,q.,,rL) decide b(v,) differently and ¢/, extends both r% [ 6 and rl | 6 and
moreover Ty, = Tho =T}

If there isno p below p* which is incompatible with all conditions in {pg | 8 < a}
we stop the construction, set A = {pg|S < a}, and let v be the supremum of
(va|B < a). If a=p+1 for some B < w, we set ¢’ = qj andfi:rfi for i < 2. If
a is limit, we construct ¢’ and 7, for i < 2, as § and u’, for ¢ < 2, in the limit case
of the induction. It is readiliy verified that the objects thus constructed satisfy the
conclusion of the claim. |

W are now ready to construct our labeled system. The construction is by induc-
tion on w.

Let v be an arbitrary ordinal below w; and let (go,7p) be (¢*,7*). By Lemma
4.7, ¢* < r* | 0 since ¢* forces r* into KH/HQ and Ky is separative. If ¢* #r* [ 0,
we can extend r* appropriately to ensure condition (a); for more details, see Claim
4.13 below in the successor step of the construction.
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Now fix n < w and assume that we have constructed v,, ¢,, and rs for all s € "2.
Let (s; |4 < 2") enumerate "2. We describe how to construct v,41, ¢n+1, Asin, and
rg for s € "H12.

We proceed by induction on 2" = m. Let us start with sg. By Claim 4.12, there
are ¢° < gy, Tey~0Tsg~1 < Tso» & maximal antichain Ay, in Py, and ~Y > ~,, such
that for all p € Ay, (p, ¢, T;OAO) and (p, ¢, 7"/30“1) decide b up to 7° differently and
40 FHandr;OAI [ 6. _ .

Now fix 1 < i < m, and suppose that 4*~! and ¢*~! have been constructed. By
Claim 4.12, there are ¢ < ¢*~1, T, ~gs To ~1 < T4, a maximal antichain A, in Py,
and v > ¢! suph that for all p € Ag,, (p, ¢, rgiAO
differently and ¢' extends both 7 .~ [0 and r .

m—1

q° extends both r

), (ps qi,r;iﬁl) decide b up to ~*
1 lo.

Let ¢n41 be g and 7,41 be v . It follows by the construction that the
objects gni1, Ynt1, 1~ ;, for j <2 and all s € "2 satisfy the desired conditions (b)
and (c).

However, we have only ensured that g, 11 extends 7 | § for s € "T12, but not
that they are equal as is required in condition (a). To ensure condition (a), we
define appropriate extensions of 7, for all s € "+12.

m—1

Claim 4.13. The objects constructed above can be extended to satisfy conditions

(a)—(c) of a labeled system in Definition 4.10.

Proof. Since ¢, +1 extends r,, | 6 for all s € "T12, T,
for all s € "*'2. Let 17+ 1 be the height of T, ,.
Now, we define extensions of 7/ for s € "*12. For s € "*12, let f, be a function
such that dom(fs) = dom(f,,) N[0, x) and for each a € dom(fs), let fs(a) 2 frr ()
be some node of Ty, ,, on level n. Set ry = (Ty, .\, fgn.y U fs) for s € "T12. Clearly,
rs are conditions in K, for all s € ®*!2 such that ¢, is equal to 7, | 6, hence
condition (a) holds. Since rg extends 7/, for all s € "*12, conditions (b) and (c) are
still satisfied for g,41, Ynt1, As, and 74, for j <2 and all s € "2. O

is an end-extension of T}~
+1 s

This completes our construction of a labeled system. Let v be the supremum of
(Vn | M < w). To finish the proof of Theorem 4.9, we would like to find a lower bound
g of the sequence (g, |n < w) and a lower bound 7, of sequences (ry, |n < w) for
all x € “2 such that ¢ forces r, into the quotient K, /Hg for every x € “2, thus
ensuring that every (¢, r,) is a condition in Ky * (K, /Hp). If this is the case, then
(p*, q) will force over V[Gy] that level v of S has size 2, as argued below.

We now construct the required conditions. Begin by letting T* = |J,,,, Tq, and
a=J,.,dom(fg, ). Let us assume that 7™ is a normal tree with a limit height.
If the height of T* is a successor ordinal, then the construction of the appropriate
lower bounds is analogous but simpler and we leave it as an exercise for the reader.
Let n < w; denote the height of T*. By condition (a), T* = U, ., Tr,,, and
a=U,,dom(fy,,,)N0 forall z € “2.

Note that if we want to ensure that a lower bound of (g, |n < w) forces a lower
bound of (ry, |7 < w), for some z € “2, into the quotient, we are obliged not only
to extend all cofinal branches through T* which are given by functions {f,, |n < w}
(recall the proof that K, is wj-closed), but also to extend all cofinal branches
given by {f.,,, |n < w}; otherwise it can happen that the lower bounds will be
incompatible. Therefore if we want to ensure that a lower bound of (g, |n < w)
forces lower bounds of (ry, |n < w) for € “2 into the quotient, we are obliged
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to extend uncountably many cofinal branches of T*. This can be done because the
trees in the conditions can be wide.

To build suitable lower bounds, we will proceed similarly as in the proof of
Lemma 4.3. First apply the construction in Lemma 4.3 to find ¢’ which is a lower
bound of (g, | n < w) such that T, has height n + 1 and dom(f,) = a

For each x € “2, let a, = U,,., dom(f;, n) \ 0. In order to ensure that g is
compatible with a lower bound of (ry, |n < w), we are obliged to extend cofinal
branches given by {rg, |n < w}. For a € ag, let

(1) U{f”rn )In <wAaedom(f,,,)}

and let D, = {d% |a € am}. Moreover, let us define f, to be a function with domain
ay such that for each a € ay, fi(a) = dZ.

At the end of the construction, set T, = Ty U |J,cwy D2 and fq = fg. Set
T, =T, and f,, = fy U f, for every z € “2.

Claim 4.14. The following hold:
(i) q is a condition in Ky;
(ii) ry is a condition in K, for all x € “2;
(iii) q forces ry into the quotient K, /Hy, for all x € “2.

Proof. Note that Ty is a normal tree since T, is normal and Ty = Ty U U, cws Da
hence ¢ is a condltlon in Ky and also r, are COIldlthIlb in K, for all x € “2.

By the definition of r,, r,, [ @ = ¢ and hence ¢ forces r,, into the quotient K/ Hy
for every z € “2. O

It is now straightforward to check that (p*,q) forces over V[Gy] that level ~
of S has size 2¢: Let Gp x Gg be a Py x Kgy-generic over V[Gg] which contains
(p*,q). Since q forces 7, into the quotient K/Hy for all z € 2, r, is in K/Gk.
For all = € “2, we take 7/, < 7, which decides b(7), i.e., 7, IF b(y) = 7, for some
Ty € S"A,. Now it is enough to show that for all x # y € “2, 7, # 7,. However, this
follows from the construction of our labeled system. Let x # y € “2 be given, let
s =z Ny, and without loss of generality assume that = extends s™0 and y extends
s71. Now, since p* is in Gp and A; is a maximal antichain below p* there is p € A
which is in Gp. Since (p, ¢n+1,7s~0) and (p, ¢nt1,75~1) decides bup t0 Yni1 < v
differently, there is § < v and 79 # 71 in S5 such that (p, g1, 7s~0) IF b(é) = 79 and
(D, i1, Ts~1) IF D(8) = 7. Since ¢ < gny1 and ¢ is in G, (P, gny1) is in Gp x Gk
and therefore r o |- b(8) = 7o and ro~; |- b(8) = 7 over V[Gy][Gp][Gk]. Since
' <1y < 1ymg and 7 I b(y) = 7, it holds 79 <g 7. Similarly we can show that
T1 <s Tg. Since 19 # 11 it follows that 7, # 7,. Therefore (p*,q) forces over V[Gy]
that level v of S has size 2¢, hence (p*, q) forces that S is not an ws-tree, which is
a contradiction. This concludes the proof of Theorem 4.9. [l

The following theorem will now establish Theorem B.
Theorem 4.15. Suppose that there is a supercompact cardinal k. Then there is a
forcing extension in which
(1) 2% =wy = K;
(2) GMP“?(ws) holds;
(3) there are no Kurepa trees, but there is a weak Kurepa tree.
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Proof. For simplicity, assume that GCH holds in V. The generic extension is ob-
tained by forcing with a product of the Mitchell forcing (as defined in Subsec-
tion 2.3) and the forcing for adding a weak Kurepa tree with k-many branches:
M(w, k) x K, which we denote by M x K for simplicity. Recall from Subsection
2.3 that the set A we are using to define M(w, k) is the set of inaccessible cardinals
below k. Let G x H be M x K-generic over V. The Mitchell forcing preserves w;
and all cardinal greater than or equal to x and forces 2* = kK = wq. Since K is k-
Knaster in V, K is still k-Knaster in V[G] by Fact 2.9, and therefore it preserves all
cardinals greater or equal to x. It also preserves wy over V[G], since it is w;-closed
in V' and therefore it is w;-distributive in V[G] by the standard product analysis of
the Mitchell forcing M. This finishes the proof of (1).

There is a weak Kurepa tree T in V[H| with k-many cofinal branches by the
definition of K. Since w; is preserved by K x M, T is still an w-tree with Kk = wo-
many cofinal branches in V[H][G] = V[G][H].

We now establish GMP“?(wy). Note that by Fact 2.6, GMP*“?(ws) is equivalent
to ISP“2(ws). To show that ISP“2(w2) holds in V[G][H] we use the lifting argument
and analysis of the quotient as in [5]. Fix a cardinal A > k; by increasing it if
necessary, assume that A<* = \. We will establish ISP*?(wy, \) in V[G][H]. To
begin, let

(2) i VM

be a supercompact elementary embedding with critical point s given by a normal
ultrafilter U on &, (\); i.e. M = Ult(V,U). We lift the elementary embedding j in
two steps. Note that j(M(w, k)) = M(w, j(k)) and recall that there is a projection
from M(w, j()) to M(w, ). Let us denote the quotient M(w, j(x))/G by Qu and
let g be Qum-generic over V[G][H]. Then we can lift in V[G][g] the embedding to
J : VIG] = M[G][g]. Now, j(K:) = K;() and there is a projection from K;,
to K. by Lemma 4.4. Let us denote the quotient K;()/H by Qx and let h be
Qx-generic over V[G][H][g]. We can lift the embedding in V[G][H][g][h] further to

(3) j : VIG][H] = M[G][H][g][h].

Let D = (d, |z € 2,(\)VIEIHA]) be a x-slender list in V[G][H]. We want to
show that there is an ineffable branch b through D in V[G][H]. Let us consider the
image of D under j:

i({dy |z € P (W)Y = (d] |y € P (j(N)) MG

The set j“\ is a subset of j(A) of size < j(k). We define our ineffable branch
b: A — 2in V[G][H][g][h] as follows:

(4) for o < A, b(a) = djy (j(e)).

Before we prove the following claim, let us state some simple properties of the
lifted embedding j. Since we assume A< = X\, |H(A\)| = A, and this still holds
in V[G][H], i.e. [H\)VICIHH]] = X In (3) we lifted an embedding generated by a
normal ultrafilter U on . (\) and therefore j“\ is an element of j(C) for every
club C in 2, (\)VICIH]; since there is a bijection between A and H(\)VICIH] there

5We identify subsets of A and j/A with their characteristic functions to make this formally
correct.
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is a correspondence between P, \VICIH] and 2, H(\)VICIH] and in particular it
holds for every club C € V[G][H] in 2, H(\)VICIH] that

(5) JrHW M € 5(0).
Claim 4.16. For each v € Z\VICIWH b |z € M[G][H].

Proof. By slenderness of D, we can fix a club C in 2, H()\)VICIH] such that for
every N € C, N < H()\)V[G”H]7 and for every x € N of size w1, we have dynyNz €
N.

Let x € 2, \VICIH] be arbitrary. By the xk-cc of the whole forcing, it holds that

x e H\)VIEIH = g(x)MIClH]

and therefore jz = j(x) € jeH(A\)MICIH] Let us denote H(N)MICIH] by N.
Notice that j“N is an elementary submodel of j(H (X)VIIH]) by a general model-
theoretic argument, or by invoking (5). Since j“H(M\)MICIH] ¢ 4(C), we have
d’(j“N)mj(/\) jz = djuy | j“z € j“N. It follows that there is a function f in
N C M[G][H] with domain x such that for every « € z,

fle) = dj(j(a)).
By the definition of b, f = b [ x, and the proof is finished. O

Claim 4.17. b is in M[G][H].

Proof. We show that b — which is approximated in M[G][H] on sets in 2, \VICIH] =
P AMIGIH] by Claim 4.16 — cannot be added by Qg x Qu over M[G][H] and
therefore it is already in M[G][H].

We first argue that Qg is wq-distributive and we-Knaster over M[G][H]. In M,
J(K) ~ K x Qk is wi-closed and therefore by the product analysis of M, it is w;-
distributive in M[G] and therefore Qk is wy-distributive in M[G][H]. Regarding the
wo-Knaster property, first note that Qx is k-Knaster in M[H] by Lemma 4.5. Since
M is k-Knaster in M it is still k-Knaster in M[H] by Fact 2.9 and therefore Qx is
k-Knaster in M[H][G] = M[G][H] by Fact 2.9. Since Qx is x-Knaster in M|[G][H]
it has the k = wy-approximation property and cannot add b over M |[G][H].

Now, we will show that over M[G][H][h], Qm also cannot add b. In M[G][H][h],
Kk = wy = 2* and Qy is forcing equivalent to Add(w, ) * M¥*, where x! is the
first inaccessible above k. The branch b cannot be added by Add(w, ') since this
forcing is wi-Knaster.

In M[G)[H][h)[Add(w, k)], 2 = kT > (we)VICNH] and D is a list with width at
most ((2+1)T)VICIH]) = (w3)VICIH] By a standard product analysis (see Section
2.3), M is a projection of a product of the form Add(w, j(x)) x Q%, where Q is w;-
closed. Again the branch b cannot be added by Add(w, j(k)) since this forcing is wy-
Knaster. Since D has width (w3)Y [€IH] < 2 in M[G][H][h][Add(w, x1)], we can ap-
ply Fact 2.12 to Add(w, j(x)) as P and Q7 as Q over the model M [G][H][h][Add(w, T)].
Therefore, the forcing Q}, cannot add b over the model

M([G)[H][h][Add(w, x")][Add(w, j(k))],
hence the cofinal branch b cannot be added by M* over M [G][H][h][Add(w, xT)]. O

Claim 4.18. The function b is an ineffable branch through D.
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Proof. We need to show that the set S = {z € £,(\)|b | x = d,} is stationary,
hence it is enough to show that j“A is in j(S) = {y € Pj()(i(N)) [j(b) [ y = d},}.
However this follows from the definition of b: j(b) [ j“A = j“b = d}«,. O

This finishes the proof of (2). By Theorem 4.9, there are no Kurepa trees in
the generic extension V[G][H| and hence we have (3), thus finishing the proof of
Theorem 4.15. U

Remark 4.19. If one starts with large cardinals weaker than supercompact, one
can obtain variations on Theorem 4.15 with item (2) weakened. For example,
a straightforward adaptation of the proof of Theorem 4.15 shows that, if x is a
weakly compact cardinal and G x H is M(w, k) x K,-generic over V, then V[G][H]
satisfies TP(wq) + wKH + —KH.

5. FAILURE OF KUREPA HYPOTHESIS AND WEAK KUREPA HYPOTHESIS

In this section, we survey what is known about the (in)destructibility of —KH
and -wKH and provide a direct proof that —wKH is always preserved by o-centered
forcing. To begin, observe that, since every Kurepa tree is a weak Kurepa tree,
—wKH implies =KH. In contrast to -wKH, which implies the failure of CH, =KH is
consistent with CH. The consistency of both principles follows from the consistency
of an inaccessible cardinal. The classical model of —KH is the extension by the Levy
collapse Coll(w1, < k), where k is inaccessible in the ground model; the classical
model of =wKH is the extension by M(w, k), where & is inaccessible in the ground
model.

Assume now that s is an inaccessible cardinal. An argument by Todorcevic
[23] shows that in the extension by M(w, k), -wKH is indestructible under all ccc
forcings of cardinality wi. An analogous result holds for —KH in the extension by
the Levy collapse Coll(wy, < k).

However, by a result of Jensen, [, implies that there is a ccc forcing which
adds a Kurepa tree (cf. [11]). Therefore, if £ is an inaccessible cardinal which is
not Mahlo, then there is a ccc forcing which adds a Kurepa tree in the generic
extensions by both Coll(w;, < k) and M(w, k). By the previous paragraph, this ccc
forcing must have size greater than wy.

With respect to =KH, the assumption of [J,,, is necessary by a result of Jensen
and Schlechta [11]. They show that if x is Mahlo, then —=KH is indestructible under
all ccc forcings in the extension by Coll(w;, < x). The analogous result remains
open for Mitchell forcing M(w, k) and —wKH, where & is a Mahlo cardinal in the
ground model.

Returning to cce forcing of size wq: in [13], Krueger and the second author show
that, assuming the consistency of only an inaccessible cardinal, it is consistent with
CH that the Kurepa Hypothesis fails and yet there exists an almost Kurepa Suslin
tree. In particular, there is a ccc forcing of size w; which adds a Kurepa tree.
As Corollary 1.1 shows, assuming the consistency of an inaccessible cardinal, it is
consistent that -wKH holds while an almost Kurepa Suslin tree exists.

In particular, both =KH and —wKH are indestructible under all ccc forcings of
size wy in their classical models, but for both, there are models in which they are
destructible by ccc forcing of size wy.

So far, we have considered only ccc forcings. What do we know about forcings
satisfying a stronger property? In [8], Honzik and authors showed that GMP implies
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that -wKH is preserved by any o-centered forcing. That is, if V is a transitive
model satisfying GMP, P € V is o-centered, and G is P-generic over V, then V|G|
satisfies ~wKH. In particular, —wKH is preserved over models of GMP by adding
any number of Cohen reals. Since the argument requires only a guessing model
property for small sets, which is equivalent to —wKH, it follows that —-wKH is
always preserved by o-centered forcings.

Below, we provide a direct proof that —wKH is preserved by any o-centered
forcing without referencing the guessing model property. First, let us recall the
definition of o-centered forcing.

Definition 5.1. Let P be a forcing. We say that P is o-centered if P can be written
as the union of a family {P,, C P|n < w} such that for every n < w:

(6) for every p,q € P,, there exists r € P,, with r < p, q.

It follows that P can be written as a union of w-many filters if we close each P,
upwards.

Some definitions of o-centeredness require just the compatibility of the condi-
tions, with a witness not necessarily in P,,. The condition (6) in this case reads:

(7) for every k < w and every sequence pg, p1, ..., Pk—1

of conditions in P,, there exists r € P with r» < p; for every 0 <i < k.

The conditions (6) and (7) are not in general equivalent (see Kunen [15], be-
fore Exercise I11.3.27), but the distinction is not so important for us because the
common forcings such as the Cohen forcing and the Prikry forcings are all cen-
tered in the stronger sense of (6). Also note that the conditions are equivalent for
Boolean algebras: the definition (7) means that each P, is a system with FIP (finite
intersection property), and as such can be extended into a filter.

Theorem 5.2. The failure of the weak Kurepa Hypothesis is preserved by any o-
centered forcing. That is, if V is a transitive model satisfying -wKH, P € V s
o-centered, and G is P-generic over V, then V|G] satisfies ~wKH.

Proof. Fix a forcing notion P = J,,_,, P, where each PP, is as in the definition of
a o-centered forcing; i.e., for every n < w and every p, g € P,,, there exists r € P,
such that » < p,q. Let G be P-generic over V. Suppose that 7" be a P-name for a
weak Kurepa tree T', and assume for simplicity that 1p forces this. We also assume
that the underlying set of T is wy.

We will define a weak Kurepa tree S in the ground model, which will complete
the proof of the theorem. The underlying set of S will be w X w;; we define the
ordering <g as follows: for (n,a),(m,B) € S, let (n,a) <g (m,p) if and only
if n = m and there is some p € P, which forces @ <; 8. Note that <g is a
strict partial order: antisymmetry follows because any two conditions in P,, are
compatible, and transitivity uses the fact that the compatibility of conditions in P,
is witnessed by a condition also in P,,.

Now, we show that S is indeed a weak Kurepa tree. Clearly, S has size w.
To see that S has height wy, first we prove that it cannot have height greater
than wy. If so, then there is (n,7) in S,, for some (n,v) € S; this means that
predg((n,v)) = {(n,a) <s (n,7)|(n,a) € S} has order type w;. Let I = {a <
w1 | (n,a) € predg((n,~))}. Then from the definition of <g, it follows that for each
o € I, there is p, € P, which forces that oo < . Since P is ccc, there is o € I
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such that p, IF {8 € I|pg € G} has size wy, where G is a name for the generic
filter over P. Then we can see that p, forces that v has wi-many predecessors and
hence has height at least w; in T, which is a contradiction since T is forced by 1p
to be a tree of height ws.

To see that S does not have countable height, let b be a name for a cofinal branch
in T. Then, since b is forced to be a cofinal branch, in particular uncountable,
there is n such that the set I = {a < wy|3p € Pu(p - o € b)} is uncountable. Tt
is easy to see that for any «, 8 € I, (n,a) and (n,3) are comparable in S; hence,
d ={(n,a)|a € I} is an uncountable chain through S. Therefore, S cannot have
countable height, which, combined with the previous paragraph, gives that S has
height exactly w.

Moreover, we can show that d as in the previous paragraph is a cofinal branch;
i.e., we prove that d is a maximal chain. Let (n,7) be a node of S such that it
is comparable with all (n,a) in d. Then since S has height wy, (n,v) cannot be
above all nodes in d; therefore there is (n,«) € d such that (n,v) <g (n,a). By
the definition of <g, there is p € P, which forces v <; o and by the definition of
d, there is ¢ € P,, which forces that « € b. Since both p and ¢ are in P, there is
r € P,, below both p and ¢, hence r forces that v € b. Since r € P,,, (n,7) € d.

A similar argument shows that S has at least wo many cofinal branches. Let
(bs | @ < wy) be a sequence of P-names for cofinal branches through 7" such that,
for all @« < B < wo, 1p IF b #* 65. For each o < ws, pick an uncountable subset
I, C w; and n, < w as in the previous paragraphs. Then dy = {(na,7) |7 € In}
is a cofinal branch through S. Since there are wo-many such branches, there exists
J C woy of size wy and some n < w such that n, = n for all a € J.

To finish the proof, we show that the cofinal branches {d, |« € J} are pairwise
distinct. Let o # B € J and assume for a contradiction that d, = dg. This in
particular means that each v € I, is in Ig; therefore, for each v € I, there is
p~ € P, which forces that v € i)g. Again, since P is ccc there is v € I, such that
pyIF {6 €ly|ps € G} has size wy, where G is a name for a generic filter over P.
If p, € G, then in VI[G], it holds that b, = bz. This is a contradiction with the
assumption that 1p I+ be, #* i)g. O

Let us note that the status of the corresponding question regarding -KH remains
open, even for the forcing adding a single Cohen real. See the open questions in
the next section.

6. OPEN QUESTIONS

We show in Theorem A that GMP is consistently destructible by a ccc forcing,
and even by one of size w;. The corresponding question for TP(ws), asked already
in [24] and [9], remains open. We restate it here.

Question 6.1. Is it consistent that TP(wg) holds and is indestructible under ccc
forcing? In the opposite direction, is it consistent that TP(ws) holds and there is a
cce forcing that adds an ws-Aronszajn tree?

A natural first place to look in an attempt to answer Question 6.1 is our model
V[M] for Theorem A. Note that, in that model GMP fails in the extension after
forcing with an almost Kurepa Suslin tree 7', simply because T" becomes a Kurepa
tree and GMP implies there are no Kurepa trees. This is not the case for TP(wq) or
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GMP“?(wy). By a result of Cummings [5], it is consistent from a weakly compact
cardinal that TP and KH hold together, and by a result of the authors [16], it is
consistent from a supercompact cardinal that GMP*“2(ws) and KH hold together.

Question 6.2. Suppose that T is a free Suslin tree and K is a supercompact cardinal.
Let VIM] be our model for Theorem A from Section 3. Does TP(ws), or even
GMP“2(wy), hold in VM][T]?

As mentioned above, it was proven in [8] that GMP is always preserved by adding
any number of Cohen reals, providing one direction in which our Theorem A is
sharp. By Theorem 5.2, the same is true for -wKH, a consequence of GMP. How-
ever, the status of the corresponding question regarding -KH and TP(ws2), two other
consequences of GMP, remains open, even for the forcing to add a single Cohen real.

Question 6.3. Is it consistent that —-KH holds but is destructible under adding
a single Cohen real? Is it consistent that TP(ws) holds but is destructible under
adding a single Cohen real?

APPENDIX A.

In this appendix, we fulfill a promise made in Remark 3.1 by providing an ex-
ample of a two-step iteration of the form Add(w,1) * Q such that Q is forced to be
totally proper, and hence wi-distributive, and yet forcing with the associated term
forcing Q over V collapses w; .

Let T be a normal coherent Aronszajn tree consisting of finite-to-one functions
into w. More precisely:

o T C <%y is C-downward closed, and (7T, C) is a normal Aronszajn tree;

e every element of T is a finite-to-one function;

e for all @ < wj and all s,t € T,,, we have s =* ¢, i.e., the set {n < a | s(a) #

t(a)} is finite.

It is straightforward to construct such Aronszajn trees in ZFC. Given a real r € “w,
let T" be the subtree of <“*w defined by setting 7" = {rot | t € T'}; note that this
definition continues to make sense for reals r existing only in outer models of V.
The following is well-known (see, e.g., the end of [22]).

Theorem A.1. Suppose that r € “w is Cohen-generic over V.. Then, in V[r], T"
is a Suslin tree.

Let P = Add(w, 1) be the forcing to add a single Cohen real. In this section,
we think of the underlying set of P as <“w, ordered by reverse inclusion. Let G
be the canonical P-name for the generic filter, and let 7 be a P-name for |J G. By
Theorem A.1, we have IFp “T" is Suslin”. In particular, considering 7" as a P-name
for a forcing notion (recall that the forcing order for a tree is the opposite of the
tree order), we have IFp “T" is ccc and totally proper”. In particular, the two-step
iteration P+ T" is ccc. Let Q denote the term forcing associated with this two-step
iteration. In particular, conditions in Q are all P-names forced by 1p to be elements
of T", and, given §,t € Q, we set ¢ <q 5 iff 1p forces that t extends § as a forcing
condition, i.e., iff 1p IFp “§ <ps 7.

Proposition A.2. Forcing with Q over V' collapses w1 .

Proof. Let H be Q-generic over V', and suppose for the sake of contradiction that
(w1)Y remains uncountable in V[H]. In particular, since T is a coherent Aronszajn
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tree consisting of finite-to-one functions, T' remains Aronszajn in V[H]|. In V, for
each o < wi, let D, be the set of £ € Q such that IFp “htp-(f) > o”. By a
straightforward argument using the normality of 7" and the maximum principle,
each D, is a dense, open subset of Q; therefore, in V[H], for each a < wy, we can
fix a fo, € HN D,. For each a < w1, fix a po € P, a B, € [@,w1), and an s, € Tg,
such that, in V, we have p, IFp “fo = 7 0 8,”. Since w; is preserved in V[H], we
can fix in V[H]| a single p € P and a stationary A C w; such that

e for all « € A, we have p, = p;
e for all « < o/, both in A, we have 8, < /.

In particular, it follows that, for all a < ', both in A, we have, in V, p Ikp “7os, C
70547, Let k = dom(p), and, for each a € A, let By = {n < B4 | sa(n) < k}; note
that B, € [Ba]<%.

Claim A.3. For all a < o', both in A, we have B, C By:.

Proof. Suppose for the sake of contradiction that o < o’ are both in A and n €
By \ Bor. Let j' = s4/(n) and j = s,(n), noting that j < k < j'. Find p’ <p p such
that p'(j') # p(4). Then p' Ikp “(7 0 84)(n) # (7 0 s4)(n)”, contradicting the fact
that plFp “rosy C 70847, [l

Since B,, is finite for each « € A and (B, | « € A) is C-increasing, by removing
an initial segment of A if necessary, we can assume that there is B € [w]<% such
that B, = B for all « € A. Now find an uncountable A* C A and a fixed function
f: B — wsuch that s, | B= f for all « € A*.

Claim A.4. For all a < o, both in A*, we have sq = So | Ba-

Proof. Fix a < o in A* and n < B,. If n € B, then s4(n) = f(n) = sar(n).
If n ¢ B, then we have s4(n), sa() > k. Suppose for the sake of contradiction
that so(n) = j # j' = sar(n). Find p’ <p p such that p'(j) # p'(§’). Then p’ Ikp
“(10 84)(n) # (0 84)(n)”, contradicting the fact that p lFp “ros, Crosy”. O

Now the claim implies that the downward closure of {s, | « € A*} is a cofinal
branch through T in V[H], contradicting the fact that T remains an Aronszajn tree
in V[H]. |
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